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21. Stresses Around a Hole ()

| Main Topics

A Introduction to stress fields and stress
concentrations

B An axisymmetric problem
B Stresses in a polar (cylindrical) reference frame
C Equations of equilibrium

D Solution of boundary value problem for a
pressurized hole
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21. Stresses Around a Hole ()

EXPLANATION
—— Main roads present today
o™ | —— District boundary

{1 Darker color marks approximate
—_— tion of rift zones

10 KILOMETERS
10 MILES

® Town 23 Town buried by lava
Q Crater

http://www.pacificautoglass.com http://hvo.wr.usgs.gov/kilauea/Kilauea_map.html
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21. Stresses Around a Hole ()

Il Introduction to stress fields
and stress concentrations
A Importance
1 Stress (and strain and
displacement) vary in
space
2  Fields extend
deformation
concepts at a point
3 Stress concentrations
can be huge and have
a large effect

http://pangea.stanford.edu/research/geomech/Faculty/crack.html
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21. Stresses Around a Hole ()

Il Introduction to stress
fields and stress
concentrations (cont.)

B Common causes of
stress concentrations

1 Aforce actsona
small area (e.g.,
beneath a nail
being hammered)  nup://o.1an.com/a/omerepair/1/0//7/-/-/nail_set.jog
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21. Stresses Around a Hole ()

[l Introduction to stress
fields and stress
concentrations (cont.)

B Common causes of
stress concentrations

2 Geometric effects

(e.g., corners on &
doors and d
windows)

http://www.basementsystems.com/foundation-repair/images/Door-Crack.jpg
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21. Stresses Around a Hole ()

Il Introduction to stress
fields and stress

concentrations (cont.) Cracks near a fluid inclusion in halite
B Common causes of s "
stress concentrations

3 Material
heterogeneities
(e.g., mineral
heterogeneities
and voids)

http://www.minsocam.org/msa/collectors_corner/arc/img/halite41
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21. Stresses Around a Hole ()

Axisymmetric hole with suction

[l An axisymmetric problem ¥
X ¥
N ' s
The geometry dictates use of a /@\
polar (cylindrical) reference <~ b
A
frame.
Axisymmetric hole with pressure
A
. . A ¢ A
Displacements are purely radial AN
by symmetry - @ - >
¥ N
PR B
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21. Stresses Around a Hole ()

IV Stresses in a polar (cylindrical)
reference frame (on-in convention)

A Coordinate transformations
1 x=rcosB=rcosb,,

y=rsinB =rcosb,,

r= (Xz + y2)1/2

0 = tan(y/x)

a,, = cosB,,= cosb

a,, = cosb,,=sinb

agy = €0SBg, = -sinb

ag, = €0sBy, = cosO

0O NO UL WN
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21. Stresses Around a Hole ()

B Stress transformations
Opp = aypy @) Oy

1 0-rr = arx arx 0-xx+ arx ary 0xy
+ary arX 0-YX-I- ary ary 0Y\/
2 ore = arx aex 0.xx+ arx aey c).xy
+ary aex 0yx +a

ry aey Oyy
3 0 = 3

x 9rx 0-xx-l- dpx ary 0-xy

Tagy A Oyx ¥ Ay Ary Oyy

4 Ogp = Apx Apx Oxx T gy aey oxy )&
+a6y aex ny+ aey aey ny
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21. Stresses Around a Hole ()

V Equations of equilibrium
(force balance)

A In polar (r,0) reference
frame for the
axisymmetric problem
here,0,4=04,= 0
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21. Stresses Around a Hole ()

V Equations of equilibrium de/zﬂ
(force balance) 066

B Force balance in radial —36 Orr +doyr
direction —~do2]

Goo
1 0= The dz term can be divided out, yielding:
=( 0, )(rd6)(d: 2 0=(-0,)(rd0)
+(o, +do, )(r+ 6)(dz) +(o, +do, )(r+
do
(20, )(dr) (SIHTJ(dZ) —(2669)(dr)(sin?)

11/4/15 GG303 11

21. Stresses Around a Hole (1)

de/2

(85 1¢)
Gy + doyr

V Equations of equilibrium &
(force balance) g2}
B Force balance in radial
direction
2 F =(-0,)(rd0)+(o, +d6,,)(r+dr)(d0)—(2699)(dr)(sind70)=0

G606

Simplifying eq. (2) by cancelling the underlined terms yields
3 (0,)(@)(@0)+(do, )+ ar)(ds)-(20,,)(an)sin Y |0

Nowas d6 — 0,sin(d6/2)— d6/2 ,so 2sin(d6/2)— db

4 (6,)(dr)(d0)+(do, )(r-+dr)(d0)~ (0,0 (dr)(d0) =0
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21. Stresses Around a Hole ()
]

G660

: Oyr + doyr
‘Wi%

066

C Force balance in radial
direction

4 (0,)(dr)(d0)+(do, )(r+dr){d8) - (0,)(dr)(d6) =0

Now as dr — Oand d6 — 0,so(d0',,,drd9) — 0, hence

5 (0,)(dr)(d6)+(do, )(r)(d0) ~(o,,)(dr)(d8)=0

Now divide through by (r)(dr)(d@)

do (G —-c ) This equation equilibrium in the

6 - r“%/—-() <——— radial direction is the governing

dr r equation of for an axisymmetric
problem.
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21. Stresses Around a Hole (I)

VI Solution of boundary value problem for a pressurized hole

Axisymmetric Displacements and Strains

egg =change in arc length
original arc length

= (AB'- AB)/AB
= (r'de - rde)/rde
= (r'- r)dé/rde
=(r-nn

. ; . €gp = Urlr
A Homogeneous isotropic material
B Uniform positive traction on wall of hole | &g =0
C  Uniform radial displacement The right angles at A and B between
D Radial sh t -0b radial lines and circumferential arcs do
ad'lal Sh ear st re.sses(—) écause not change as A»> A'and B->B". g =0
radial shear strains =
11/4/15 GG303 14
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21. Stresses Around a Hole ()

V Solution of boundary value problem for a pressurized hole
F One General Solution Method
1 Replace the stresses by strains using Hooke’s law

2 Replace the strains by displacement derivatives to yield a
governing equation in terms of displacements.

3 Solve differential governing equation for displacements
Take the derivatives of the displacements to find the strains

5 Solve for the stresses in terms of the strains using Hooke’s law
(not hard, but somewhat lengthy)

H

do, ©,—0,

i jid

dr r

=0
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21. Stresses Around a Hole ()

V Solution of boundary value
problem for a pressurized hole

F One General Solution
Method

6 The general solution will
contain constants. Their
values are found in
terms of the stresses or
displacements on the
boundaries of our body
(i.e., the wall of the hole
and any external
boundary), that is in
terms of the boundary
conditions for our
problem.
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21. Stresses Around a Hole ()

V Solution of boundary value problem for a
pressurized hole

G Strain-displacement relationships

Cartesian coordinates Polar coordinates
e = du e = du,
XX ax rr 8"'
e 8\) ur
L= £, =—"
yy 8); 06 r
1(Ju ov
E,=—| —+— £,=0
T 2\dy ox
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21. Stresses Around a Hole ()

V Solution of boundary value problem for a pressurized
hole

H Strain-stress relationships: Plane Stress (o,, = 0)

Cartesian coordinates Polar coordinates
£, = %[GM ~vo,, | £, = %[GW ~VOy]
s,:l[a ,—va] eegzl[aee—va‘

woopLTw xx E rr
1 1
€, = EO'X}. £,y = EG'H

From specializing the 3D relationships
11/4/15 GG303 18
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21. Stresses Around a Hole ()

V Solution of boundary value problem for a pressurized

hole

J Stress-strain relationships: Plane Stress (o,, = 0)

Cartesian coordinates

Polar coordinates

E

o, = (1 - V2) [sm + vey)}

E

2)[8,, + Vg |

E
ny = m[é‘”_ + Vgxx]

" (1-v
E

Gy = m[ew +ve, |

o, =2Ge,

0,,=2Geg,

From specializing the 3D relationships

11/4/15
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21. Stresses Around a Hole (l)

L Axisymmetric Governing Equation

Plane Stress (o,, = 0)

In terms of stress In terms of

displacement

dG,,+0',,—c799_ d*u, ldu, u,
dr r dr* rdr 1

11/4/15

GG303

See Appendix for the algebra to
convert the governing equation
from a function of stresses to
radial displacement

V Solution of boundary value problem for a pressurized hole

20
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Appendix

* Equations of equilibrium in Cartesian form

* Plane strain relationships (e,, = 0)

* Conversion of axisymmetric governing
equation to a function of radial displacement

11/4/15 GG303
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21. Stresses Around a Hole ()

IVEquations of equilibrium (force balance)

A In Cartesian (x,y) reference frame

STRESSES

| Oyy + (acyy/ay) dy
Oyx + (aoyxlay) dy
>

y Oxy + (aoxy/ax) dx
Oxx | dy X
l | Oyy + (30, /OX) dx
ny dx
P
Oyx

11/4/15 GG303

NET FORCES

dy

y

/ [(acyy/ay) dy] (dxdz)
[(aoyx/ay) dy] (dxdz)
>

[0y /x)] dx(dydz)

dx

| [(90yx/2x]) dx(dydz)

22
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21. Stresses Around a Hole ()
IVEquations of equilibrium (force balance)

A In Cartesian (x,y) reference frame

STRESSES NET FORCES
A Oyy + (doyy/dy) dy 4[(oyy/Ay) dy] (dxdz)
Oyx + (A0yx/dy) dy [(9oyx/ay) dy] (dxdz)
y Oxy + (90yy/9x) dx ; [(9oyy/0x)] dx(dydz)
o |
- dy X dy X
| Oyx + (30, /X) dx | [(00,/0X]) dx(dlyd2)
Oxy dx dx
——
ny
r Syy

11/4/15
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21. Stresses Around a Hole ()

IVEquations of equilibrium (force
balance) (cont.)

1 Y F =0=[-0,1(dyde)+[-0,, 1(dxdz)

STRESSES

Gyy + (oY) dy
Jdo . Jdo,, Oyx + 00y) dy
+[O-.\‘X + _nd‘x](dydz) + [o-\r + = dy](dXdZ) —= Oyy + (90yy/0x) dx
dx ay . ‘ IL y *+ 90y
ao_ &G i a : | Oy + (d0yy/ax) dx
2 ) F. =0=[—2dx](dydz) +[—=dyl(dxdz ol =
2F, 5 dyde) + [ dyevdo) ==
Oyy
oo Jao,, NET FORGES
3 Y F =0=[Z=+ 2 (dxdyd
YF=0=[—¢ 5y Ndsdde)

[(9oyy/ay) dy] (cxdz)

[(auyx/ay) dy] (dxdz)
. [(acxylax)] dx(dydz)
o anx The rate of o,, increase Iy_
4 W T _ is balanced by the rate ay L
ox dy

[(00yy/ax]) dx(dydz)
of o,, decrease ox

11/4/15 GG303
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balance) (cont.)

21. Stresses Around a Hole ()

IVEquations of equilibrium (force

1 Y F =0=[-0, |(dxdz)+[-0, I(dydz)

STRESSES
8 & Oyy + (aoyy/ay) dy
O (O Oyx + (A0yx/y) dy
+o,, + = dyl(dxdz) + [0, + —dx|(dydz) e
) &y X y y Xy Xy
|
80_ 86 ) . | Oyx + (304 /9X) dx
2 Y F =0=[—2dyl(dxdz) +[—2dx](dydz) ==
Y ay ox w ]
’ Syy
Jo Jdo Yy NET FORCES
3 ZF vy 0=[ B = 4 axv 1(dxdydz) [(26y,/ay) dy] (dxciz)
y i(zuyx/ay) dy] (dxdz)
Jo. Jdo The rate of 0, increase | [0owyxl dx(ayez)
4 w7 wv_ is balanced by the rate a L 5 ) (@
IGyx/0x]) dx(dydz)
dy ox of o,, decrease o
11/4/15 GG303 25
21. Stresses Around a Hole ()
V Solution of boundary value problem for a pressurized
hole
K Stress-strain relationships: Plane Strain (g,, = 0)
Cartesian coordinates Polar coordinates
E 1% E v
xx gn + ( )(gﬂ + gw) T Srr +( )(grr + 899)
(1+v) 1-2v » (1+v) 1-2v
E e +( 4 j(s +e,)| |ow= E e —(Lj(s +e,)
Yo(+v) Y U=2v )N o +v)? U=2v )V
o, =2Ge, £,=2Ge,
From specializing the 3D relationships
11/4/15 GG303 26
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21. Stresses Around a Hole ()

V Solution of boundary value problem for a pressurized

hole

| Strain-stress relationships: Plane Strain (g,, = 0)

Cartesian coordinates

Polar coordinates

1-v? ( v j
gx.\' = GXX - P GV' grr =
E 1-v) ”

1-v? ( v )
O-rr - P
E 1-v

Ogp :|

_1-v? % 3
€, = E Oy~ : Oy | |€00 =

1-v? - _( v s
E | % U-v

1
£y=—0
ré 2G ré

From specializing the 3D relationships

GG303
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Conversion of axisymmetric governing equation
to a function of radial displacement

11/4/15

do,, + O, —0g -0
dr r

o —AJifk +VEg|= £ [éi+vi}
”7(1—V2) " * 7(l—vz) dr r

—L4yL-L_y—L

0,—0g E 1|du, u, u, du,
rl dr roor dr

= —raviu,—+
dr* "t ordr

=g

—+
dr* rdr rr

=g

do, 0, —04 E [dzu, 1 du, lu,}

+
N dr* rdrorr

GG303

do, 0, —0g E |:d2u, ( -1 ldu,)
+ = v

do, + 020 E |:d2u, ldu, 1lu, ( 3

28
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21. Stresses Around a Hole (l)

L Axisymmetric Governing Equations

Plane Stress (o,, = 0)

V Solution of boundary value problem for a pressurized hole

Plane Strain (g,, = 0)

In terms of stress

In terms of
displacement

In terms of stress

In terms of
displacement

w0, o

r r
+

or r

~ O —

d’u,

ldu, wu

2 2
dr rdr r

»

90, , O

s r 099

or r

=0

Governing equations are the same for plane stress and plane strain
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