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VECTOR TRANSFORMATIONS (02)

| _Main topics

A Why bother with transformations?
B Orthogonal reference frames
C Vector Algebra

D Vector transformations

I Why bother with transformations?

A To allow us to see things in their simplest representation

B To put observations from different reference frames into a common frame

Il Orthogonal reference frames (Coordinate systems)

A Cartesian (x,y,z): 3 sets of orthogonal planes

B Cylindrical (r,0,z): concentric cylinders, radial planes, axis-normal planes

C Spherical (p,0, ¢); concentric spheres, 2 sets of planes
Example: 6 = trend, ¢ = plunge (or co-plunge)

D Elliptical: confocal elliptical cylinders, hyperbolic surfaces, 1 set of planes
E We will use the right-hand rule
IV _Vector Algebra

Vectors have magnitude and a single direction; they transform according to
certain rules

—

A Basis vectors: |i,],k These are unit length: H=m=‘ﬂ=l

B Components of a vector:
C Length of avector

(2.2)
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D Dot (scalar) product of two vectors
1 Yields a scalar (i.e., a number with no associated direction)
2 A projection
3 _Key equations

= ‘/&”é‘COSGAB = B' A

iei=jej=kek=1
iej=jek=kei=0 jei=kej=i*k=0 i1j1k
A*B=(AT+A]+AK)*(Bi+B+Bk)=AB +AB +AB

Asi =A; Aej = Ay; A*k=A; Recall the comment about projections!

3
A-B=E AB Summation notation

A*B=AB Tensor notation

By

(2.

(2.
(2.

(2.

(2.

(2.

(2.

(2.

B,

=[Ax A AZ]By =[AX A AZIBX By BZ]T =A*B' Matrix notation

(2.
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E Cross (vector) product of two vectors
1 Yields a vector
2 Yields an area with an associated direction
3 _Key equations

— — —

Axé=,&‘Bsin6ABﬁ=—BxA where |ALA, ALB, [f|=1 (2.12)
A Asin 6
0
B
ixi=jx]=kxk=0 (2.13)
er=R,IxR=r,RxT=I Txr=—|z;l2xf=—r,rxl2=—T qu.qu.|2
(2.14)
AxB=(Ad +AJ + AK)x(Bd +ByJ +BK| 215
= (A/B, - ABy | - (AB, - ABy)] +(AB, - ABJK |
i J k
AxB=|Ac A A Determinant form (2.16)
Bx By B

E Scalar triple product of three vectors
This equals the volume of a parallelepiped with edges defined by vectors A, B,
and C. AxB is the area of the base; dotting AxB into C multiplies the basal
area by the height. The scalar triple product is a scalar.

(Ax B)OC=((AXF+AyI+Ay|2)x(BXr+ ByI‘* BVE))°(CXF+CyI+CyR)
- (A/B, - A,B)Cy - (AB, - ABCy +(AB, - ABC,

(2.17)
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(AxB)sC=|A. A A

Bx By B

V_Vector transformations

A Summation Notation

3

Example: |[t, =cosf,,T, +cosb,, T, + cost, ;T |

All components of T contribute to t!

B Tensor notation

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

to =a1-,jTj
C Matrix notation
(a1 @ Ay
[ti t, t3']=[T1 T Ts] &, 8, 8y
(&3 Sz g3
If T and t are (1x3) row vectors, then t = T*a
] (2 & as|T
Li=la, &, a; Tz
_t3’_ _a3’1 a3’2 a3’3_ _T3_
If T and t are (3x1) column vectors, then t = a*T, where a’ is the transpose of
a.
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Direction Cosines from Geologic Angle Measurements
(Spherical coordinates)

Positive z-axis up
y = north; x = east

Xy plane is horizontal plane

RIGHT-HANDED
COORDINATES

Remember: Trends are azimuths
and are measured in a horizontal
plane. Plunges are inclinations

and are measured in a vertical plane.

The direction cosines o and f3

are determined from OA’, the length

of OA’ being |OA’| =|OA| cos ¢ = cos ¢.
o = CoS wy = (cos ¢) (sin 6)

[} = cos wy = (cos ¢) (cos 6)

Y = COS w5 = - (sin ¢)

a2 + ﬁz + Y2 - 1

COS wz

Positive z-axis down
X = north; y = east

xy plane is horizontal plane

RIGHT-HANDED
COORDINATES

Remember: Trends are azimuths
and are measured in a horizontal
plane. Plunges are inclinations

and are measured in a vertical plane.

The direction cosines o and f3

are determined from OA’, the length

of OA’ being |OA’| =|OA| cos ¢ = cos ¢.
o = CoS wy = (cos ¢) (cos 0)

p = cos wy = (cos ¢) (sin 6)

Y = COS w5 = +(Sin ¢) COS wz O/‘

a2+B2+Y2 :1
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z=up

] X =north

2-5

v y =north

Orthographic Projection
of vector OA onto xy plane

X = east
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Notation I
ig. 2.
y P
<:yP o
Yy’ § Vector P can be considered
/— § in terms of its components in
N Oxy : the x,y reference frame, or in
A : x' ~ terms of components in the
X"y’ reference frame.
O.r,
yy gl
eyx’ K \;*
%ﬁﬁ i
0, \O .
Px X
+

Vector components
The x component of P (i.e., x = Pyx) has components in the x’ and y’ directions:
Xy’ = X’ component of x Xy’ =y’ component of x

The y component of P (i.e., y = Py) has components in the x’ and y’ directions:
yx’ = X’ component of y yy' =y’ component of y

Angles
O,y is the angle from the x axis to the x’ axis; 00

Oyx is the angle from the y axis to the x’ axis; 00
Byyv is the angle from the y axis to the y’ axis; 0O
Switching the order of the angle subscripts changes the sign of the angle

0 0
O,y is the angle from the x axis to the y’ axis; 00~ O,y = -0y

0 0

0 0

Direction cosines

ayy = €0S By, = cos (-Oyy) = cos Oy = ayye = cos 0

ayy = c0s by, = cos (-Oxy) = cos Oy = ayy =-sin O

ayy = c0s Byy = cos (-Oyyx) = cos Oy = ayy = sin6

ayy = cos by, = cos (-Oyy) = cos Byy = ayy=cos 6

Switching the order of the cosine subscripts does not change the sign of the cosine.
This makes using direction cosines somewhat immune to sign errors.
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Transformation of 2-D Vectors (1)

y Fig. 2.2
) L2V AR o _
Y’ P4 Conversion from x,y components
i to X'y’ components
WOy |
. X’
0 Note that 6y'x = 6
yy ad
e X’ ‘\ﬂ*
y \
Fh
Bxx 0 ;
Px X
+

Px (i.e., X) has components in the x’ and y’ directions:
Xx' = (axx) (x) = (cos 6)(x) O xy = (ayx) () = (-sin 6)(x)

Py (i.e., y) has components in the x’ and y’ directions:

yx' = (axy) (y) = (sin 6)(y) O yy'= (ayy) (x) = (cos 6)(y)

The x’ and y’ components of P are then:

X' = Xy + Yy’ X'= ey X+ ayyy X' = cos(byx) X + cos(Byy) ¥

y' = Xy +yy Yy = ayx X +ayyy y' = cos(6yx) X + cos(Byy) y
Y,

In matrix notation these
two equations are written:

5 X X' ayx ayyl| X

y Ayx ayy||Y

Rotation matrix
with direction cosines
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Transformation of 2-D Vectors (I1)

Fig. 2.3
Ylp
o' Y o P :
y, Conversion from x’,y’ components
to X,y components
Py’ R N Yy X
A S A N “Px  Note that 0xx =
WA Oy 5
yX :
8xx’ 0 Px
Y'x X'x X

Py (i.e., X’) has components in the x and y directions:

X'x = (axx) (X) = (cos Byy)(x’) OO Xy = (ayx) (X) = (cos Byy)(X)

Py’ (i.e., ¥') has components in the x and y directions:

Y'x = (axy’) (y') = (cos Oyy)(Y) O y'y=(ayy) (X) = (cos Oyy)(Y)

The x and y components of P are then:

X= X'y +Yx X= axy X'+ ayy Y’ X = €oS(Oyy) X' + c0S(Oxy) Y’

y= Xy+Vyy y= ayx X +ayy VY y = cos(Byx) X' + cos(Byy) Y’
Y.

In matrix notation these
two equations are written:

““ X X a.xx’ axy’ X

Py’ ,
X y ayx ayy || Y

Rotation matrix
with direction cosines
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