18. Tensor Transformation of Stresses

| Main Topics
A Objective
B Approach
C Derivation
D Example
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17. Mohr Circle for Tractions

* From King et al., 1994
(Fig. 11)

* Coulomb stress change
caused by the Landers
rupture. The left-lateral
ML=6.5 Big Bear rupture
occurred along dotted
line 3 hr 26 min after the
Landers main shock. The
Coulomb stress increase
at the future Big Bear
epicenter is 2.2-2.9 bars.
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Coulomb stress change caused by Landers
and Joshua Tree Earthquakes before
oceurrence of the Big Bear shock (bars)
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http://earthquake.usgs.gov/research/modeling/papers/landers.php
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18. Tensor Transformation of Stresses

Il Objective

Lecture 16

Lecture 18

Transformation

Stresses to tractions

Stresses to stresses

Number of arbitrary planes | 1 plane

2 perpendicular planes

Stresses accounted for

Normal stresses only

Normal and shear stresses

Syy 4

ny
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18. Tensor Transformation of Stresses

Il Approach
Vectors Tensors
Equation — —

q =a;v O'l.f/., = ai’kaj’lo-kl
Number of subscripts in 1 2
quantity being converted
Number of direction 1 2

cosines in equation

Key concept

Total value of each stress component in one reference frame

is the sum of the weighted contributions
from all the components in another frame
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18. Tensor Transformation of Stresses
V Derivation
A Description of terms

Term Meaning /

Ay, A, A, | Sides of prism Y

Oy Oy Normal/shear stress on A ° ! 02 ooco

0,,/0,, Normal/shear stress on A, T T 2= )

Oy, /0y, | Normal/shear stress on A, Az a1 X

B, Angle from x’ to x axis = \ %2 _\>91 —ein=6 ¢
B,y Angle from x’ to y axis -~ “Ne =S n 1-direction
B, Angle from y’ to x axis P ',':‘ 81 + 62 = 90°
0,, Angle from y’ to y axis ~ > cos 01 = cos 6

cos 62 =sin 6
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18. Tensor Transformation of Stresses

IV Derivation
B Contribution of o, to o,

w = dimensionless weighting factor

3) (4)
1 o o,+w'o

=wo_ +wPo +w!

,=a.a.0_ +a.a.o0_ +a.a.o +a.a.o

xx X xx xX'xx'y ™ xy xyxx yx Xy xy S yy

3 O,
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18. Tensor Transformation of Stresses

B Contribution of o,, to o,

Start with the definition of a stress . y
vector: J Fig. 18.1
1 O'X,X,(l): FX,(l))/ A, N ¢

. . . . Oy A D
First find F (1) associated with o,, <] gi'yx?y
2 Fx(l) =0,, A, Ax" >/ Ox'x X

Find F,, 1), the component of F 1) in A‘
-—

the x’-direction
3 F,W=FWcosH,,

Now find A, in terms of AN \“ *

A,=A,cosB,, B
Fy(1)

_’
Oxx
—>

4 A,=A/cosB,,
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18. Tensor Transformation of Stresses

B Contribution of o, to o, (cont.)

(1) = F (1) , N y
3 F, F.' cos 8, Fig. 1.1
4 A, =A/cosB,, N
Now substitute: oy |Ax oot
~— Oy /]

W=F, 1 X'y
23Oy R A Ax Ox'x X
5bo,, M=F M cos B,/ (A/cosB,,) I\ -
5co,, W=cosB,,cosB, (FH/A) 4~

- ~— —p

5d Oy W= ax’x ax’x Oyx

Weighting factor w(l) .

A *
x'x Ay ?‘ﬁk
Oy!

Fx(1)

6 wll =a
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18. Tensor Transformation of Stresses

IV Derivation
C Contribution of o,, to o,

w = dimensionless weighting factor

1 6. =wo +w_ +ws +wo

x'x xx xy X yy

y

3 o, =a,a.0 +a.a.o +a.a.o0 +a.a.o

xxPx'x ™ xx x'x%x’y Xy xyHax™ yx x'yHxy™ yy
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18. Tensor Transformation of Stresses

C Contribution of o, to 0,

Start with the definition of a stress ! Fig. 18.2
vector: . ey,
1 Gx’x’(l) = Fx’(z))/ Ax’ \ ();)Zny X ofE

First find F,@ associated with o, J ™ >e/ Oxx x
2 F@ =0, A, “ o

Find F, ), the component of Fy(z) in

the x’-direction

) =F (2
3 F, F,'? cos 6, @
Now find A, in terms of A,
AX = AX' CcosS exrx 9x'y

@
4 A,=A/cosB,, &
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18. Tensor Transformation of Stresses

C Contribution of o, to o,, (cont.)

3 F. 2= Fy(z) cos 6,, Fig. 18.2
4 A,=A/cosb,, @ 4

) By |Ax gk

Now substitute: Oy,

2 2) Ax' >/ Ox'x X

5a Gx'x' (2) = Fx,( /Ax, .- \ogx |(5
. Xy

5bo,, ?=F 2 cos B, /(A/cosB,,) “
5¢ 0, ?'=cos 8,, cos 6, (F,//A,)

5do,, Y =a, a0

x'x 9x’y Yxy

Weighting factor w(?) F,@)

2) —
6 w? =a, a,

%Y o
Pl
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18. Tensor Transformation of Stresses

IV Derivation
D Contribution of o, to o,

w = dimensionless weighting factor

1 o.=wo, +wo +wo +ws

X 'y

3 o, .=a.,a.o0 +a.a.o +a.a.o0 +a.a.o

xx X xx xX'xx'y ™ xy XY XE Xy xy S yy

11/10/16 GG303 12
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18. Tensor Transformation of Stresses

D Contribution of o, to o,

Start with the definition of a stress y Fig. 18.3
vector: NG o
B=F () —— A YO
1 Oy ™" = I:x’ )/ Ax’ J eg'y e
First find F,®) associated with o, o\ Y
3) Ax Ox'x X
2 Fx( = 0-yx Ay ‘_.—"— Ox'x
Find F©®, the component of F,®) in 4~
the x’-direction
3 F ' =F cosB,, ~—
Find A, in terms of A,, & F
(N Q
A, =A,cos0, Ox'
oo > ENE)
4 A,=A/cosb,,
11/10/16 GG303 13
18. Tensor Transformation of Stresses
D Contribution of 0, to o, (cont.)
3 F,®=F®cosb,, y Fig. 183
_ Oyx o
4 A= Ay/cos Gx,y — " @

Now substitute: eg'y e
3)= 3 X'y
S5a o-x,x,( )= Fx'( )/AX' Ayx >/ Bx'x X

5bo,,C)=F® cos B,/ (A,/cos B,,) e\
— A
5c 0, )= cos B, cos B, (F.F//A)
5d 0-x’x’(s) = ax'y Ayx 0-\/x
Weighting factor w(® N \

<
3) = 3
6 W@ =a, a, H\e g

11/10/16 GG303
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18. Tensor Transformation of Stresses

IV Derivation
E Contribution of o, to o,

w = dimensionless weighting factor

Yo, +wlo

1 o.=wo, +wo +w

XX

X

3 o, =a,a.0 +a.a.o +a.a.o0 +a.a.o

xxPx'x ™ xx x'x%x’y™ xy xyHax™ yx x'yHx'y o
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2 ol el s _X%>_+ _>X_<3)L+ b2
Ar \AFY A A FP A \A FY ) A (A FY) a4

18. Tensor Transformation of Stresses

E Contribution of 0, to o,

Start with the definition of a stress ! oyy Fig. 18.4
vector: T KVT .
@=F @ Byl et
1 o,"=F, /Ax’ «\ Ly
First find F, ) associated with o, A" >e/ Oxx X
2 F¥ =0, A 4
Find F ), the component of F,® in
thex dlrectlon l

3 FW=F®WcosH,,

Find A, in terms of A, \
A, =A, cosB,,
4 A,=A/cosb,,
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18. Tensor Transformation of Stresses

E Contribution of 0,, to o,
3 Fe¥W=FWcosb,,

4 A,=A /cosH A

y

T T Oyy Fig. 18.4
*
Y

X

X y X'y TToxy G*QA
Now substitute: £\ Oy
Ax' Ox'x
5a0,,H=F WA,

— A—““
5bo,.*=F ) cos 8,./ (A /cos 6,,)
5¢ 0, = cos 8, cos 6, (FW/A)
5do,, Y =a,, a0,
Weighting factor w*

4) —
6 w =a, a,
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18. Tensor Transformation of Stresses

IV Derivation

F Formulas for o, 0,., 0,,, and o,

1o, .=a,a,0,+a,a,0, +a.,a,0, +a.a.0

x'x7xx Y xx x'x7x’y Xy xx ™ yx Xy xyyy

2o0,=a,4,0, +a,4,0, +a.,a,0, +a.,ad,0,

3 o, =a,a,0, +a,a,0, +a,a,0, +a,a.0o

y'x V' x 7 x'x yx7x’y Yy ax yx yy“txlyYyy

4 o0,,=a,a,0, +a,a,0, +a,a,0, +a,a, 0,
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18. Tensor Transformation of Stresses

V Example . _—
H x'x’ x’y’ O
Flnd O-i’/’:[ o o‘y ] _7yxcxy
yx’ ¥y T
, o, =-4MPa o, =-4MPa J o
Iven o, = _
8 ! o,=—4MPa o, =-4MPa =~
) - v
6., =—45.0,, =450, =-1356,, =45 S
Crx* ch+

11/10/16 19

18. Tensor Transformation of Stresses

Vv Example (cont.)
(7 =a.a.0_+a.a.o0_ +a.a.o0 +a.ad.o

xX'x 7 x'x ™ xx x'x7xy™ xy Xy xx ™ yx Xy xy T yy

o,,:(—zMPa) (—2MPa)+(-2MPa) +(-2MPa) = -8 MPa

XX

o, =a,4,0, +a,a,0 +a.4,0 +a.a,0

0,,,:(2MPa) (—2MPa)+(2MPa)+(-2MPa) = 0MPa

0—aa0‘+aa0‘+aa0‘+aa0’

yx yxXTXXx T xx yXxXTXy T xy Yy “Txx T yx yy “xy T yy
0, =(2MPa)+(2MPa)+(-2MPa)+(-2MPa) = 0MPa

O'y = Clylany'Xx + ayxa} VO'xy +Cly yava')x +ay yaVyGw

= (-2MPa)+(2MPa)+(2MPa)+(-2MPa) = 0MPa

11/10/16 GG303 20
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18. Tensor Transformation of Stresses

V Example (values in MPa)

o . =-4 T . =-4 0.,=-8 T, =-8 n Sy A
XX Xn XX X'n S <_*_A(Syx
Oy=-4 T = - Oyy =0 T =0 T [ NS
o,=-4 T, =+4 Oy =-0 |T,=40 ‘_} X oxx
o, =-4 T,= -4 o, =0 T,,=0 ——
Tyn, Y
AR 4| 15(MPa) R
. RU
See slide 19 for or .
identification of ot
the angles Tx'n 's
-8
Txn: Txs
11/10/16 GG303 21
18. Tensor Transformation of Stresses
V Example Sy A
Matrix form _ |
T y Oxy
Ope Oy a.. a,., o, O, a, a,, ;
— - - X
= Oxx
O-y’X’ O-.V’y' Ay a,\"y’ O-,vx O-yy ay'X' ay',v’
—

[Uwy] = [a][aw'][a]T \
\ cﬁ\"‘k B

This expression is valid in 2D and 3D! &3
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18. Tensor Transformation of Stresses

V Example

Matrix form/Matlab

Syy A

11/10/16

(¢}
[ —— yX

-

Oxy
Oxx

I:Gi’j’:l = [a][Giti,][a]T

>> sij = [-4 -4;-4 -4]
sij =

-4 -4

-4 -4
>> a=[sqrt(2)/2 sqrt(2)/2; -sqrt(2)/2 sqrt(2)/2]
a =

0.7071 0.7071

-0.7071 0.7071
>> sipjp = a*sij*a’
sipjp =

-8.0000 0

0 0
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