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FORMULATION OF ELASTICITY BOUNDARY VALUE PROBLEMS (08)

| _Main topics (CRITICAL FOR NUMERICAL MODELING!)

Governing equations
Boundary conditions
Strain energy density
Principle of superposition

Uniqueness
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Saint-Venant's Principle

I _Governing equations (How a body responds to a load)

A Equations that relate stress, strain, and/or displacements at points within a

body
B Example
2 __ L [ex oy
\Y {Gxx+oyy}——1_v{ax+ay . (8.1)

Il Boundary conditions (the "loading conditions")

A Tractions on boundaries (e.g., crack problem)
B Displacements on boundaries (e.g., dislocation problem)

C Mixed boundary conditions (e.g., stamp problem). Tractions are specified
for part of boundary and displacements for the rest. Can't specify both at
the same point!

D If the boundary forces are not in equilibrium, the body will accelerate.

IV _Strain energy density Ug_in an initially unstrained body
Let Up = dU/dV = Strain energy/unit volume = strain energy density

For an elastic body, the strain energy equals the work done by external forces;
body forces do not contribute (see Chou and Pagano, section 7.3).
Work = Astrain energy = [Integrated average force][displacement]

= [1/2 (final stress)(incremental area)][(dui/ dxj) (dxj) ]

= [1/2 (final stress)(strain)][incremental volume]
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1
Ug = 5[0181 + 083 + 03¢3]

(8.2)
The strain energy density can be cast in terms of strain using Hooke's Law:
UO=%MQ1+%+8Q2+G@5+%+£%L (8.3)

e and G = E

1+v)2-2v) 21+ v)

The strain energy at a point depends on the sum of squared strain terms; UQ
can not be negative! Interms of the stresses, UqQ is:

where A =

1711/ » 2 2\ 2v
Ug =§_E(Ul + 05 +03)—E(0102+0203+0301)] (8.4)
The derivative of Ug (see 8.4) with respect to o1 component equals e1,
ﬁUO Tl v
dor~ L) Elo2 o) - 55
and vice versa (Timoshenko and Godier, 1971, p. 246):
dUg Uy . dUg dUq
— =&, =01, — = Exx» = Oy, etc.
&O’l 0’)81 070'XX 078XX
The general tensor form for the strain energy density is
1
UO=§Gijgij (86)

This reduces to equation 8.2 if the stresses are principal stresses.

V_Principle of superposition _in_linear elasticity

A Solutions for stresses, strains, and displacements arising from external
loads and body forces acting separately can be superimposed to give the
solutions for external loads and body forces acting together

B Critical for BEM modeling
C Applicable provided displacement gradients are small (Infinitesimal theory

applies)

VI Unigueness

A Analytical two-dimensional solutions are unique

B Numerical solutions are approximate; they are not unique
The proof of “A” follows from superposition. Consider the stresses and strains
that arise in a body a result of identical external tractions on two identical
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bodies. Suppose two different solutions exist, and we wish to find the
difference:
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Solution 1 Solution 2 Difference
Surface T! T? T =TH-Tf=0
tractions
(i=1,2,3)
Boundary S 2 T 0_ S o
- T =3 ajn; T =Y ofn; Ti =Y ojn
Conditions i1 j=1 j=1
(i=1,2,3)
Body forces Fil P FP=F-F*=0
(i=1,2,3)
Equilibrium | i=3 doi i=3 Jo2 i=3 9o
Eq uations S+ R =0 —+F?=0 —=0
4 i1 X i1 X i1 0%
(1=1,2,3)
Compatibility Eilj 5”2 5i(j) = gi% Eij2
of strain

Conditions satisfying the third column are: no surface forces (i.e., TO = 0) and
no body forces (i.e., FO = 0). Hence, no work on the body is done and its strain
energy must be zero. This can occur only if the strain energy density is zero at
every point in the body. In light of the solution for the strain energy, this
means the stresses and the strains in the body are zero (i.e., a body with no
surface or body forces is unstressed and unstrained). Thus there can be no
difference between solution 1 and solution 2.

VIl Saint-Venant's Principle

"The stresses due to two statically equivalent loadings applied over a small area
are significantly different only in the vicinity of the area on which the loadings
are applied; and at distances which are large in comparison with the linear
dimensions of the area on which the loadings are applied, the effects due to
these two loading area the same." (From Chou & Pagano, p. 84.)

A Impossible to uniquely invert stress/strain/displacement measurements to
infer details of internal deformation by distant measurements

B Provides a basis for boundary element modeling
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