15. FINITE STRAIN & INFINITESIMAL STRAIN
(AT A POINT)

| Main Topics
A The finite strain tensor E
B Infinitesimal strain and its tensor €
C Deformation paths for finite strain



15. FINITE STRAIN & INFINITESIMAL STRAIN

Il The finite strain tensor E

A Used to find the
changes in the squares ¢ ® —¢ 0
of distances (ds)?
between points in a
deformed body based
on differences in their ds

initial positions dy >
dx

@

Sides of lower boxes maintain their length,
but the diagonals change length



15. FINITE STRAIN & INFINITESIMAL STRAIN*

Il The finite strain tensor £ Consider vector dX and its length
B Derivation of [E] dX

1 (ds) = (ax) + () / ]
] _ y
2 (ds)zz[ dx dy } dx

- - dx

dx
3 { &y }: [4X] (dx)2 + (dy)? = (ds)? = dX~dX
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15. FINITE STRAIN & INFINITESIMAL STRAIN*

Il The finite strain tensor E 5 (ds) =[ax] [ax]=[ax] [1][dx].
B Derivation of [E] o
1 (ds) = (dx)’ +(dy) Where [’]:{ 01
~ Now consider vector dX’
2 / dx , :
2 (ds) :[ dx dy dy 6 [dX ]:[F][dX] From lecture 14:
dx / _ Vol o av dx’
(st e o [3
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15. FINITE STRAIN & INFINITESIMAL STRAIN
B Derivation of [E] (cont.)

Now find the difference between
the two different dot products,

8 (ds') =[[F][aX]] [[FIldX]]  noting that [[FI[dX]]" = [dX]"[F]"
O (ds') -(as) =[dx] [F] [F][dx]-[ax] [1] [dx]

10 (ds')’ —(ds)’ =[ax]"|[F]'[F]-[1] |[ax]

11 J@y=(asy} [ax [F) [F)-[1]]ax

2 2

12 %{(a’s’)2 - (ds)z}

[ax]' [E][aX] [E]==|[F] [F]-[1]|




15. FINITE STRAIN & INFINITESIMAL STRAIN

C Meaning of [E]
L~ {(as') ~(as) } =[x [E]ax]

Given E and dX (the difference in initial positions) of points), then
one can find (half) the difference in the squares of the lengths of
lines connecting the points before and after deformation

1

2 [E]=5|[F] [F]-[1]]

3 [E]= [+ 1] [0, +1)-11]]

[E] gives half the change of squares of line segment
lengths, but what do the terms of [E] mean?




15. FINITE STRAIN & INFINITESIMAL STRAIN*

D Expansion of [E_: [E]E%[[JM+I]T[JM+I]—[I]}

 ou u
dx d
1 J,= g
dv  dv
ox dy
- -
au o o
_1|| ox 9y 1 0 dx dy 1 0 1
2553 & Q{O 1} av @{o Lo
ox dy ox dy

—_— O




15. FINITE STRAIN & INFINITESIMAL STRAIN

D Expansion of [E]

El=o{ [0, + 1] [, +1])-11]]

L a_u 8_u+1 ﬂ
11| o9x dy ox ox 1 0
3 [g)-1 -
2 v 8v+1 Jdu Q+1 0 1
ox  dy dy  dy
() 2 o[22 ()22 2]
11 \dx ox dy )\ dy ox ox dy )\ dy
4 [E]=7

GG BRI

The meanings of the terms in [E] still are not intuitive




15. FINITE STRAIN & INFINITESIMAL STRAIN

Il Infinitesimal strain

A Derivation of infinitesimal strain tensor [€]

(2 ) 2o 2o () 2] (2 2]
0x ox dy )\ dy ox ox dy )\ dy
(avj(au ) v Jdu (81})(8\/) v ov
— || —+1 |[+| —+]1 || =— + +1 || —+1 (-1

dox )\ dx dy dy dod )\ dx dy dy

If the displacement derivatives are <<1, their products with each other can be neglected

I Ju Jdu OJdu dv |

+ +
1| dx dx dy oJx 1 T
2 [8]_5 ov ou ov dv | 2[[J”]+[J”] }

8x+8y 8y+8y

1 [£]-5




15. FINITE STRAIN & INFINITESIMAL

STRAIN

IV Infinitesimal strain

B Taylor series expansion y
We seek U, given U, and dX

du

X

Jdu

1 u, =u1+du:u1+(a—dx+—dy)+...

dv

dy
v

2 v, =v1+dv=vl+(a—dx+—dyj+...

X

_8u

0x
dv

0x

au_

ay
dv

dy

dy

Point 1 _

dy v




15. FINITE STRAIN & INFINITESIMAL
STRAIN

B Taylor series expansion (cont.)

Now split [J,] into two matrices: the infinitesimal strain

matrix [€] and the anti-symmetric rotation matrix [w]

[7]+[2]

o] = Ll

1
2 2

Symmetric / -

- ou Ou | [ ou v |
| dx dy T dx  Ox v

ox dy ] dy dy ]

I 8u+8u 8u+8v |
ox odx dy Jx ik [Ju]—[] ]T )
ov du Jdv Jv - 2 B
+ +

dx dy dy dy /r

Anti-symmetric

0

Jdv du

ox dy

Jdu av_

dy Jx

0




15. FINITE STRAIN & INFINITESIMAL

B Taylor series expansion (cont.)

du

du

STRAIN

du dv

+
dx Ox

ov

du

+
dy 0x
dv  dv

+
dx dy

dv

0

du

ox dy

+
dy dy

du av_

dy OJx

0

Symmetric

Anti-symmetric



15. FINITE STRAIN & INFINITESIMAL
STRAIN

IV Infinitesimal strain
C Taylor series expansion y 4

[0 ]=[v/]+[, ]lax]=[v, ]+ [[e] +[@]][aX]

Infinitesimal deformation
can be decomposed into:

Point 1 _

dy v

a translation (given by [U,]),

a strain (given by [g]), -
and
a rotation (given by [w])



15. FINITE STRAIN & INFINITESIMAL
STRAIN

al/t _ Bv a b

— e du dv
gxx T g 8)’)’ ay — [ttt

1 1({Jdu Odv

1 1({dv Jdu '
@ @ 2( ) 2(8x Byj ‘

For small angles, W = tanW

Positive angles are measured about the z-axis using a right hand rule. In (c) the angle W,
is clockwise (negative), but du is positive. In (d) W, is counter-clockwise, and du< 0.



15. FINITE STRAIN & INFINITESIMAL STRAIN

— ——
Elongate Rotate
horizontally 450
(double horizontal dimensions) about axis

pointing out

oy o
Rotate longate The sequence
450 horizontally g .
about axis (double horizontal dimensions) of deformation
pointing out matters for large

strains
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15. FINITE STRAIN & INFINITESIMAL STRAIN

e - >
Elongate Rotate \fompa rison
horizontally 450
by 5% about axis
pointing out
f The sequence
of deformation
> —> does not matter
for small strains
Rotate Elongate
450 horizontally
0)
about axis by 5%
pointing out
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15. FINITE STRAIN & INFINITESIMAL STRAIN

Il Deformation paths for
finite strain

Consider two different
deformations

A Defor[nation 1
a, b,

¢, d,

B Deformation 2

a, b,

¢, d,



15. FINITE STRAIN & INFINITESIMAL STRAIN

IIl Deformation paths for C F2 actson F1
finite strain _

Consider two different (F|[F]= a,a,+byc;  a,b +byd,
deformations e c,a,+d,c, ¢,b +d.d,
A Defo[matlzn —1 D F1 actson F2
a, b, _

[Fl]__ ¢ d, _ [Fl][Fz]= aa,+bc, ab,+bd,

B Deformation 2

ca,+dc, cb,+dd,

E The sequence of finite

a, b, deformations matters —
|F,]= .y unless off-diagonal terms
R in [F,] and [F,] are small




15. FINITE STRAIN & INFINITESIMAL STRAIN*

[F1]

Y$(0,1) V'V

A X
(2,0)

—~
—h
o

~

[F1] [F1]
Y'e (0,2)

y<[(u ) -
X | X'

(1,0) ?
Loz ls] (B[ gg I
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(i1 s 3 o] «—

This shows the effect of [F1]
all by itself

Two vectors, <1,0> and <0.1>,
can be handled at the same time

This shows the effect of [F2]
all by itself

19



15. FINITE STRAIN & INFINITESIMAL STRAIN*

Now consider [F2] acting after [F1] (i.e., [F2] acts on [F1])

{3 ;Hé g}{é 1}[@][1”1]

[F2] [F1]

Now consider [F1] acting after [F2] ] (i.e., [F1] acts on [F2])

L S e

[F1] [F2]

|E]A]=[F][F]




15. FINITE STRAIN & INFINITESIMAL STRAIN*

Individual effects Combined effects
y' (1,2)
152 YIV T2 e T
1 £ X I o
(19 a0 <i0) T o
A BRH IERD [T (R s TRl
V¢ (0.2 V't 22)
S I y‘(u [FUF2) [
x—> & X' X 1 s X
_ (1,0) (1,0 (1,0) _ (2,0)
Gimnen mm “Hi2]:] (BB :Ta
10/21/19 . GG303 il [Fz]Fi] % F;][Fz]




15. FINITE STRAIN & INFINITESIMAL STRAIN

IV Infinitesimal strain and the
infinitesimal strain tensor [€]

A Infinitesimal strain

Deformation where the
displacement derivatives
in [J ] are small relative to
one so that the products
of the derivatives are very
small and can be ignored.

An approximation to finite
strain

(S0
(563
[7]+] ]
du ou
oo | T
] ox dy

du
dy
v
dy

+

l
l

_|_

(
|

>
ox

[
dy




15. FINITE STRAIN & INFINITESIMAL STRAIN

IV Infinitesimal strain and __ Gelatin Volcano Experiment
S v

the infinitesimal strain
tensor [€] (cont.)
C Why consider [€] if it is
an approximation?
1 Relevant to

important geologic
deformations

A Fracture . l l .

B Earthquake - . | 2]~
deformation -

C VOICa no Hawai'i Space Gran?bonsortium
d efo 'm at IoN http://www.spacegrant.hawaii.edu/class_acts/Weblmg/gelatinVolcano.gif
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15. FINITE STRAIN & INFINITESIMAL STRAIN

C Why consider [g] if it is an Gelatin Volcano Experiment

10/21/19

approximation? (cont.)

2

Terms of the infinitesimal
strain tensor [€] have clear
geometric meaning

Can apply principal of
superposition (addition)

Infinitesimal deformation S R P Yo, e
is essentially independent L aaa e .

of the deformation s e
sequence | ¥
Amenable to sophisticated | . I l i
mathematical treatment “—- i
(e.g., elasticity theory) one - T

Quantitative predictive 1
ability Hawai'i Space Grant Consortium

http://www.spacegrant.hawaii.edu/class_acts/Weblmg/gelatinVolcano.gif
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15. FINITE STRAIN & INFINITESIMAL STRAIN*

Why consider [€] if it is an approximation? (cont.)

7 Infinitesimal strain example Sequence
_ _ _ _ results can be
F, = 1.02 0.01 — = 0.02 0.01 obtained
0 101 | 0 001 | regardless of
_ : _ _ the order of
F, = 1010 —> J,= 001 0 events, but
0 102 | 0 002 also by
_ _ _ superposition
[F ][F ] _| 101 0 102 001 |_| 1.0302 0.0100 (bottom row)
s | 0 102 || 0 101 0.0000 1.0302 |

Results nearly

indistinguishable
0.0000 1.0302 /

1 O 0.02 001 001 O 1.0300 0.0100
[1]+|:|:Ju(3):|+|:‘]u(4):|:|: + + -
0 1 0 0.01 0 002 0.0000 1.0300

| 102 001 || 101 o |_[ 10302 00101 |e—
0 102



