4. INTERSECTIONS OF PLANES

| Main Topics
A Equation of a plane

B Pole to a plane using cross-products

C Intersection of two planesin a line
(apparent dip problem)

D Intersection of three planes in a point
(solution of simultaneous linear equations)



4. INTERSECTIONS OF PLANES

Il Equation for plane: nev=d
A Meaning

1 The distance from a
known reference point
to a plane, as measured
in the direction of a unit
vector n normal to the N

. n=<o,B, v
plane, is d. v=<xy, 2>

2 d>0if npoints fromthe ox+py+yz=d
reference point towards V
the plane; O

3 d < 0if npoints from the
plane towards the
reference point.

Plane (edge on view)

nev=d



4. INTERSECTIONS OF PLANES

Il Equation for plane: nev = d (cont.)
B Solution for n=ai+Bj+yk = <a,B,y>

1 If x=north, y=east, z=down
o = cosdcosh, B = cosPsind, y = sind

2 |If x=east, y=north, z=up
o = cosdsinG, B = cosdcosb, y = -sind
where 0 is the pole trend and ¢ is the pole plunge

3 Matlab:[alpha,beta,gamma]=sph2cart(trend,plunge,1)
Trend and plunge must be in radians.

4  Matlab: [trend,plunge,R]=cart2sph(alpha,beta,gamma)

5 Good for z=down; trend and plunge must be in
radians.




4. INTERSECTIONS OF PLANES

Il Equation for plane: nev = d (cont.)
C v = xi+yj+zk = <x,y,z>
D Solution for d

Plane (edge on view)

nev=d
1 d=ax+By+yz n= <a, B, 7> ~
v=<XY,2z>
(Normal form) ox+ By +yz=d f
v

2 d=dot(n,v) O
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Ill Pole to a plane using
cross-products

A Consider three non-
colinear points A,B,C
that form a clockwise
circuit as viewed from
above

B (B-A) x (C-A) is normal
to the plane

C n= (B-A)x(C-A)

| (B-A) x (C-A)|,
unit normal to the
plane.

Pt.B

Pt.B

(2) B-A
(B-A +A =B)

(3) (B-A) x (C-A

i) Pt. C

Pt.A

Pt.C
(1NC-A (C-A+A=(Q)

Pt.A

(4)n= (B-A) x(C-A)
|(B-A) x (C-A)|
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IV Intersection of two planes

in aline

A Two planes A and B
intersect in a line. The
equations of those two
planes define the line.

B The direction of
intersection is along
the vector a x b, where
a is normal to plane A,
and b is normal to
plane B

Direction of Intersection of Two Planes

All the vectors
perpendicular
to vector c lie
in plane C

Plane C is perpendiicular

to Plane A and perpendicular
to plane B, so Plane C is
perpendicular to the
intersection between Planes
A and B

.
LN
e
.
.....
'.
.
0
'.

a is unit normal to Plane A and lies in Plane C
b is unit normal to Plane B and lies in Plane C
¢ is unit normal to Plane C

c= axb/laxbl
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IV Intersection of two planes in a line (cont.)
C Apparentdip

1 How a geologic plane appears to
dip in a vertical cross section of
arbitrary strike

2 Plunge of the line of intersection
between a geologic plane and a
vertical cross section plane of
arbitrary strike

3 Plunge of the cross product of two

Vertical plane
of arbitrary strike

vectors
. Dipping plane

a Vector normal to a geologic 2

plane / Truedip{

. b

b Vector normal to vertical cross

SECtiOﬂ p|a ne Of a rbitra r” Vertical plane that is perpendicular to strike of dipping plane

strike

¢ Make sure cross product
points down to get a pole




Apparent Dip

1) a/b =tan(true dip).
2) a=Dbtan(true dip) = c tan(app. dip). So
3) b tan(true dip) = c tan(app. dip)

Now consider the angle W between the line
of strike of the cross section and the line of
strike for the dipping plane.

4) b/c=sin¥, so

Vertical plane
of arbitrary strike

5) c=b/sinW.

Now insert (5) into the right side of (3) 2 { Dipping piane
True dip

6) b tan(true dip) = (b/sinW) tan(app. dip) // b

7) app dlp — tan‘l{[tan(true dlp)][SInLIJ]} Vertical plane that is perpendicular to strike of dipping plane
Since sinW < 1, app. dip £ true dip.
If W =90° then app. dip = true dip.



4. INTERSECTIONS OF PLANES

IV Intersection of two planes BT

in a line (cont.) AT \

D Apparent dip and N
orthographic projection

example CT

Find the apparent dip

of plane ABCin a
vertical cross

section that strikes 315°.



4. INTERSECTIONS OF PLANES

C Apparent dip and orthographic
projection example

(1) Inthe top view, intersect the cross
section plane with plane ABC. Call
the line of intersection DE. Point D
is on line AC. Point E is on line BC.

Next we find the plunge of line DE.

(2) Project the line of intersection DE
onto an auxiliary view that is taken
parallel to the line of cross section.
The plunge of line DE is the apparent
dip of plane ABC as seen in the cross
section.

Cross =
Section / D Y
plane T \
ET T

Apparent
Dip




4. INTERSECTIONS OF PLANES

V Intersection of features in a
point (in 3D)

A Intersection of two lines (L,
and L,)

1 Intersection criteria

d

b

Ay Line Ly
Vectors L; and L, are o A .
not parallel: < \/Vecto)r L1V Line L
L, xL,#0
The lines must lie in 1 % A
the same plane in 3D, N1
so the normal to the Ny Vector L)
plane containing L, 0 ——t—
and n, in 3D must 0 1 2

parallel the normal to
the plane containing
L, and n,:

(F;l X_I:l) X (F;z XT:z) - O

Vector L, is along line L,
Vector L, is along line L,
Vector n, is from the origin to L,
Vector n, is from the origin to L,



4. INTERSECTIONS OF PLANES

A Intersection of two lines (cont.)

Ay Line Ly
2 Write equations for two U [ L1<> Line Ly
Imes (n°v=d) vi\1 % A
— — n—l
21 ° XJ. = anlxxl + a|1"| yy]_ = dl . n- . VeICtOI L2
nz’V2=anxX2+any2=d2 0 1 X
2 VZ
' D
3 Find ny, n,, dy, d
Example

S >

9/13/18 GG303 12



4. INTERSECTIONS OF PLANES

A Intersection of two lines (cont.)

3 Write equations for lines
in matrix form

Anx oy X _ d }
a,, a,, y d,
(Al [Xx] - [B]

We seek the vector [X]
that satisfies both
equations (i.e., a point
(x,y) on both lines)

No

Ay

N
Vector

X

n2

-
v

Line Ly
Line L1

A
Vector Ly

v

’) X




4. INTERSECTIONS OF PLANES

A Intersection of two lines (cont.)
4 Solve for [X]

Al X]-[B]

X]=[A][ 8]
a Matlab

>>A=[01;10]
A =
0O 1
1 O
>>B =[2;1.5]
B =
2.0000
1.5000

9/13/18

Al TALX]=[AT [ 8]

>> X = A\B
X =
1.5000
2.0000
>> X=inv(A)*B
X =
1.5000
2.0000

GG303

(1.5,2)
Ay \ Line Ly
2P »—O Line Lq
Vector L1
1+
n1\ A
Ny Vector L)
0 s —
0 1 2
b Cramer’s Rule
B A | |15 1
B, A, 2 0| =2
X= - -T2
A Al |0 1‘ -1
Ay A, 10
Ar B ‘0 1.5‘
B
V- A, > _ 1 2 =—1.5=1-5
A A ‘0 1‘ -1
Ay A, 10

14



4. INTERSECTIONS OF PLANES

. A
B Intersection of three | Plane2: y=2
plane (P4, P,, and P3) at / Plan3e1:
. X =
a point = <\
1 Intersection criteria J b3 e x
n )
Normals of any two Intersection
nlanes are not l/“ ol =31
Z Plane 3: z=1

narallel; scalar triple
oroduct of normals to
olanes # 0:

—_

ng ‘(r_{zXF‘»a)=O
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B Intersection of three planes (cont.)
2 Write equations for three planes

(n0v=d) Y1 Plane 2: y=2
- 2/
nev, =a,x +a,y +a,z =d Plane 1:
L L X=3
n,ev,=a,x,+a,.y,+a, z,= d, T
nysvy=a, X;+a, y,+a, z,= d, 1 3 .
7 7 7 >
i |
Intersection

3 Find N, Ny, N3, dll dZ' d3 xy.2)=(3,2,1)

Example H 1/2 Plane3: z=1
=1 +0j+0k Q:> (D(3)+(0)(Y)+(0)(2)=3=d,
7 2=d

~0i +1] +0k +(1)(2)+(0)(2
07 +07+1R (0)(x)+(0)(y)+(1)(

L
=

2

—
N
I
—

=d

3



B Intersection of three planes (cont.)

3

[ a

4. INTERSECTIONS OF PLANES

Write equations for lines in
matrix form

hx Gy Gnz X - o -

ar72x anzy anzz Y |= dZ

B Bpy Gy || £ d,
A [X] - [8]

We seek the vector [X] that
satisfies each equation (i.e.,
one point (x,y,z) on all three
planes)

yl\

Plane 2: y=2
2 7
Plane 1:
X=3
Anz
1 3
Ny > X

Vi ya
7 7 \

N

n

1
5 Plane 3: z=1

Intersection
x,y,z)=(3,2,1)

Example
1o0o0][ x| [3
0O 10|l yil=|2

00 1] z 1
Al [Xx] = [B]
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B Intersection of three planes

(cont.)

4 _Sc_)lve for [X]

Al X]-[B]

a Matlab

>>A=[01;10]

ATTAX]-
X]-[A]'[ 8]

[A[B]

>> X = A\B

X =
3.0000
2.0000
1.0000

>> X=inv(A)*B

X =
3.0000
2.0000
1.0000

y A

Plane 2: y=2
2/
Plane 3:
X=3
ny
1 3
S .- o > X
nq |
Intersection
1 x,y,z) =(3,2,1)
/z Plane 1: z=1

b Cramer’s Rule

Could use Cramer’s
rule, but it is
cumbersome.
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C Intersection of a line and a plane

1

2

A line (L) and a plane (P,)
intersect at a point

Point of intersection can be
viewed as the intersection of 3
planes

a Plane P, (white)
b Plane P, (blue)

P, intersects plane P; at line
L,. Plane P, is a vertical plane
containing L,, so P, strikes
parallel to the trend of L;.

c Plane P5(gray)

P; intersects plane P, at line
L,. Plane P5 is an inclined
plane that contains L;. The
dip of P; equals the plunge of
L,, and the strike of P5 is 90°
from the trend of L;.

Dip of P3 =
Plunge of L

Strike of P3 = Trend of L1 -90°

Plane P3

N

Plane P4

Strike of P2 =
Trend of L1

Dip of Po = 90°

Intersection
of L1 and P4
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Two Math Handbook References

Gellert, W., Kustner, H., Hellwich, M,. and
Kastner, H., 1977, The VNR concise
encyclopedia of mathematics: Van Nostrand
Reinhold, New York, 760 p.

Tuma, J.J., 1979, Engineering mathematics
handbook: McGraw-Hill, New ork,394 p.



