/. VECTORS, TENSORS, AND MATRICES

| Main Topics
A Vector length and direction
B Vector Products
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C Cis behind Aand B
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lll Vector length and direction
A Vector length:

B

Al= A +A+A]
Vector A can be defined by its
length |A| and the direction
of a parallel unit vector a

(which is given by its direction
cosines).

A=|Ala.

Unit vector a has vector
components Aji/|A[, Ajj/|A],
and A k/|A]|, where i i, "and k

are unit vectors anng the x, v,
and z axes, respectively.

C Example

A=151+2j+0k
Al=v1.52+2240°=/625=25

1S5, 2,0

i+—j+—Kk
25 25° 25
3. 4

a=§i+§j+0k=06i+08j+0k
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Il Vector Products
A Dot product: AeB=M

1 M is a scalar A
2 If Bis a unit vector b, E
OAB [ —
thenAeb(orbeA) | B=b
is the projection of A —>
onto the direction A-B

defined by b
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A Dot product (cont.)

3

9/18/19

Let unit vectorsa and b

parallel vectors A and B, b

respectively. The angle
between aand b (and A
and B) is 6,,. Convenientl
cos(0,,) = cos(-6,,).

a aeb =cos(0,,) =bea

b A=|A]a,andB=|B|b a<b
From (a) and (b)

|A| =length of A
c AeB=|A| |B]| cos(6,,)

GG303
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A Dot product (cont.)

9/18/19

4 Dot Product Tables of Cartesian Vectors

i i« I s 18 lBk
ie 1 O 0 AB 0 0

Ao
j* 0 1 0 Aje 0 A,B, 0
ke 0 0 1 Ake 0 0 AB,

For unit vectors e, and e, along axes of a Cartesian frame
e *e =1 ifr=s
e *e =0 ifrzs

6 A*B=(Ai+Aj+Ak)* (Bi+Bj+Bk)

A*B=AB+AB +AB,

GG303
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Il Vector Products (cont.) Note that here, A, B, and C
B Cross product: AxB=C
1 Cisavector

are points, not vectors

Cis behind Aand B

2 Cisperpendicular
to the AB plane B

3 Direction of C by
right-hand rule

4 AxB=-BxA

- —
AB x AC yields downward pole

A,B,C form clockwise circuit
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B Cross product (cont.) c Example

5 Let unitvectorsaandb A=21+0j+0k,B=0+2j+0k
parallel vectors A and B, Al=2[B|=2

respectively. The angle |
betweenaand b (and A AXxB = (2)(2)sin(90°)k = 4k

and B) is 0. Ax
a axb =sin(6,,) n, where
nis a unit normal to the 2
AB plane AB
b AxB=|A]a x |B|b N
= |A[|B](a x b) A
= 1Al[Blsin(®,)n [ 0,
0 > > =
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B Cross product (cont.)

6 |A x B|is the area of the parallelogram
defined by vectors A and B, where A and B
are along adjacent side of the parallelogram.
In the figure below, A x B points into the
page, and B x A points out of the page.

|Alsin® o Area = base x height
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A Cross product (cont.)

7 Cross Product Tables of Cartesian Vectors

-ﬂ-_ --E-

Ai X A.B k -A,B,j
J X -k O i Aj x AyBXk 0 A,B,i
kx -i 0 Ak x A.B,j -A,B,i 0

8 AxB=(A,i+Aj+AK)x(B,i+B,j+Bk)
AxB = (AB,—A,B )i+ (AB,—AB,)j+ (AB,—AB,)k

0 i j k Note: The red
: letters in the
_ & Determinant
AXB =| A AY A tables are j,
B B B not i

GG303 11
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X

B Cross product (cont.) >>A=[200]
: A = 2
10In Matlab, C= A x B is AB
performed as 2 00 e
B=[020
C = cross(A,B) > :_ [ | 1 0.
11 Uses in geology 0 2 0 0 04\ *?
a Finding poles to a >> C = cross(A,B)
plane from 3 C=
coplanar pts 0 0 4

b Finding axes of
cylindrical folds from
poles to bedding
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Il Vector Products
C Scalar triple product:
(A,B,C)=Ae¢(BxC)=V
1 The vector triple e
product is a scalar Sectorof
(i.e., a number) that
corresponds to a

View of side of parallelepiped

volume the volume of Base .

a parallelepiped with s

asal area Al cos

edges along A, B, and B ICI & o 1Al coss
asal area = sin BC

C . = |BXC|
Volume = (Base)(Height)

| V | >0 = |BXC|(A cosg) = |A*(BXC)|

Base
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C Scalar triple product
(cont.)

BXC

3 The determinant of v
a 3x3 matrix reflects
the VOlume Of a View of side of parallelepiped

Base Top
. _ BXC S |C|sin®
parallelepiped oot AT

Basal area = |C| sinfgc |B]|
=|BxC|

Volume = (Base)(Height)
= |BxC|(A cosd) = |A*(BxC)|

|
V=A+(BxC)=A-+| B,
C

O =
[

Xq Xm >>

‘<Q \<UJ }

J A
By Bz
Cy Cz

X
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C Scalar triple product

(cont.)
4 In Matlab:
V - A ® (B X C) iS b("Velctc;Br):)E
performed as 'V =
d Ot (A, C rO SS ( B, C) ) View of side of parallelepiped
Base Top
5 Uses in geology Vectg);f |c|smeBc Height
. basal area") ’ﬂ |A| cosd
a Equatlon Of plane Basal area = |C| sinfgc |B]| Base

=|BxC|
Volume = (Base)(Height)

b Estimating volume 2 BeCI(A coso) = [A-BHC)|
of ore bodies
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D Invariants

1 Quantities that do
not depend on the
orientation of a
reference frame

2 Examples

a Dot product
(a length)

b Scalar triple product
(a volume)



