THE WAVE EQUATION (30)

| Main Topics
A The Laplace equation and fluid potential

B Assumptions and boundary conditions of 2D
small wave theory

C Solution of the wave equation
D Energy in a wave
E Shoaling of waves
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Il TheLaplace equation and potential
fluid flow

* Consider a square which
fluid is flowing across, with
no fluid being stored or lost

in the square fvout
* Any increase in the velocity
of fluid in the x-direction (u) T_y>
across the square mustbe ~ ———> 7 FE—
matched by a decrease in Ui Yin
velocity in the y-direction v
(v) in
(1) ou/dx =-dv/oy
(2) du/dx +dv/oy =0
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Il TheLaplace equation and potential
fluid flow

(2) du/ox+09v/dy=0

e Suppose that the
velocities can be given by Vout
partial derivatives of a %

potential function ¢ y
(3) u=0¢/ox - 3 T_? I
(4) v=0¢/dy in in
e Substituting (3) and (4) V.
into (2) yields the Laplace
equation
(4)0%¢/ox" +0%¢/ay’ =0
(5)Vp=0
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Il TheLaplace equation and potential
fluid flow

2 2
a_(?_'.a_(f :O
ox*  dy YA
) a‘P —a¢ ¢1_¢o _¢0_¢3 ¢2
H :axoﬁ axW: Ax Ax =_2¢0+¢1+¢3
2 2
9’|, Ax Ax (Ax) ¢6
374) _37(]) ¢2*¢n_¢07¢4
a“_qzj - ay 96 By 08 _ Ay Ay _ —2¢0 +¢22+¢4 ¢3 ¢7 ¢0 g)s ,¢1 =
a0y’ Ay Ay (ay) R 1 A X
Fo o) 20,40 +6,  -20,+9,+9, bg
—+—| = + =0
[W i, (&) (Ay) ¥ Ay
If Ax = Ay, then ¢4 Y
_2¢0+¢|+¢3+_2¢0+¢2+¢4 -0 %A—>
(Ax)’ (Ax)’ X
—4¢,+ ¢+, +0,+¢, =0 So a function that satisfies the Laplace
o T T T equation has values that average those at
@ = W%:ﬂ nearest neighbors

Assuming Ax = Ay
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lIl Assumptions and boundary
conditions of 2-D small wave theory

A No geometry changes parallel Small amplitude surface wave
to wave crest (2-D assumption) L ‘
B Wave amplitude is small | ] f=%=MW“@%‘
relative to wave length and Still water ‘ s
water depth level @ @v
C Water is homogeneous, Wator depth=a Distance abovel o5 - od
Lre]%c;:gg:esss:lble’ and Surface y=-d bottom = d+y orbit velocity
D The bottom is not moving, is Modified from Sorensen, 1978
impermeable, and is horizontal
E Pressure along air-sea n:AW{m{f—iﬂ:ﬁkmﬂm(i—iH
interface is constant LT 2 LT
F The water surface has the
form of a cosine wave L = wavelength
T = wave period
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A General solutions 1 c:(ﬁ)mh(ﬂ)
2x 2r L
(6)¢—££—C08h[( L )(d”)Ln(zﬂ-E) peee
22m cosh(@) L T 3 |uf :(%){cosh[( 2”(Z+ y)):|/smh|:2%:|}
* H=wave height; L = wavelength; 4\V|2(ﬁ) o [2ﬂ(d+y)J sinh[@}
* d=water depth; C = wave speed; L L

e t=time; T = wave period (constant);

* X

y 4

T
5¢] =(£j{cosh{(mj:|/sinh|:ﬁ:|}
= horizontal position; y = vertical position 2 L L

Small amplitude surface wave A
L 6 |€|=[%){sinh{(2ﬂ(i+))ﬂ/sinh[27zd:‘}
|

L_\ ,,,,,,,,,,,,,, H = 2A = wave height |
i ™

Still water I " X |u| = horizontal H,0 particle velocity amplitude*
level v |v| = vertical H,0 particle velocity amplitude*
|| = horizontal H,0 particle displacement amplitude*
] _ ) . ) . .
Water depth = d Eét}::nci zEﬁVe Particle  Particle |€| = verticalH,0 particle displacement amplitude
/Y= -d orbit  velocity

*Function of wave height, wave period, wavelength,

Modified from Sorensen, 1978 water depth, and distance above bottom (d+y)
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IV Solution of the wave equation

A General solutions

1C :(gjtanh(ﬂ)
2r L
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B Deep-water solutions (d/L > 0.5)

GG454

tanh(2nd/L) =1

1 C:i
2
2
2r-cr=-8C
2

3 |u|=(ﬁ)e2”" L
T
4|v|:[ﬁ)e2”‘ L
T
5 |¢|=(g)em :

oo
2

Cand L depend on T, not water depth d

Amplitudes decrease exponentially with
depth (y<0)

Wave base:y =-L/2 (e™=0.04)

IV Solution of the wave equation

A General solutions
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Shallow-water solutions (d/L< 0.05)
As w > 0, cosh(w) 2 tanh(w) > w

1 C=gd/C=\gd
2 L=CT =./gdT

2 el
w25
2)2)
(2

*

*

GG454

C and L decrease as d decreases
vl and |ge] > 0asy->-d
|u] and |Z| do not change withy
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IV Solution of the wave equation

wwwwwwwww
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https://www.youtube.com/watch?v=MNyebpog i0&list=PLOEC6527BE871ABA3&index=18

IV Solution of the wave equation

aaaaaaaaa
40
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V Energy in a wave

A Potential energy in excess of static situation per unit horizontal area
1 Express excess in terms of the potential energy density pgy

- ng;[jjd(LLde)dy}dZ— pg L[ j"[( i ydx)dy}dz =pg]; [ﬂ(]: ydx)dy}dz

2 Integrate the energy density pgy over the height range 0-n, and then average
that over a wavelength to find average excess potential energy per unit
horizontal area

E, —J (j pgydy)dx pg pg _[ N dx= %T]' 7’ =mean squared
0 2 2 disol
isplacement
3 Now express this in terms of wave amplitude A
1= Acos(27mx/L)
E_PZELJL(ACO 27”) dx— A _[ cos (2”x)dx:&lA2(£j:&Az
2 LYo L L 2 L 2 4
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V Energy in a wave

B Kinetic energy in excess of static situation per unit horizontal area
1  Express excess in terms of the kinetic energy density pg velocity?/2

E = J%(p velocity® dV ) = gj:j:j(:‘(uz +v?)dxdydz

2 Substitute expressions for u and v [see egs. (3), (4), and (5)] and
proceed as before by integrating vertically and then averaging
horiztonally

2 2 2
— p 27 1 L[ 27rx) L 27(y+d)
=Bl [ Acos T p 280D Gy
« 2{Tsinh(27rH L)} Ljo cos == | [\ cosh =] y

o8 ) [ (15 92257 ]

3 After considerable algebra (see Kundu (1990) for guidance)

]

— 1
Ey =—pgn =ZpgA2
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V Energy in a wave

C Total energy in excess of static situation per unit horizontal area

1 Horizontally averaged excess potential energy and kinetic energy
are equal

I |
E,=—pgn’ =—pgA’
P ngn 4Pg

1 3| 2
E . =— =—pgA
K 2P8’1 4Pg

2 Total horizontally averaged excess energy is evenly split between
kinetic and potential energy
— 1

loml:E_P+E_:p n EpgAz
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VI A shoaling wave

A E

total(1) —

=E .0 Map view of waves nearing shore

B (BLL ( )/2 (PgA )/ Wave length decreases

2 1/2
Az L1 I Bl / |_2<|_-|,BZ B-I
C 4 =7 o
A L B, To shore
1 As L, decreases, A, increases
2 As B, decreases, A, increases

D Wave steepness = 2A/L = H/L

E Waves get taller and steeper as they Wave crest shortens

shoal because E decreases and E,, _ f{l
increases as water depth decreases BZ < B1 ’ L2 L'I
(conservation of energy)

F Rule of thumb: waves break where (H/ B1 TO shore
L) = 1/7 tanh (2rd/L)
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VI A shoaling wave

Waves with Waves touch bottom Surf zone
constant wavelength (wavelength shortens) (breakers form)

Circular Elliptical
motion motion

Wave height
Wavelength

locity
(wave height increases)

https://www.youtube.com/watch?v=E9UJidITQQI
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Appendices
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Hyperbolic Functions

2 3t 5
B -B 2 4
el BB
2 2! 4!
sinh(B) e’ —e?

tanh(8) = =

anh() cosh(B) e +e”

cosh(f) =

tanh(ﬁ):ﬁ—%+%+... forlpl<Z

oK) 4 Ky
coshk(d+y) ~— o Ut gl kg
sinh kd ekd _ efkd ekd _ e—kd ekd _ e—kd
—
eKdy) _ gHd)
Sinhk(d+y) Ty oK4)) _ pmKd) ~ ook _ gk oy
sinhkd  M—e M T M _k Tk ok
2
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Shallow water and deep water

approximations
Shallow water Deep water
AsB—0,sinh(B)—> B AsfB — oo, sinh(f)— €’ /2
Asf—0,cosh(f)>1 AsB— oo, cosh(B)— /2
AsB—0,tanh(f) > B AsfB — oo, tanh(B) =1
sinh(0)=0 sinh(7) = 11.5487
cosh(0)=1 cosh(7) =11.5920
tanh(0)=0 tanh(7) = 0.9963
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Shallow water and deep water
approximations

Shallow water Deep water
Asf—0,tanh(8)— B

As%ao cosh(?ja 1
As B —> oo, tanh(f8) — 1

2rd 2rd nd
A.&TA)O smh( T J—)—L cosh[zﬂ(d_”))
27 L 2rd’L
X [271: (d+y) ] As r " sinh(znd) e
As—nd—>0 71 L
L W 2md 2rd 2nd
sinh| = L sinh[L(d”))
2nd L 2md'L
, AL 50, —— L5
As2ﬂd—+0,ﬁnh(2”(d+})] n(d+y) L 4 (2nd)
_L L L sinh| ——
mh{ 2m(d+ y)] tanh(rr) =~ 0.9963
a2 o\ L _J 4ty
I3 4 [2nd) d
sinh| ——
L
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