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RHEOLOGY & LINEAR ELASTICITY

|  Main Topics

A Rheology: Macroscopic deformation behavior

B Importance of fluids and fractures in deformation

C Linear elasticity for homogeneous isotropic materials
I Rheology: Macroscopic deformation behavior
Elasticity

A

1
2
3
4

Deformation is reversible when load is removed

Stress (o) is related to strain (g)

Deformation is not time dependent if load is constant
Examples: Seismic (acoustic) waves, rubber ball

Viscosity

1
2

3
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Deformation is irreversible when load is removed
Stress (o) is related to strain rate_(&)
Deformation is time dependent if load is constant
Examples: Lava flows, corn syrup

Plasticity

1

2
3
4

No deformation until yield strength is locally exceeded; then
irreversible deformation occurs under a constant load

Stress is related to strain

Deformation can increase with time under a constant load
Examples: plastics, soils

Other rheologies

1
2

Elastoplastic and viscoplastic (e.g., paint) rheologies
Power-law creep {&= (071 -03)"exp(—Q/ RT)} (e.g., rock salt)

Linear vs. nonlinear behavior

Rheology = f(aij,fluid pressure, €, chemistry, temperature)

Rheologic equation of real rocks = ?
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Common Rheologic Models Fig. 20.1
(Displacements & forces below anaolgous to strain & stress)
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Common Visco-elastic Rheologic Models

9/4/01

(Displacements & forces below anaolgous to strain & stress)

Visco-elastic (Kelvin)

Spring

l

L 1

Dashpot

From Fung, 1977

Visco-elastic (Maxwell)

Fig. 20.2
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[l Importance of fluids and fractures in deformation
A Observed effects of water on rocks
1 Lowers long term strength
2 Dissolves/precipitates minerals
3 Increases reaction rates by orders of magnitude
B Evidence for fluid-assisted mass/volume change in deformed rocks
1 Martinsburg shale: "pressure solution” considered responsible for 50%
volume loss based on strain recorded by fossils.
2 Profound implications for "balanced cross sections" which are
constructed assuming conservation of volume of deformed rock
3 Effect of cracks on "pressure solution": cracks greatly enhance the
area of a rock mass that can be exposed to fluids
C Effect of cracks on fluid flow
1 Limited influence where fractures are not interconnected
2 Can increase flow rates by several orders of magnitude where
fractures are connected

D Veins provide evidence for episodic fluid flow and fracturing
IV Linear elastic stress-strain relationships
A Force and displacement of a spring (from Hooke, 1676)
1 F=kx: F=force, k = spring constant, x = displacement

. : _ X X L X _1, 2
2 Elastic potential energy—fO Fdx —Iok>< dx = kJ'Ox dx = 2kx
Equation 1 can be recast in terms of stress and strain:
3 011A= kj(l)_ ElldX

where €1 1 = du/dx, A = x-section area, and L = spring length
If €11 is a constant along the length of the spring, then

4 O'llA = kEllj(I)_ dx = kglll—

KL :
5 011 =— €11, stressistrain relationship islinear. OK for small strains.
A
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B Linear elasticity

m

1 Constitutive laws for relating stress and (infinitesimal) strain
Uniaxial stress: 011 =0l #0; 022 =033 =0

AAAK "

Unstrained
X3
Strained
X2
€11 =011/E Hooke's Law (ore1 =01/E)

E = Young's modulus; dimensions of stress
b e2=e33=-ve11 (ore2 =e3 =-vel)
i v = Poisson's ratio; dimensionless
il Strain in one direction tends to induce strain in another
3 Linear elasticity in 3 dimensions
From superposition of Hooke's Law for homogeneous isotropic
materials
€ell =011/E - (022 + 033) (V/E)
€22 =022/E - (011 + 033)(V/E)
€33 =033/E -(011 + 622) (V/E)
Directions of principal stresses and principal strains coincide
Extension in one direction can occur without tension
f Compression in one direction can occur without shortening
Isotropic (hydrostatic) stress: 01 =02 = 03; no shear stress
Uniaxial strain: €11 =€l # 0;e22=e33=0
Plane stress: 633 =03 = 0;011 #0;022 #0
Thin plate approximation; stress perpendicular to plane are zero
Plane strain: €33 =€3 = 0;e11 #0;e22#0

1 Displacement in the 3-direction is constant (zero)
2 Plate is confined between rigid walls (0 to x3

O o O T 9

3  Thick plate approximation
Pure shear stress: 01 =-02;03 =0
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IV Strain energy
A W= (F)u) =
Uniaxial stress

HH/ X

dx

0]
Xdy dz

dz y

T, X

X
1 dW = (F)(du) = 1/2 (ox dy dz) (exdx) = 1/2 (ox ex) (dx dy dz)
2  Strain energy density = W = dW/(dx dy dz)= 1/2 (ox €x)
C Strain energy associated with three-dimensional loading
(in terms of principal stresses and principal strains)
1 dW = 1/2(o1¢€1+02¢2+02¢€2) (dx dy dz)
2 Wo=dW/(dx dy dz) = 1/2 (01 €1 +02¢€2+02¢€2)
V  Relationships among different elastic moduli
1 G =p=shear modulus = E/(2[1+V]); exy = Oxy/2G
2 A= Lame' constant = Ev/([1 +V][1 - 2v])
3 K = bulk modulus = E/(3[1 - 2v])
4 B = compressibility = 1/K
A=gxx +eyy +€z7 = -p/K' p = pressure

5 P-wave speed: Vi, = \§<+ ,uD/p
6 S-wave speed: Vs=/u/p

Additional References

Chou, P.C., and Pagano, N.J., 1967, Elasticity, Dover, New York, 290 p.

Ferry, J.M., 1994, A historical review of metamorphic fluid flow: Journal of Geophysical
Research, v., 99, p. 15,487-15,498.

Milliken, K.L., 1994, The widespread occurrence of healed microfractures in siliclastic rocks:
evidence from scanned cathodoluminescence imaging: in Nelson, P.P., and Laubach, S.E., eds.,
Rock Mechanics, Balkema, Rotterdam, p. 825-832.

Rumble, D.R. lll, 1994, Water circulation in metamorphism: Journal of Geophysical Research, v.,
99, p. 15,499-15,502.

Wright, T.0., and Platt, L.B., 1982, Pressure dissolution and cleavage in the Martinsburg shale:
American Journal of Science, v. 282, p. 122-135.

Stephen Martel 20-6 University of Hawaii



