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ABSTRACT 

The subject of this thesis is on the construction of the time-averaged 

geomagnetic field models. In chapter 1, I give a concise account of the observation 

of the geomagnetic field variation over the time scales from few thousands of years 

to millions of years. In chapter 2, a VGP function is first obtained from Maxwell's 

multiple poles theory. The theory and the methods of inverting the Gauss 
I 

coefficients from the directions of the surface vector are given. Chapter 3 is the 

application of the methods described in chapter 2. The time-averaged geomagnetic 

field models, including the time-averaged models for the past five million years, the 

time-averaged model for the reversals, and time-sequential models for the reversals 

are obtained. The implication of the inverted geomagnetic model are only briefly 

discussed with emphasis on the hemispherical asymmetry of the morphology of the 

geomagnetic field. 

IV 



TABLE OF CONTENTS 

Acknowledgement ..... ...... ................ ... . ....... . ....... ..... .. ......... .. .. iii 

Abstract. ..... ............. ... ........... . ......... . ................ ........ .......... . . iv 

List of Tables ......................................................................... vi 

List of Figures .... .... ... . ... ... . ......... ... ............... ...... . .... . . ... .. ....... . ix 

Chapter 1 Review . . .. .............. ...... ............. . ... ...... .. . ... .... .......... 1 

1.1 VGP representation of paleomagnetic data and its statistics ... .. 1 

1.2 Observation on the variations of the paleomagnetic field ........ 8 

1.3 Summary ........................ .. .................................... 19 

Chapter 2 Application of Maxwell's multiple poles theory to the inversion 

of plaeomagnetic data .......... ; .............................. .. ....... 21 

2.1 Mathematical representation of the morphology of the Earth's 

magnetic field ............... ........................................... 22 

2.2 Maxwell's multiple poles theory ..................... .. . .. .......... 25 

2.3 Inversion of the Gauss coefficients ............................... .40 

2.4 Summary ............................................. . ................ 68 

Chapter 3 The time averaged morphology of the earth's magnetic field ....... 70 

3.1 The morphologies of the time-averaged geomagnetic field 

for the past 5 million years .......................................... 71 

3.2 Morphology of the polarity reversals of the geomagnetic field .. 114 

3.2.1 Mean field models .............................................. 114 

3.2.1.1 The mean field models for the Matuyama-Brunhes 

reversal. ................................................... 115 

3.2.1.2 The mean field models for the Lower Jaramillo 

reversal .................................................... 144 

3.2.1.3 The mean field models for the Upper Olduvai 

reversal. .............. . .................................... 171 

3 .2.2 Discussion of the mean field behavior during the reversal 197 

3.2.3 Time sequential models ................. .. ...... . ..... ... ...... 197 

3.2.4 Discussion of the time sequential model.. .. ................. 217 

3.3 Summary .............................................................. 228 

3.4 Concluding remarks ........ . ..................... .. .................. 229 

References ............................................................................ 232 

v 



LIST OF TABLES 

Table 2.1 List of the Gauss coefficients for IGRF 95 model. .... .. ........... 38 

Table 2.2 List of the Gauss coefficients for example 1 ........................ 39 

Table 2.3 List of the model parameters for example l ............ .. .......... . 39 

Table 2.4 List of the Gauss coefficients for example 2 ... ..................... 40 

Table 2.5 List of the model parameters for example 2 . ........................ 40 

Table 2.6 List of the Gauss coefficients for example 3 (A) inversion 1 ...... 48 

Table 2.7 List of the model parameters for example 3 (A) inversion 1. ..... .49 

Table 2.8 List of the Gauss coefficients for example 3 (B) inversion 2 ...... 52 

Table 2.9 List of the model parameters for example 3 (B) inversion 2 ....... 54 

Table 2.10 List of the Gauss coefficients for example 3 (C) inversion 3 ...... 59 

Table 2.11 List of the model parameters for example 3 (C) inversion 3 ....... 62 

Table 2.12 List of the Gauss coefficients for example 3 (D) inversion 4 ...... 64 

Table 2. i 3 List of the model parameters for example 3 (D) inversion 4 ....... 67 

Table 3.1 List of Site, age range, the number of VGPs and the polarity (P) 
for the data set used in model TA-1 . . ............ . ....... ..... ....... 79 

Table 3.2 List of Sites, age range, the number of VGPs and the polarity (P) 
for the data set used in model TA-2 .................... .... .......... 82 

Table 3.3 List of Sites, age range, the number of VGPs and the polarity (P) 
for the data set used in model TA-3 .................................. 84 

Table 3.4 List of Sites, age range, the number of VGPs and the polarity (P) 
for the data set used in model T A-4 .................................. 85 

Table 3.5 List the Gauss coefficients for model TA-1 ... ....... ... . ........... 90 

Table 3.6 List of the model parameters for T A-1 ............................... 92 

Table 3.7 List of the Gauss coefficients for model TA-2 ...................... 92 

Table 3.8 List of the model parameters for TA-2 ............................... 94 

Table 3.9 List of the Gauss coefficients for model TA-3 ...................... 94 

Table 3.10 List of the model parameters for TA-3 ............................... 96 

Table 3.11 List of the Gauss coefficients for model TA-4 ...................... 94 
vi 



Table 3 .12 List of the model parameters for T A-4 ............................... 98 

Table 3 .13 List of the reversal records ............ .. ....... ...... ............... . . 116 

Table 3.14 List of the Gauss coefficients for MB-1 ..................... . ... . ... 122 

Table 3 . 15 List of the the model parameters for MB-1 .......................... 124 

Table 3.16 List of the Gauss coefficients for MB-2 ............................. 124 

Table 3.17 List of the model parameters for MB-2 ............. . ................ 126 

Table 3.18 List of the Gauss coefficients for MB-3 . .. . . . . .. . ... .. . . ........ ... . 126 

Table 3.19 List of the model parameters for MB-3 ....... . . .. ........ . ..... . .... 128 

Table 3.20 List of the Gauss coefficients for MB-4 ..... ...... .................. 128· 

Table 3 .21 List of the model parameters for MB-4 .............................. 130 

Table 3.22 List of the mean-squared-intensity for models MB-1,2,3,4 ....... 130 

Table 3.23 List of the Gauss coefficients for LJ-1 ............................... 145 

Table 3.24 List of the model parameters for LJ-1 . . . . ..... .. ... .. ................ 147 

Table 3.25 List of the Gauss coefficients for LJ-2 .......... .. . . . . .. . ............ 147 

Table 3.26 List of the model parameters for LJ-2 ... . . . .......................... 149 

Table 3.27 List of the Gauss coefficients for LJ-3 . .. . ... ........ . ............... 149 

Table 3.28 List of the model parameters for LJ-3 ................................ 151 

Table 3.29 List of the Gauss coefficients for LJ-4 . ..... .. . . .. . ..... . ............ 151 

Table 3.30 List of the model parameters for LJ-4 ................................ 153 

Table 3.31 List of the mean-squared-intensity for models LJ-1,2,3,4 ........ 161 

Table 3.32 List of the Gauss coefficients for U0-1 .. .. ....... . .................. 179 

Table 3.33 List of the model parameters for U0-1. . ..... . ...... . .. .. . . . . . ... . ... 181 

Table 3.34 List of the Gauss coefficients for U0-2 .............................. 181 

Table 3.35 List of the model parameters for U0-2 .......... . .................... 183 

Table 3.36 List of the Gauss coefficients for U0-3 ... ... ...... . .. .. . ... . . .. ..... 183 

Table 3.37 List of the model parameters for U0-3 ... ..... ... ... ................. 185 

Table 3.38 List of the Gauss coefficients for U0-4 . ... . . . .. . .................... 185 
Vll 



Table 3.39 List of the model parameters for U0-4 .. . ............ . .............. . 187 

Table 3.40 List of the mean-squared-intensity for models U0-1,2,3,4 ..... .. 187 

Vlll 



LIST OF FIGURES 

Figure 1.1 The example of the paleosecular variation .. . ........ . ... .... ... .... . 12 

Figure 1.2 The example of the polarity reversal .................................. 15 

Figure 1.3 The example of excursion .. ............................. ... .. . ......... 18 

Figure 2.1 The geometrical construction of the source ........ .. ................ 31 

Figure 2.2 The distribution of the VGPs and the Maxwell poles ....... . ....... 32 

Figure 2.3 The distribution of the VGPs, the EVPs and the sites . 
for example 3 ........................ . ................................... 46 

Figure 2.4 The variations of :L, L( 1 ), U(O), /...,for example 3, 
(A) inversion 1 .................. . .......... .... . . . ...... ................ 50 

Figure 2.5 The variations of :L, L(l) , U(O), 'A for example 3, 
(B) inversion 2 .. .. ... ..................................... . .. ... ... ..... 55 

Figure 2.6 The variations of I:, L(l), U(O), 'A for example 3, 
(C) inversion 3 .......................................................... 58 

Figure 2.7 The variations of :L, L(l ), U(O), /...,for example 3, 
(D) inversion 4 .................. . ............... .. .......... . ....... . ... 63 

Figure 3.1 The distribution of the sites, the VGPs and the EVPs 
for model TA-1 ................... . ... . ........ . ............ . ........... 86 

Figure 3.2 The distribution of the sites, the VGPs and the EVPs 
for model TA-2 ....................... ... ... ...... . . ..... . ....... ....... 87 

Figure 3.3 The distribution of the sites, the VGPs and the EVPs 
for model TA-3 .................... ... .................................. 88 

Figure 3.4 The distribution of the sites, the VGPs and the EVPs 
for model TA-4 . .... ..... . . .... .... . ...... ... .. . ... .............. ....... 89 

Figure 3.5 The morphology of T A-1. .. ........... .................... . .......... 105 

Figure 3.6 The morphology of T A-2 ............................................. 107 

Figure 3.7 The morphology of TA-3 ............................................. 109 

Figure 3.8 The morphology of T A-4 ...... . ...................................... 111 

Figure 3. 9 The longitudinal distribution of lbrl for TA-1, 2, 3, 4 ........... . .. 113 

Figure 3.10 The distribution of the sites for the reversals ....................... 117 

IX 



Figure 3.11 The distribution of the sites, the VGPs and the EVPs 
for model MB-1 . .. ..... . . . .. .... . .. .. . .... . ..... ...... . . . ... . . . ...... . 131 

Figure 3.12 The distribution of the sites, the VGPs and the EVPs 
for model MB-2 .. .... ...... ........ .. ........ ......................... 132 

Figure 3.13 The distribution of the sites, the VGPs and the EVPs 
for model MB-3 ... .. ............ .. . .......... . . . . ............. ...... .. 133 

Figure 3.14 The distribution of the sites, the VGPs and the EVPs 
for model MB-4 . . .. . ..... . ..... . . ... . .. ......... . .. . . . . .............. . 134 

Figure 3.15 The morphology of MB-I ................................ .. ........ 135 

Figure 3.16 The morphology of MB-2 .... ...... .. .. ............ ................ 137 

Figure 3.17 The morphology of MB-3 .. .. .. .......... ........ .... .. .. .. ........ 139 

Figure 3.18 The morphology of MB-4 .................. .... .. .. ................ 141 

Figure 3.19 The longitudinal distribution of lb,I for MB-1, 2, 3, 4 ............ 143 

Figure 3.20 The distribution of the sites, the VGPs and the EVPs 
for model LJ-1 . . ........ . ........ . ... . ............. . ....... . ........... 154 

Figure 3.21 The distribution of the sites, the VGPs and the EVPs 
for model LJ-2 .. ........ .... .... .. ... .. .. .. ............................ 155 

Figure 3.22 The distribution of the sites, the VGPs and the EVPs 
for model LJ-3 . . . .. . . . ......... . . . .. . . . . . . . . . .. . .. ..... . .. .. . .. ...... .. 156 

Figure 3.23 The distribution of the sites, the VGPs and the EVPs 
for model LJ -4 . . .. . ........ . . . .................. .. . . ...... . . . . . .. . . . . . 157 

Figure 3.24 The morphology of LJ-1 ............................ .. .............. 162 

Figure 3.25 The morphology of LJ-2 ..... . ........... : .. ............ .... .... .... 164 

Figure 3.26 The morphology of LJ-3 .......... ...... .. ...................... .. .. 166 

Figure 3.27 The morphology of LJ-4 ................... . . .. .. ....... ............ 168 

Figure 3.28 The longitudinal distribution of lb,I for LJ-1, 2, 3, 4 .............. 170 

Figure 3.29 The distribution of the sites, the VGPs and the ·EVPs 
for model LJ-1 . .. .. .. .. ................ . . ..... .. . .. ....... ...... .. . . . . . 172 

Figure 3.30 The distribution of the sites, the VGPs and the EVPs 
for model LJ-2 .. .... . . . . ................ ..... . .. .. ........ ..... .... ... . . 173 

Figure 3.31 The distribution of the sites, the VGPs and the EVPs 

x 



for model LJ-3 ....................................... . ..... ............ 174 

Figure 3.32 The distribution of the sites, the VGPs and the EVPs 
for model LJ -4 .. .... ......................................... .. ....... 175 

Figure 3.33 The morphology of U0-1 .. ........ .... .. .. ...... .. . .. ... ........... 188 

Figure 3.34 The morphology of U0-2 .. .... ...... ... .. .. .. .. ............ ... . . ... 190 

Figure 3.35 The morphology of U0-3 .. ......................... .. .... .... ...... 192 

Figure 3.36 The morphology of U0-4 ........ . . . ...... ... . .. . . . ... . ... . ....... .. 194 

Figure 3.37 The longitudinal distribution of lb,I for U0-1, 2, 3, 4 .......... . .. 196 i 

Figure 3.38 The Matuyama-Brunhes reversal, example 1 ...................... 200 

Figure 3.39 The Matuyama-Brunhes reversal , example 2 .. .... . . ..... ....... .. 201 

Figure 3.40 The Matuyama-Brunhes, time index 1, 40 . .. ... . . . . ............ . .. 202 

Figure 3.41 The Matuyama-Brunhes, time index 80, 120 ........... .. .. .... ... 203 

Figure 3.42 The Matuyama-Brunhes, time index 160, 200 ..................... 204 

Figure 3.43 Lower Jaramiilo reversal, example 1 .... .............. .. ............ 206 

Figure 3.44 Lower Jaramillo reversal, example 2 .... . . .. . ...................... . 207 

Figure 3.45 The Lower Jaramillo reversal, time index l, 40 ...... .. ........... 208 

Figure 3.46 The Lower Jaramillo reversal , time index 80, 120 ................ 209 

Figure 3.47 The Lower Jaramillo reversal, time index 160, 200 ............... 210 

Figure 3.48 Upper Olduvai reversal, example 1 ................................. 212 

Figure 3.49 Upper Olduvai reversal, example 2 .. .................... .. .. .. ... .. 213 

Figure 3.50 The Upper Olduvai reversal, time index 1, 40 ...... .. .. .. ......... 214 

Figure 3.51 The Upper Olduvai reversal, time index 80, 120 .... .... ......... . 215 

Figure 3.52 The. Upper Olduvai reversal, time index 160, 200 .. . ............. 216 

Figure 3 .53 The dipole path for the Matuyama-Brunhes reversal . ............. 219 

Figure 3 .54 The dipole path for the Lower Jaramillo reversal .. .. ....... . . .. .. . 220 

Figure 3.55 The dipole path for the Upper Olduvai reversal. ...... . . ... . .. . .. . . 221 

Figure 3.56 The longitudinal distribution ~f lb,I 
XI 



for the Matuyama-Brunhes reversal. . .. ...... ....................... 222 

Figure 3.57 The longitudinal distribution of lb,I 
for the Lower Jaramillo reversal. .................................... 223 

Figure 3.58 The longitudinal distribution of ib,I 
for Upper Olduvai reversal. ........ . .... . ......................... . .. 224 

Figure 3.59 The mean-squared-intensity for Matuyama-Brunhes reversal. ... 225 

Figure 3 .60 The mean-squared-intensity for Lower Jaramillo reversal. ....... 226 

Figure 3.61 The mean-squared-intensity for Upper Olduvai reversal ........ . 227 

XU 



Chapter 1 Review 

The earth's magnetic field has been recognized since ancient times. However, it 

was not until the 17th century that the systematic study of the earth's magnetic field started. 

In the classical work, De Magnete , by William Gilbert in 1600, the earth's magnetic field 

was represented by a bar magnet at the center of the earth. Extensive measurements were 

carried out at the surface, on land and at sea. After careful analysis of historical records by 

the new technique of the spherical harmonics, Gauss in 1838 proved that the main part of 

the earth's magnetic field is of the internal origin. He showed that the geomagnetic field can 

be represented by a dipole placed at the center of the earth. This dipole is tilted from the 

geographic north pole by about 10 degrees. He also showed that the higher order structures 

are superimposed on this main dipole field. Since then, the understanding of the origin and 

the variations of the earth's magnetic field has been the issue of fundamental importance 

for geophysics. It was later found that a dynamo driven by the convection of highly 

conductive fluids in the outer core is required to generate the earth's magnetic field. Any 

theory concerning the dynamics of the earth's interior must therefore be consistent with the 

theory of the generation of the earth's magnetic field. 

In the second half of this century paleomagnetic studies were able to extend the 

historical observation of the earth's magnetic field to the span of the geological time. In 

this chapter the virtual geomagnetic poles (VGPs) representation of the paleomagnetic 

measurements, the declination and the inclination, is presented. The statistics used in the 

analyses of the paleomagnetic data are discussed. The time scales over which the 

geomagnetic field undergoes changes are briefly reviewed. 

1.1 VGP representation of paleomagnetic data and its statistics 

The magnetization recorded in the rocks is determined in paleomagnetic 

laboratories, with continuous improvement in magnetometer sensitivity since the 1950s. 



One of the well-known contributions from the paleomagnetism studies is a test of the 

continental drift theory. It is also revealed from paleomagnetic experiments that the earth's 

magnetic field undergoes changes in both the strength and the direction throughout the 

geological time. These changes are primarily due to the motion of electrically conducting 

fluids motion in the outer core which generates and maintains the magnetic field. Presently, 

the inquiry into the origin of the earth's magnetic field has become one of the most 

important and challenging subject of the earth science. This is in no small part due to the 

revelation of the complicated behaviors of geomagnetic field by the paleomagnetism 

studies. 

A typical paleomagnetic measurement gives the direction of the magnetic field at a 

site (the declination and the inclination), and sometimes the magnitude of the remanent 

magnetization in the rock sample. This magnetization is assumed to be parallel to the 

ancient earth's magnetic field direction at the site where the rock sample was originally 

located. The age of the magnetization, with some exceptions, is assumed to be the same as 

the age of the rock. 

In order to compare the declination and the inclination at the sites on a global scale, 

they are usually converted to a virtual geomagnetic pole (VGP). The VGP is defined as the 

south pole of a dipole placed at the center of the earth which generates the observed 

direction of the magnetic field at a site. Thus if the geomagnetic field was a dipole field, the 

measurements from any site would give the same VGP. On the other hand, the observed 

dispersion of VGPs indicates that the geomagnetic field includes a contribution from the 

non-dipole field. This dispersion (or the distribution of the VGPs) gives a measure of the 

morphology of the geomagnetic field. 

Given the declination and the inclination, a corresponding point on the equator 

(EVP) of the same dipole can also be determined. The EVP is determined by rotating 90° 

from the VGP along a great circle in the direction which passes through the site. Utilizing 
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the distribution of the VGPs and the EVPs to obtain the morphology of the geomagnetic 

field is the primary subject of this thesis. In this section the implication of VGP/EVP 

representation of the paleomagnetic data is discussed. The algorithms for calculating the 

VGP and the EVP and their covariance matrices are given. The application of Fisher 

statistics to the analyses of the paleomagnetic data is also discussed 

The VGP/EVP representation of paleomagnetic data 

Let b0, b,, b, be the three components of the magnetization vector b = (b0 , b$, bl 

of a rock measured with respect to the geographic coordinate system (GR[S, <!>]) on a unit 

sphere, S(l), where b0 , b$ and b, are defined as north, east and down components 

respectively. Let the site where the data is obtained be s=(S, <!>l , where 8 is the colatitude 

and <I> is the longitude of the site. The direction of the magnetization at the site is expressed 

in terms of the declination (D) and the inclination (I) which are given by: 

D=tan-'(::) 
I t -1( br J - an 

- ~ba2 + b$2 

( l. l) 

Suppose that b0, b$, b,, D and I are known at a site s. and that b0, b$, b, are generated by a 

geocentric dipole v=(Sv, <l>JT which is at the origin of GR[S, <!>], where e v and <l>v are the 

colatitude and the longitude of the pole of v on S(l) . The local Cartesian coordinates 

system, Gdx, y, z], on S(l), is defined, corresponding to GR[S, <!>],as: 

x=sin8 cos<)>; y=sin8 sin<)>; z=cos8, 

where x, y and z are the three axes of Gdx, y, z,]. v can therefore be expressed as: 
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Thus v, sand b on S(l) are related by: 

h=Gct(s) v, 

where the rotation matrix GctCs) can be written in the terms of 8, <)>as: 

[ 

0 -sin8sin<j> sin8cos<j>l 
Gct(s) = sin8 -cos8cos<j> -cos8sin<I> , 

-cos8 -sin8cos<)> -sin8sin<j> 

Let Sv(l) ={v}, B={b} and S(l)={s}, for every ordered pair (b, s), there exists a 

mapping function f(b, s)={ G/(s)b}, such that, 

f: (b, s) ~ v (1 .2) 

The relation ( 1.2) elevates the physical concept of the VGP discussed previously to a 

mathematical generality. That is, if the magnetic field b e B at site s e S(l) is known 

everywhere, it can be equivalently represented by the VGP distribution, Sv(l). More 

intuitively, the relationship ( 1.2) suggests that Sv(l) carries the information of the 

morphology of the field which is commonly represented by the field and the site pairs. 

Therefore just as the (B, S(l)) representation of the geomagnetic field is complete and 

unique, so is the Sv(l) representation which is given in the form of the VGP distribution. 

The Sv(l) representation of the earth's magnetic field by the VGP distribution forms the 

basis for the methods of obtaining the morphology of the geomagnetic fields which will be 

discussed later. 

A similar mapping function can also be found for the EVP. For every ordered pair 

(b, s), there exists a mapping function g(b, s), such that , 

g: (b, s) ~ e, 

4 



where eE S/l) is an EVP corresponding to an ordered pair (b, s). Se(l) is therefore the 

distribution of the EVPs equivalent to S/l), or (B, S(l)). An EVP, e E Se(l) is an ordered 

pair (Se, <l>e) in geographic coordinates. Se, <l>e are the colatitude and the longitude for the 

EVP. Like Sv(l ), S/ 1) is also a complete and unique representation of the morphology of 

the magnetic field on S( 1 ). Hence a distribution of the EVPs can also be used to represent 

the (B, S(l)). The procedure of computing e is as follows: first, v is calculated from (B, 

S( 1) ), a Euclidean rotation matrix, A, is then applied such that A: Ge ~Ge .. G c' is a new 

geographic Cartesian coordinate system. The VGP VE S(v) is the north pole of Ge'. A is 

given by: 

( 1.3) 

Fors E S(l), s' = A(v) s, wheres' is the site vector SE Gd represented in Ge', 

e'=(e ' e ' e ')T=(cosm' sinm' O)T 
:it ' y ' z 't' ' '+' ' ' 

where <!>' is longitudes'. 

Hence, e = A 1(v) e', ee Se(l). 

Calculation of VGP and EVP from declination CD) and inclination(I) 

The procedure for calculating the v Gp vector v T = [ s v' <I> J from a unit field b T = 

[D, I] at sT =[8, <!>],is as follows: 

sin 8v = sin 8 cos a + cos 8 sin a cos D 

if cos a ~ sin e sin ev 
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if cos a < sin e sin ev (1.4) 

2 cot a = tan I, sin ~ = sin a sin D I cos ev 

where [8v, <l>J and [8, <j>] are now the [latitude, longitude] of v ands respectively. 

Since the paleomagnetic data involves errors of various types, it is necessary to 

provide a means of estimating such errors in the above quantities. The methods of error 

estimation in computing (1.4) are as follows: Let a N-vector b= { h;} representing N 

measurements and treating them as random variables, where h;=[D;, I;f, i=l... N. N is the 

number of the observations. The mean vector b is defined by: 

-T T 
( )

T 

b = ~ b; = [Dm , Im] , 

where Dm and ~ are the mean declination and inclination respectively. The covariance 

matrix Cb of bis given by: 

L(L-Im)2 / 
Cn = N /(N -1) = 0'12 ( 1.5) 

where C 11 and C22 are the variances of D and I respectively, 0'0 and 0'1 are the standard 

deviations of D and I respectively, C 12 and C 21 are the covariances. The covariance matrix 

describes an elliptical distribution of { h;} E b about its mean b . A special case is 

C 12=C21 =0, where the distribution is circular about the mean. This distribution of { h;} 1s 

called a rotationally symmetrical distribution. 
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A similar calculation can also be applied to a N-vector V = { v;} representing N 

VGPs treated as random variables, where v T =[8v, <l>J , i= 1... N. However the 

nonconformal transformation from b to v implies the following transformation of the 

covariance matrix Cb to Cv. 

( 1.6) 

where J is a Jacobi matrix given as : for 8v=f(D, I) and <l>v=g(D, I), 

Cv generally describes an elliptical distribution as a statistical approximation to the actual 

_ _T (LV; /JT 
distribution of { V; } about its v, where v = N /N . 

The application of Fisher statistics to the analyses of paleomagnetic data 

The Fisher distribution is a type of unimodal distribution with rotational symmetry. 

The probability density function (pdf) is given by P(8)=Cexp(Kcos8), where K is precision 

parameter and 8 is the angular distance between the mean vector and individually measured 

vectors. If K is large and 8 is small, P(8) = (K/21t) exp(-K82/2). The mean vector of N 

L;d; 
measurements d={d;}, i = l.. .N, is given by , Ci=~ · Thus 8 ; = cos·1(d•d;). The 

length of the mean vector, l = 1~ dr, should be large enough in order to satisfy the Fisher 

distribution, i.e. for the unit vectors such as bT = [D, I], l should be comparable to N . 

Another common parameter used in the Fisher distribution, k = N - .lf.r _ R, where R=I: 

cos8;, I= 1 ... N. Thus a small k means that the angular dispersion between the mean vector 
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Ci and the measurements d= {di} is small. The angular dispersion of the measurements 

about the mean is given by: 

s2 =-1-L.8;2 
N-1; 

( 1.7) 

If K ~ 3, the confidence level at 1-p is given by a cone having a half angle a, .P , where 

( 1.8) 

The commonly used a, .P is confidence level at 95% or called °'9s. 

1.2 Observation of the variations of the paleomagnetic field 

Historical and the paleomagnetic measurements have shown that the earth's 

magnetic field varies on a wide range of time scales. The temporal variations of the 

geomagnetic field are normally classified into the following three categories: ( l) secular 

variation, (2) reversals and (3) excursions. In this section the main characteristics of the 

three categories are summarized. 

The secular variation of the geomagnetic field 

The main geomagnetic field can be approximated by a dipole field at the center of 

the earth which is referred to as the geocentric dipole.- This dipole field is the dominant and 

the most stable part of the geomagnetic field. At present, the geocentric dipole contributes 

over 90% of the energy of the geomagnetic fields observed on the surface of the earth. The 

axis of the present dipole is tilted roughly 15° from the spin axis of the earth. Consequently 

the magnetic south pole is located roughly l 5° from the geographic north pole. The strength 

and the direction of the geocentric dipole vary with tirrte. The average direction of the 

geocentric dipole over a few million years roughly coincides with the spin axis of the earth 

and is referred to as the geocentric axial dipole (GAD). Superimposed on the geocentric 
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dipole is the non-dipole field which contributes roughly lO % of the energy at the present 

and also varies with time. The time scales of the relatively small changes of the dipole and 

the non-dipole parts of the geomagnetic field are from a few tens to millions of years. 

These changes are of the internal origin. They are referred to as geomagnetic secular 

variation. 

In the past 200 years, the geomagnetic field has been observed by using land, sea 

and more recently space based instruments. In most cases both the direction and the 
I 

intensity data are available. It has been found that the non-dipole parts of geomagnetic field 

(sometimes called non dipole anomaly) can be separated into the drifting parts and the 

standing parts. The drifting parts refers to the westward drift of foci of the non-dipole 

anomaly in some parts of the world, such as the region of the Central African anomaly 

(Yukutake and Tachinaka, 1968). The average velocity of the drift is estimated to be a few 

tenths of a degree per year (Bullard et. al., 1950, Yukutake, 1962, Rikitake, 1966). The 

standing parts refer to the stationary foci. The magnitude of the standing part fluctuates by 

as much as 50% (Yukutake, 1971, 1979, Yukutake and Tachinaka, 1968). Although the 

physical meaning of the division into the drifting and the standing parts is still unclear, it 

qualitatively describes the historical observations. The dipole field is also changing with 

time. The intensity of the dipole field has decreased by about 5% since the time of Gauss' 

analysis in 1835 (Leaton and Malin, 1967; Vestine, 1967; McDonald and Gunst, 1968). 

The dipole axis is also drifting westward at a slower rate than that of the non-dipole, 

estimated being about a few hundredths of a degree per year (Nagata, 1965; McDonald and 

Guest, 1968; Barraclough, 1974). 

Through determination of the magnetization preserved in the ancient pottery and 

bricks, the archaeomagnetic results have extended the geomagnetic field observations back 

to about 6000 years before present. The magnetization of pottery and bricks is 

thermoremanent magnetization (TRM), which is locked into the magnetic carriers in the 
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pottery and bricks after they are heated above their Curie temperatures and then cooled in 

place after firing. The carbon-14 contents of ashes are used to estimate the last dates of the 

firing. The declination and the inclination of the ancient geomagnetic field are determined 

using the paleomagnetic methods. 

The archaeomagnetic measurements indicate that the time averaged geomagnetic 

field over the past 6000 years is, like the present field, predominantly dipolar. Its axis is 

very close to the spin axis of the earth. A virtual dipole moment (VDM) can be obtained 

from the paleomagnetic data if the intensity data is available. The VDM is a measure of the 

strength of the geomagnetic field. On the average, the strength of VDM increases from 

about 6000 years until about 2500 years ago and then decreases to the present (Barton 

1989; Champion 1980; McElhinny and Senanayake, 1982; Cox 1968). Evidence for the 

westward drift of the non-dipole field was also obtained (Yukutake, 1967). The modem 

and the archaeological study of the geomagnetic secular variation is known as historical 

geomagnetic secular variation. 

The time span of the geomagnetic secular variation observations is extended further 

back in time using lake sediment and more recently ocean sediment records. The time span 

of the lake sediment record is of the order of a few hundreds kyr., but only for the past 10 

to 20 kyr. do the records have marginally good spatial coverage. The magnetization of lake 

sediments is usually a combination of depositional (DRM) and post depositional remanent 

magnetization (pDRM). DRM and pDRM are produced while and after the small magnetic 

particles are deposited in the sediments. The magnetic axes of these particles are aligned 

with the ambient field (geomagnetic field) and locked in position during the compaction. In 

addition to the predominantly dipole field, long-period oscillations in the direction and in 

the intensity of the geomagnetic field have been found in the lake sediment records 

(Mackereth, 1971; Barton and Burden, 1979; Creer, 1962; Turner and Thompson, 1979; 

Dodson, 1979; Lund and Banerjee, 1979; Liddicoat and Coe, 1979; Verosub, 1979). The 
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long-period oscillations of the directions of the geomagnetic field indicate that both the 

westward and the eastward drifting has occurred, depending on the locations of the sites. 

The time sequences of these oscillations can be correlated on a continental scale which 

suggests that the geomagnetic field has undergone systematic changes. The long term 

changes of the geomagnetic field are referred to as the paleosecular variation. Figure 1. l 

gives an example of the paleosecular variation recorded in the lake sediments, plotted as the 

declination, the inclination, the VGPs and the EVPs versus time. The cluster of VGPs near 

the geographic north pole is an indication that the geomagnetic field is predominantly an 

axial dipole. 

On a time scale of millions of years, the data are, unfortunately, sporadic in both the 

spatial and the temporal distributions. The data mostly come from the lava flows. The 

statistical analyses on the characteristics of the VGP dispersion show that the time-averaged 

geomagnetic field is predominantly a geocentric axial dipole with the presence of very small 

amount of higher order structure (Doell and Cox 1972; McFadden et. al., 1988, Constable 

and Parker, 1988; Gubbins and Kelly, 1995; Kono and Tanaka, 1995; Johnson and 

Constable, 1995, 1996; Kelly and Gubbins, 1997). 

11 



N 

(a) declination as a function of time 

3l 350 t _. "- ' ~U(IJd~ .._.. 1 
300 

c 250 
0 

~ 200 
c 

~ 150 
0 

100 

50 

o i-..· k~ .. irA'• . • . )'ill"'i I 
0 1000 2000 3000 4000 5000 

time (year) 

(c) VGPs distribution 

I * site I 

80 

c 60 
.Q 
(ii 
c 
'5 40 
c 

20 

(b) inclination as a function of time 

o~~~~~~~~~~~~~ 

0 1000 2000 3000 4000 5000 
time (year) 

(d) EVPs distribution 

Figure 1. 1 The example of the paleosecular variation 
I 



Reversals of the geomagrletic field 

The geomagnetic polarity reversals are perhaps the most drastic of the changes of 

the geomagnetic field that have been identified thus far. The global paleomagnetic studies of 

the lava flows, the lake sediments and the ocean sediments indicate that the geomagnetic 

field spends approximately equal time in either the normal (e.g., present day) or the 

reversed polarity. In its stable state, the geomagnetic field is predominantly a dipole field 

such as the present day geomagnetic field. The transition period between the normal 

polarity and the reversed polarity is called the geomagnetic polarity reversal. The duration 

of the polarity reversal has been estimated being from a few kyr. to a few tens of kyr. 

which is, however, far less than the life span of the stable states. Paleointensity studies 

show that the polarity transition starts with the weakening of the dipole part of the 

geomagnetic field and enhancing of the non-dipole field, followed by re-establishing of the 

dipole part of the field (in the · opposite direction) and diminishing of the non-dipole field 

until a stable state is reached. Figure l .2 gives an example of the Matuyama-Brunhes 

polarity reversal observed in China, plotted as the declination , the inclination , the VGPs 

and the EVPs versus time. In the VGP plot, the track of VGPs over east Asia is also found 

in other reversal records. 

The study of geomagnetic polarity reversals has been carried out in two different 

but interrelated areas: 

(a) The recurrence interval of the geomagnetic field reversal 

The present estimate of the recurrence interval of the reversals is roughly about one 

million years. However the recurrence interval is not a constant throughout the geological 

time. For example during the Cretaceous period polarity reversals were rare. The earth's 

magnetic field maintained a normal polarity, (the Cretaceous superchron), for about 40 

Myr .. The variation in the time interval between reversals emphasizes the irregularity of the 

dynamics of the earth, especially in its core where the magnetic field is generated. It is 
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conceivable that the polarity reversals are due to the continuous changes of the physical 

conditions of the core. Therefore the recurrence interval of polarity reversal is closely 

related to the changes of the earth's core dynamics. The numerical stimulation has produced 

the self-consistent models of the earth-like dynamo which also show the recurrence of the 

polarity reversal (e.g., Glatzmaier and Roberts, 1995). However the physical conditions in 

the core and at the core-mantle boundary (CMB) and the inner-outer core boundary (ICB), 

i.e., the heat flux, being used are not only inconsistent among the models but also 
i 

unrealistic. As a result, the significant differences in terms of the core dynamics are 

observed in these models. At present, there are no theories as well as experimental 

evidences that suggest the probable conditions under which the earth's magnetic field could 

undergo the polarity reversals. 

(b) The morphology of the geomagnetic transitional field 

The geomagnetic transitional field appears to be very complicated as a result of 

weakening of the dipole field and the enhancing of the non-dipole field. The complexity of 

the transitional field is reflected by widely dispersed VGPs. If the geomagnetic field had 

maintained a predominantly dipole field, the tracks of VGPs obtained at different sites 

would be expected to coincide. This is found not to be the case. However some systematic 

distributions of the VGPs have been observed. For example it was found that VGPs were 

clustered at certain geographic locations, e.g., South American (Hoffman, 1992 ) and that 

the tracks of VGPs are preferably found in certain longitudes, e.g., North American and 

East Asia (Clement, 1991, Laj, et. al., 1991). As discussed in the previous section, the 

pattern of the VGP distributions reflects the morphology of the earth's magnetic field. 

Hence understanding the morphology of geomagnetic polarity reversal may be a key to the 

understanding the dynamics of the earth's interior. 
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Excursions of the geomagnetic field 

The geomagnetic excursions are described as brief departures of the geomagnetic 

field from its usually near-axial configuration without establishing, and perhaps not even 

approaching a reversed direction. The geomagnetic excursions have been reported in the 

lava flows of various ages in different parts of the world and from some deep-sea and lake 

sediments. Excursions are generally observed to commence with a sudden and often fairly 

smooth movement of the VGPs towards equatorial latitudes. The VGPs may then return 

almost immediately, or may cross the equator and move into the opposite hemisphere 

before swinging back again to resume a near-axial position. The duration of the excursion 

is shorter than the reversals. The departure of the VGPs with more than 40 degrees from 

the geographic pole is commonly used to differentiate excursion from secular variation 

(Wilson, et. al. 1972; Barbetti and McElhinney, 197 6). However this can only be 

considered as a purely qualitative measure. The geomagnetic excursions occur more often 

than polarity reversals, but no reliable regularity of their reoccurrence interval has been 

established. 

Unlike polarity reversals, the global correlation of various excursions of the 

geomagnetic field is still in debate. It has been suggested that during last 50 kyr there were 

several excursions e.g., the Laschamp excursion (Bonhomrnet and Babkine, 1967) 

between 8 kyr. to 20 kyr. BP; the Mono Lake excursion (Denham and Cox, 1971) 24 kyr. 

ago; the Lake Mungo excursion (Barbetti and McElhinny, 1976) from 28 kyr to at least 31 

kyr. BP and the Lake Biwa excursion ( Nakajima et. al., 1973) dated at 49 kyr. BP. 

The difficulties of globally correlating the geomagnetic excursions include: 

( 1) The number of the excursion records is relatively few. The sites are unevenly 

distributed; (2) The isotope technique can not provide sufficient accuracy of the age of the 

excursions and (3) The efficiency and accuracy of acquisition and preservation of NRM in 

rocks depends upon their rock magnetic properties. The assessment of the distortion in the 
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original geomagnetic signal due to rock magnetic properties is a very difficult task since 

there has been no unified and comprehensive rock magnetism theory which can be used to 

address such problems. Figure 3 shown an example of excursion (Herrero, private 

communication) from Pringle Falls , plotted as the declination , the inclination , the VGPs 

and the EVPs versus time, which shows the common characteristics of an excursion as 

discussed early. The quantitative analyses of the morphology of the geomagnetic excursion 

are not presented in the thesis because of the lack of adequate data. 
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1.3 Summary 

The paleomagnetic directional data, the declination and the inclination are usually 

mapped into a virtual geomagnetic poles (VGPs). The distribution of the VGPs and the 

EVPs gives the configuration of the morphology of the earth's magnetic field measured on 

the surface of the earth. Mapping the geomagnetic morphology from the distribution of the 

VGPs and the EVPs is the primary subject of this thesis. The quantitative relationships 

between the distribution of the VGPs and the EVPs are given in chapter 2. 

From the observational point of view the time variation of the earth's magnetic field 

can be described as follows: during most part of the earth's history, the earth's magnetic 

field is predominantly a dipole field superimposed by small amount of non-dipole field. 

The dipole axis is close to the axis of the earth's rotation. This stable dipolar state can have 

two opposite polarities which exist for roughly equal amounts of time. During its stable 

states, the geomagnetic ~eld varies with time at relatively smaller amplitudes which are 

called secular variation. The secular variation has been observed on different time scales: 

from a few hundred to a few thousands of years called historical secular variation; and 

larger than 100,000 years called paleosecular variation. The most dramatic change of the 

geomagnetic field takes place during a polarity reversal. The recurrence interval of the 

polarity reversals is on the order of 106 years but there are a few distinctive periods when 

one polarity is maintained longer than the average. The duration of the polarity reversal is 

estimated being from a few thousands to a few tens of thousands of years. During the 

polarity reversal the dipolar part of the geomagnetic field diminishes with the non-dipole 

part being enhanced. The pattern of the VGP and the EVP distributions show some 

regularity which suggests that the reversal is initiated and controlled by a set of critical 

physical conditions within the core and at its boundary. Although the natures of these 

conditions are largely unknown at present, they are likely to be the results of continuous 

evolution of the earth's dynamic state. The geomagnetic excursions occur more often than 
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the polarity reversals and have a larger variation in amplitude than secular variation. The 

characteristics of the geomagnetic excursions are a relatively brief departure from the dipole 

state, sometimes establishing an opposite polarity, followed by a rapid return to the original 

polarity. 

Understanding of the geomagnetic field variation on various time scales holds the 

key in establishing a theory of the dynamics of the earth's interior. The problem in the 

study of the earth's magnetic field has long been the disconnection between the theoretical 

and the experimental works. Particularly, the results from the paleomagnetic observations 

are largely unused in the theoretical works. This is mainly because there are no quantitative 

means of describing the paleomagnetic observations in its entirety. This thesis is focused 

on mapping the morphologies of geomagnetic field of various time scales. There are two 

objectives: (1) establishing quantitative representations of paleomagnetic data by using 

spherical harmonics, (2) investigating whether there are distinctive patterns in the 

morphologies of the earth's magnetic field which may be able to provide some insights to 

the theoretical works. The purposes of these studies are therefore to establish links between 

ongoing theoretical studies and paleomagnetic observations. 
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Chapter 2 Application of Maxwell's multiple poles theory 

to the inversion of paleomagnetic data 

Gauss's theory of the earth's magnetic field is based upon the spherical harmonic 

representation of the potential field on the surface of the earth. A brief discussion of the 

theory of the representation of the earth's magnetic field by the spherical harmonics is given 

first. The analysis of the paleomagnetic data usually concerns the directions of the field 

vectors, the declination and the inclination (D and I) which are related non-linearly to the 

Gauss coefficients of the spherical harmonics. The direct inversion of the Gauss 

coefficients from D and I is therefore a difficult task due to the non-uniqueness resulting 

from the nonlinear relationships . In the face of these difficulties, Maxwell's multiple poles 

theory is used to obtain the Gauss coefficients from the orientations of multiple axes 

(Maxwell axes) of a singular source. I show that the symmetry of the distributions of the 

VGPs and the EVPs is related to the poles of the Maxwell axes (Maxwell poles). The 

Gauss coefficients can then be obtained from the distributions of the VGPs and the EVPs 

via the determination of the Maxwell poles. 

Utilizing the relationships bP-tween the distribution of the VGPs and the EVPs and 

the Maxwell axes or the Maxwell poles, a functional which consists of the horizontal 

components of the magnetic fields at the VGPs and the radial components at the EVPs 

(called the VGP functional) is defined. The VGP functional can be used to uniquely invert 

for the Gauss coefficients if the distributions of the VGPs and the EVPs are given. Despite 

the grossly inadequate spatial and temporal distribution of the paleomagnetic data and the 

inaccuracy of the measurements, inversions bounded by the VGP functional have proved to 

be effective in generating a unique set of the Gauss coefficients. Tests are carried out on the 

synthetic models generated from the IGRF 95 Gauss coefficients. These tests are designed 
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to demonstrate the methods of inverting the Gauss coefficients by minimizing the 2-norm 

of the VGP functional under the circumstances similar to those existing in the 

paleomagnetic data. 

2.1 Mathematical representation of the morphology of the Earth's magnetic 

field 

From Maxwell's theory of electromagnetism, in a source-free space the magnetic 

field b everywhere obeys: V • b = 0 and V x b = 0. Using the Helmholtz representation 

theorem vector b may be written as: b = VV + V x '1i, where V is a scalar potential field 

and '1i is a vector potential field. Thus, for V x b = V x (VV + V x '1i) = V x V x ifi = 0, 

ifi must be zero everywhere. Hence the magnetic field everywhere on the source free 

surface of the earth, S( l ), can be written as: b = VV. The scalar field V is also called the 

potential of b which is continuous and n times differentiable on S(l). Since 

V • b = V • (VV) = 0, thus 

(2.1) 

where V'2 = dx 2 + ay2 +dz 2 • This is the Laplace equation . The solution of eqn (2. 1) 

within a spherical shell S(r) , r2 ~r ~ r1 can be represented by an infinite expansion of the 

spherical harmonics. The magnetic field V on a spherical surface S(r) is the sum of the 

potential of the internal origin vcl) and of the external original ylEl , i.e. 

V = V(I) + yCE) . 

Expressed in terms of spherical coordinates (r, 8, <)>), 

(2.2) 

y<E> = f (rn) ± (~:cosm<)> + h~sinm<!>)P::'(cos8) 
n=l m=O 
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where (g: , h~) and (~: , h:) are the Gauss coefficients of degree n and order m for the 

internal and external origin respectively, P~(cos8) is the associated Legendre functions . 

The subject of this thesis is the determination of the internal part of the earth's main 

magnetic field from the observations at the surface. The external parts of the spherical 

harmonic expansion are therefore ignored and the superscripts E and I are subsequently 

dropped. 

The magnetic field associated with the potential V is expressed as: 

br = ar V, ba = -(Yrsine)aa V, b$ =(){)a$ V (2.3) 

where dr-da.d$ are the partial derivatives with respect to r, 8, q>. br, b 0, b~ are the three 

components of b along the radial , the meridian (eastwards) and the latitudinal directions 

(northwards) respectively . From eqn.(2.2) and eqn.(2.3), 

~ ( n+l )n 
ba = - L. . n+

2 
L. (g:cosm<t> + h~sinm<t> )a\)P~(cos8) , 

n=l Stn8 r m=O 

(2.4) 

The surface spherical harmonic representation of a scalar f1;1nction f have following 

properties in a bounded open set v and on its closer av: 

( 1) Completeness: 

Any scalar field f continuous and n times differentiable in V and on av can be represented 

arbitrarily well by an infinite expansion of harmonics ~n , where n is the degree of the 

harmonic such that, lf-~0l<E, where Eis a positive and real number of arbitrarily small 
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(2) Uniqueness: 

If f is known everywhere in V and on av , one and only one set of scalar an can be found, 

such that if f = an ~n = a' n ~n ( Einstein summation convention is used here), an=a' n' 

ne (-oo, oo ). 

(3) Convergence (linear independence): 

The spherical harmonic expansions converge uniformly towards a finite value ;which can 

be represented as follows: if f = an ~n =0, an= 0, ne (-00 , 00 ). 

(4) Orthogonality: <~nl~n · >=Onn' · 

The dimension of the space, ~ n' is 2n+ l which means that for a given degree n 

there are 2n+ l different order of the n th degree harmonics . I shall denote each order of the 

harmonic of degree n by W~ and its coefficient by a~, where m=-n, ... 0, ... , n. Under a 

rigid rotation of the coordinate system for v and av' ~n and an are invariant ' but not ~~ 

and a~. 

These properties of the surf ace spherical harmonics provide the bases for making 

the adequate and the unique approximation to the measured magnetic field on S(l). 

The directional data D and I provided by the paleomagnetic measurements are 

related to the magnetic field by: 

D = tan· 1(bj{
0
), 

I= tan·
1

( b~ 2 2 J, I ~b, + ba 
(2.5) 

From eqn.(2.4) and (2.5), the relationships between D, I and b are nonlinear. The solution 

for the Gauss coefficients obtained from eqn.(2.4) and (2 .5) . is certainly not unique since, 
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in the infinite expansion of the spherical harmonics, the nonlinear equations have many 

roots. Several methods (Gubbins and Kelly, 1995, Kono and Tanaka, 1995, Kelly and 

Gubbbins, 1997). have been suggested to obtain the Gauss coefficients from the directional 

data. These methods involve various kinds of the dipole approximations resulting the linear 

relationships between (D, I) and ( g:, h~ ). Non-linear inversion is also carried out by 

bounding the solutions of eqn.(2.4) and (2.5) by a smoothness constraint (Johnson and 

Constable, 1995, 1996). These methods seem to be successful in so long as the magnetic 

field is predominantly dipolar such as the present day field. Inverting the Gauss coefficients 

for the transitional field has also been attempted using the Monte Carlo method. A few 

Gauss coefficients of the lower degrees are identified (Mazaud, 1995). However in these 

methods, the directional data recorded at a site over a period of time are treated as random 

variables. This statistical assumption on the original data distribution is a priori for the 

inversion. It can not be justified in the case of the time-averaged geomagnetic field models 

and the models of the polarity reversals since the temporal information could be erased by 

such a statistical assumption. In order to systematically invert the Gauss coefficients from 

directional data for an arbitrary magnetic field and without introducing a statistical a priori 

assumption new methods are required. 

2.2 Maxwell's multiple poles theory 

The theory of the spherical harmonic analysis has been applied to a wide range of 

physical problems, particularly those of the wave-like phenomena. One such application 

was responsible for the theory of electromagnetism established primarily by James Clerk 

Maxwell. His theory also led to a source conception of the spherical harmonics (Maxwell, 

1891 ). Maxwell suggested that the potential field represented by the spherical harmonics , 

i.e. , electric potential, is equivalently represented by the distribution of the sources in 

space, i.e., the electric charges. The space occupied by the distribution of the sources has 
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infinitesimal volume since the points of the observations is far way from the source region. 

The source region can be represented by a singular point in space and specified by various 

axes. In this way, Maxwell was able to show an equivalent representation of the spherical 

harmonics by a singular point with the specified axes (Maxwell axes) . The points at which 

the Maxwell axes intercept a spherical surface are called Maxwell poles. The source 

representation is the physical characterization of the spherical harmonics, or as Maxwell 

writes: " In numerical investigations I have often been perplexed on account of the apparent 

want of the definiteness of the idea of a Laplace's coefficient or spherical harmonics. By 

conceiving it as derived by the successive differentiation of ( l/r) with respect tot axis, and 

as expressed in terms of the positions of its t poles on a sphere, I have made the conception 

of the general spherical harmonic of any integer degree perfectly definite to myself, and I 

hope also to those who may have felt the vagueness of some other forms of the 

expression". Nevertheless, due to the difficulties in numerical implementation of such a 

geometrical conception of the spherical harmonics, the application of Maxwell's multiple 

poles theory has been rare (Bruins, 1938; Umow,1904). The following is a brief account 

of Maxwell's multiple theory. 

Maxwell's multiple poles theory 

The multiple pole theory developed by Maxwell ( 1891) is based upon the source 

conception of a potential field f(x, y, z) which satisfies the Laplace equation eqn.(2.1). 

Thus, 

V2 f(x,y,z) = 0 

Denote d as any linear combination of dx , dy , (),. Since d and V2 are commutative, 

d V' 2 = V' 2 d, thus, d V' 2 f(x,y,z) = V2 df(x,y,z) = 0. Hence df(x, y, z) is also a solution of 

Laplace equation. This provided Maxwell with a means of generating the spherical 

harmonic of a zero order source, which defines the simplest spherical harmonic function 
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( l/r), or the zeroth degree spherical harmonic. Any spherical harmonic can then be obtained 

by differentiating( l/r) with respect to the various axes in succession. Defining 

differentiation with respect to an axis h as: 

where 1, m, n are the directional cosine of h, The potential of the first degree ( the potential 

of a dipole source) can be obtained from the potential of the zeroth degree V 0 = AJ{ by , 

V =-A ~(11) = A1µ1/ 
i id /r /r2 ' h1 

where µ
1 

is the cosine of colatitude with respect to the pole of axis h1. 

A1 = limAoh1, 
h1-->0 

where A1 and A0 are the moments of the first and the zero th order source. The source o_f 

the first degree is therefore characterized by the Maxwell axis h 1. The direction of h 1 is the 

direction of the dipole. Similarly, the potential of the n th degree is n successive 

differentiations of ( l/r) with respect ton Maxwell axes. 

An= lim Aohn 
hn-->0 

(2.6) 

where dn = (ln ax+ mn ax+ nn a,) = hn • 'V. Here hn is the n th order axis and ~ is the 

moment of the n th order. Thus the source of the n th degree spherical hannonic function is 

characterized by n Maxwell axes. This is the Maxwell's multiple pole theory which states 

that n th degree spherical hannonic function can be completely defined by a source with n 

Maxwell axes. 

The source of a spherical hannonic function can be also constructed geometrically. 

The axis h 1 for the first order source (dipole) which is defined using two zero order points 

of the opposite polarity placed at the two ends of the axis (h1) generates the spherical 
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harmonic function of degree l. To generate a second order source, the first order source 

with axis h1 is replicated and displaced along the axis h2• This gives a quadruple pole, or in 

modem usage a quadrupole source which can be represented by a spherical harmonic of 

degree 2. This source is characterized by two axes h1 and h2 which define a parallelogram. 

Replication of this parallelogram in the reversed polarity and displacement along a third axis 

(h3) gives an octupole source characterized by three axes hp h2 and h3, which gives a 

parallelepiped. This source gives a spherical harmonic of degree 3. Figure 2.1 shows the 

geometrical relationships of the sources of degree 1, 2, 3. Hence replication of the n-1 

order source in the reversed polarity and displacement in the direction of h
0 

generates an n 

th order source, which gives an n th degree spherical harmonic. The displacements are all 

infinitesimal with respect to the observation distance. Thus the source can always be 

regarded as a singular point characterized by its axes. 

The relationship between the surface spherical harmonics and the Maxwell poles 

The relation between the Maxwell poles (the Maxwell axes) and the spherical 

harmonics was given by Maxwell (1891) and Mac Robert (1947): 

(l) a zonal harmonic of degree n has all of the Maxwell axes (h 1 to h
0

) coincident with the 

z-axis and their poles are located at the geographic north pole. 

(2) a sectorial harmonic of degree and order n has all of the axes (h 1 to h
0

) distributed along 

the equator, such that when n is even the axes are· equally distributed along half of the 

equator and when n is odd the axes are equally distributed along the whole equator. 

(3) a tesseral harmonic of degree n and order m has maxes (hp h 2 ... hm) distributed along 

equator in the same way as the sectorial harmonics of the degree n and order m, and n-m 

axes (hm+I' h m+Z"' h
0

) coincident with the z-axis as the zonal harmonics. 

From eqn.(2.6), the n successive differentiations with respect to the Maxwell axes 

can be written as: 
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n 

dndn+ ··d1 = L<XoiP(i>°' (2.7) 
i=I 

where ~<il is the scalar summation of i number of dj, j= 1, 2, ... n, a <il is a scalar 

corresponding to PCii thus, 

where vector YCii is the vector summation of Maxwell axes hi, j=l, 2, ... n. Thf spherical 

harmonic of the n th degree can therefore be expressed in terms of the sum of all the p(iln, 

each of which is n times differentiations of ( l/r) with respect to axes YciJ · Hence the potential 

of the n th degree is expressed in terms of a system of superimposed zonal harmonics of 

then th degree with Maxwell's axes along YoJ as, 

(2.8) 

where P
0
(y0J) specifies a zonal harmonic of degree n whose axis is YclJ' Yoi is either one of 

the Maxwell axes, or a linear combination of the Maxwell axes . For example, treating 

differentiation with respect to the Maxwell axes as a scalar operator, the potential of degree 

2 may be written as, 

V 2 = A1d2d1(Yr) 

= ( Alz)[ ( ct1 + ct2)
2 

- (ctr + ctD ](Yr) 
= ( AYz)[P2(h1 + h1)- P2(h1)- P2(h2)] 

thus V2 can be ·generated by three zonal harmonics of degree 2 with axes y(l) being (h 1+h2), 

hi' h2 and moments A/2, -A/2, -A/2 respectively. 

Similarly, for n=3, 
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VJ= -A3d3d2d1(Yr) 

= -( A~)[(d1 + d2 + d3)
3 

-(d1 + d2)
3 

-(d1 + d3)
3 

- (d2 + d3)
3 
+( dr + d~ + ctn)(Yr) 

Thus V3 can be generated by seven zonal harmonics of degree 3 with axes y(I) being 

A/6, -A/6, -A/6. 

For n=4, 

V4 = A4d4dJd2d1(Yr) 

= ( Afi4)((d1 + d1 + dJ + d4)
4 

-(d1 + d1 + d3)
4 

-(d1 + d1 + d4)
4 

-(d1 + d3 + d4)
4 

- (d2 + d3 + d4)4 + (d1 + d2)
4 

+ (d1 + d3)4 + (d1 + d4)4 

+(d2 + d3)
4 

+ (d2 + d4)4 + (d3 + d4)
4 
-( dt + d~ + d~ +ctn l(Yr) 

Thus V 4 can be generated by fifteen zonal harmonics of degree 4 with axes y(I) being 

(h1+h2+h3+h4), (h 1+h2+h3), (h1+h2+h4), (h1+h3+h4), (h2+h3+h4), (h 1+h2), (h 1+h3), 

(h1+h4), (h2+h3), (h2+h4), (h3+h4), hi' h2, h3, h4 and moments A/24, -A/24, -A/24, -

A/24, -A/24, A/24, A/24, A/24, A/24, A/24, A/24, -A/24, -A/24, -A/24, -A/24. 

For the spherical harmonics with simple symmetries, the expression can be 

simplified. For example, the sectorial harmonic of degree 3 and order 3 , 

vj = PHcosS)cos<j> has three Maxwell axes h" h2 and h3 distributed symmetrically on the 

equatorial plane with the angle between axes being 120 degrees. Thus, 

Hence this spherical harmonic can be generated by placing three zonal harmonics of degree 

3 with equal moments of 1/3 along the Maxwell axes h1, h2, h3• 
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(a) dipole 

(b) quadruple pole 

(c) octup ole 

0 

• + 

Figure 2 .1. The geometrical construction of the source 
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Figure 2.2 The distribution of the VGPs and the Maxwell poles 



Relationship between the distribution of the VGPs and the Maxwell axes 

From eqn.(2.8), any particular degree of the spherical harmonic can be represented 

by the summation of a system of the zonal harmonics of the same degree with different 

axes. For a zonal harmonic, the VGPs are distributed symmetrically about the zonal axis. 

Thus the VGPs of any spherical harmonic are distributed symmetrically about all of its 

zonal axes, or in more general terms distributed symmetrically about the Maxwell axes or 

the Maxwell poles. Hence the distributions of the VGPs indicate the distribution of the 

zonal axes. The poles of the zonal axes are located at the foci of the VGPs distribution. By 

determining the location of the poles of the zonal axes, the Maxwell axes can be obtained 

and in tum the Gauss coefficients can be determined. Figure 2.2 shows the patterns of the 

distributions of the VGPs (plotted as dots) and the corresponding Maxwell poles of the 

Maxwell axes, hp h2, h3 (plotted as '+') for the spherical harmonics of the degree 3. The 

VGPs for the unit g~, g~, g;, g~ are calculated on a 5x5 grid. 

Definition of the VGP functional from the distribution of the VGPs and the EVPs 

The magnetic field lines of a zonal harmonic field converge uniformly and 

absolutely at the pole of the zone axis where the radial component reaches its maximum and 

the horizontal component vanishes. Given a system of superimposed zonal harmonics of 

the same degree, the radial and the horizontal components of the magnetic field everywhere 

on S( 1) are composed of the components contributed· by each of the zonal harmonics. Each 

of these components must point to the poles of their respective zonal a~es. As discussed 

previously, the distribution of the VGPs is symmetrical about the zonal axes and therefore 

gives the location of the poles of the zonal axes. Hence the distribution of the VGPs gives 

an area on S( 1) over which the summation of the horizontal components of the magnetic 

field must yield a minimum in order for the magnetic field lines to converge most rapidly at 

the foci of the distribution of the VGPs. This area denoted as S/ 1) is therefore defined by 

the following unique properties: ( 1) An integration of the horizontal components of the field 
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over an equal area on any other part of the sphere will always yield a value larger than that 

over S/ 1 ). This is because the minimum values of the horizontal components bh ( =0) are 

distributed at the foci of the distribution of VGPs, and within Sv( l) the bh diminishes most 

rapidly . (2) Any field which can generate the observed distribution of the VGPs must have 

the minimum sum of bh 2 over Sv(l ). (3) An integration of b/ over Sv( l) must yield a 

maximum corresponding to the maximum of br . at the pole. All of these conditions require 

that an integration of the potential over Sv(l) must be an extremal. For a given distribution 
I 

of the VGPs, a spherical harmonic representation of the potential of the degree n can be 

obtained by minimization of the bh at VGPs. Hence, 

(2.9) 

Equation (2. 9) is a necessary , but not sufficient condition for a potential extremal as 

discussed above. b,(Sv(l)) in this instance cannot be directly evaluated since the magnitude 

of the fields are unknown. Thus an additional condition is required. By analogy with the 

symmetrical relation between the VGPs and the axes of zonal harmonics, the distribution of 

the EVPs is also symmetrical about a great circle (the equator) 90° away from the poles of 

the zonal axes, or the equator of the zonal axes. The symmetry of the distribution of the 

EVPs, denoted as Se(l), is different from that of the S/1) in the following ways: (l) 

Unlike the magnetic fields at S/1) which converges to the poles, the magnetic fields at 

Se( 1) converge to a great circle. The distribution of the EVPs, Se( 1 ), is therefore 

symmetrical about a great circle. (2) Instead of characterizing a potential maximum at the 

foci of S/ 1 ), Se( 1) gives a great circle along which the potential is a constant. For a zonal 

harmonic, the potential is always a constant along its equator. This constant is always less 

than that at its pole. Thus b,(Se( l)) can be minimized which indirectly yields a maximum at 

poles. Hence, 

jjb, (Se ( 1) )!1
2 = minimum. (2.10) 
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From (2.9) and (2.10), a 2-norm is defined as: 

U(O) = llba(Sv (l) )11
2 

+ llb, (Sv ( 1) )11
2 

+ llb, (Se ( 1) )112' (2.11) 

where U(O) is called the norm of the VGP functional. The inversion of Gauss coefficients 

from the given the distribution the VGPs and the EVPs requires the minimization of U(O). 

Following eqn.(2.4), 

let b9( Sv(l))= A9( Sv(l)) m, b,( Sv(l))= A,( SJl)) m, b,(Se(l))= A,(Se(l)) m, 

where A9( Sv(l)), A,( Sv(l)), A,(S/l)) are the dress matrices of b. m represents a set of 

the Gauss coefficients. U(O) can be written as: 

U(O)=mT {A9( SJl))T A9( Sv(l))+ A,( SJl))T A,( Sv(l))+ A,(Sc(l))T A,(Se(l))}m, 

denoting: 

W(O)={A9( SJl)l Aa( Sv(l))+ A,( SJl))T A,( Sv(l))+ A,(Se(l))T A,(Se(l))}, 

U(O)= mT W(O)m. (2.12) 

where W(O) is the VGP functional. Minimization of the VGP functional is carried out by 

finding a minimum eigenvalue of W such that, W(O)m = Am , where Am is minimum 

eigenvalue of W(O). The eigenvector m corresponding to A:n is the Gauss coefficients 

which satisfies, 

U(O) = mT W(O) m =Am. (2.12a) 

The resolution of W(O) depends upon Sv(l) and Se(l). If ideal SJl) and Se(l) are given, 

the true Gauss coefficients m can be determined. 

Test of the VGP functional WCQ) 

Two trial examples are given demonstrating the inversion of the Gauss coefficients 

from reasonably well given Sv(l) and Se(l). If the directional data are given, only the 

relative Gauss coefficients can be determined. In the present analysis the relative Gauss 
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coefficients are normalized by the length of the vector m such that ~llm211 = 1. It is obvious 

from eqn.(2.12a) that m and the magnitude and orientation of the zonal axes are invariant if 

Am is multiplied by a constant. This constant can be obtained only if the intensity data are 

available. The two model parameters which are used in assessing the goodness of fit of the 

inverted model are defined as follows: 

(a) The angular difference (.Q), the angle between the vector, d predicted by the model and 

the measured vector d0 : 

(2.13) 

Q is the mean of Q. cr(Q) is the standard deviation of Q. 

(b) The deviation of the estimates ( o(m) ): o(m) is a measure of distance between the unit 

vector of the true coefficients (m0) and the unit vector of the coefficients (m) for the 

inverted model. o(m) is defined as, 

(2 .14) 

where n is the number of the Gauss coefficients. o(m) indicates a global deviation of the 

estimates m from ffio· 

Example 1: Given 500, 1000, 2000, 4000 VGPs and EVPs calculated on a grid of roughly 

even distributed sites. The synthetic model is constructed using degree n =3 Gauss 

coefficients of the IGRF listed in table 2.1. The solutions are found by minimizing U(O). 

W (0) consists of the spherical harmonics of degree 3. The eigenvectors corresponding to 

the minimum eigenvalues are the Gauss coefficients as listed in table 2.2. The mean angular 

differences (Q) decrease from 17.2° to 8.99° as the number of the VGPs and EVPs 
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increases from 500 to 4000. The standard deviation of the angular difference ( cr(Q)) 

decreases from 10° to 7.5° suggesting a reduction in the area of higher misfit. The 

deviation of the estimated Gauss coefficients from the true one decreases from 0.015 to 

0 .007 suggesting that the primary Gauss coefficients are better determined than the 

coefficients with smaller values. The model parameters are listed in table 2.3. The largest 

misfits of the Gauss coefficients are h1 and g;. These misfits indicate that the distribution 

of the VGPs and the EVPs do not provide enough resolution of W(O) to determine these 

two high order coefficients. 

Example 2: Given 500, 1000, 2000, 4000 VGPs and EVPs calculated on a grid of roughly 

even distributed sites. The synthetic model is constructed using n= 1, 2, 3 and 4 Gauss 

coefficients of the IGRF 95 as listed in table 2.1. The Gauss coefficients of n= 1 are 

reduced to 5% of the original values in order to reduce the dominance of the dipole field. 

The Gauss coefficients of n=4 are similarly increased by 50%. The synthetic model 

therefore generates a strong non dipole field. The same method used in example 1 is 

applied to invert the Gauss coefficients for n = l, 2, 3 and 4. The coefficients vs. the 

number of the VGPs are listed in table 2.4. The mean angular differences ( Q) decreases 

from 36.8° to 15.33° as the number of the VGPs and the EVPs increases from 500 to 

4000. The standard deviation of the angular difference (cr(Q)) also decreases from 36.9° to 

18.74° suggesting a reduction in the area of higher misfit. The deviation of the estimated 

Gauss coefficients from the true ones decreases from 0.019 to 0 .012 suggesting that the 

larger Gauss coefficients are well determined. The model parameters are listed in table 2. 5. 

The major coefficients that have relatively large misfits are g! and g: , They are of 
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thehighest degrees and orders in the original model, therefore can only be resolved by 

requiring much finer distribution of the VGPs and the EVPs. 

Table 2.1. List of the Gauss coefficients of the IGRF 95 

n m g: (nT) h:;'(nT) n m g:(nT) h:;' (nT) 

1 0 -29682 0 8 4 4 12 
1 1 -1789 5318 8 5 5 10 
2 0 -2197 0 8 6 0 -17 
2 1 3047 -2356 8 7 -7 -10 
2 2 1685 -425 8 8 4 9 
3 0 1329 0 9 0 -19 0 
3 1 -2268 -263 9 1 1 15 
3 2 1249 302 9 2 -12 11 
3 3 769 -406 9 3 9 -7 
4 0 941 0 9 4 -4 -7 
4 1 782 262 9 5 -2 9 
4 2 291 -232 9 6 -3 -4 
4 3 -421 98 9 7 7 7 
4 4 116 -301 9 8 0 -8 
5 0 -210 0 9 9 -6 1 
5 1 352 44 10 0 -3 0 
5 2 237 157 10 1 -4 2 
5 3 -122 -152 10 2 2 1 
5 4 -167 -64 10 3 -5 3 
5 5 -26 99 10 4 -2 6 
6 0 66 0 10 5 4 -4 
6 1 64 -16 10 6 3 0 
6 2 65 77 10 7 1 -2 
6 3 -172 67 10 8 3 3 
6 4 2 -57 10 9 3 -1 
6 5 17 4 10 10 0 -6 
6 6 -94 28 11 0 0 0 
7 0 78 0 11 1 0 0 
7 1 -67 -77 11 2 0 0 
7 2 l -25 11 3 0 0 
7 3 29 22 11 4 0 0 
7 4 8 16 11 5 0 0 
7 5 10 -23 11 6 0 0 
7 6 -2 -3 11 7 0 0 
7 7 24 4 11 8 0 0 
8 0 12 0 11 9 0 0 
8 1 -1 -20 11 10 0 0 
8 2 -9 7 11 11 0 0 
8 3 -14 -21 
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The inversion of the Gauss coefficients by minimizing the norm U(O) of the 

functional W(O) as demonstrated by the above trials does not use the directional data from 

individual sites. This suggests that the functional W(O) is in fact a global representation of 

the directions of the magnetic field, which is in turn individually measured at each site. In 

another words, the models which satisfy the measurements at individual site must also 

minimize U(O). It has also been shown from these two trials that the accuracy of inverting 
I 

the Gauss coefficients depends upon the quality of the distributions of the VGPs and the 

EVPs. In general, the coefficients of lower degrees and orders can be determined more 

accurately than having higher degrees and orders and smaller magnitudes for a given 

distribution of the VGPs and the EVPs. 

Table 2.2. List of the Gauss coefficient for example 1 

n m Original VGP:500 VGP:lOOO VGP:2000 

3 0 0.4338 0.4146 0.4619 0 .3947 
3 1 -0.7403 -0.7743 -0.7822 -0.7786 
3 1 -0.0858 -0.0568 -0.0642 -0.0627 
3 2 0.4077 0.2737 0.2546 0.4166 
3 2 0.0986 0.1337 0.2934 0.1817 
3 3 0.2510 -0.0828 0.0478 -0.0274 
3 3 -0.1325 -0.3546 -0.1321 -0.1632 

Table 2.3. List of the model parameters for example 1 

n 
a(n) 

8(m) 

VGP:500 

17.2067 
14.3072 
0.0260 

VGP:lOOO 

13.9169 
10.1297 
0.0151 

VGP:2000 

12.2063 
9.1180 
0.0127 
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VGP:4000 
8.9911 
7.5960 
0.0077 

VGP:4000 

0.4381 
-0.7542 
-0.0768 
0.4053 
0.2096 
0.0491 

-0.1505 



Table 2.4. List of the Gauss coefficients for example 2 
n m Original VGP:500 VGP: 1000 VGP:2000 VGP:4000 
1 0 -0.2376 -0.2619 -0.1480 -0.4216 -0.1416 
1 1 -0.0143 -0.1932 -0.2178 -0.1011 0.0486 
1 l 0.0426 0.1322 -0.0778 -0.0181 0.0787 
2 0 -0.3518 -0.2364 -0.1277 -0.3982 -0.3525 
2 l 0.4922 0.3403 0.4937 0.4081 0.4535 
2 1 -0.3772 -0.4234 -0.4511 -0.2620 -0.3258 
2 2 0.2698 0.2854 0.2356 0.2352 0.2612 
2 2 -0.0681 0.0252 0.0089 0.0128 -0.1437 
3 0 0.2128 0.2251 0.2467 0.3015 0.1695 
3 l -0.3632 -0.4952 -0.3720 -0.1300 -0.4688 
3 l -0.0421 -0.0984 -0.1316 0.0102 -0.1064 
3 2 0.2000 0.0905 0.0251 0.2405 0.1973 
3 2 0.0484 -0.0898 0.1620 -0.0385 0.0350 
3 3 0.1231 0.0642 0.0027 0.0510 0.1788 
3 3 -0.0650 -0.0079 0.0471 -0.0350 -0.1025 
4 0 0.2260 0.1737 0.1184 0.3451 0.2001 
4 1 0.1878 0.1006 0.2119 0.0299 0.1946 
4 l 0.0629 0.0685 -0.0898 0.0554 0.0-163 
4 2 0.0699 0.0542 0.1660 0.1290 -0.0196 
4 2 -0.0557 -0.0982 0.1937 -0.1574 -0.0723 
4 3 -0.1011 -0.0726 -0.1140 -0.1297 0.0113 
4 3 0.0235 0.2045 -0.0420 0.0935 -0.0118 
4 4 0.0279 0.1096 -0.0124 0.0306 0.1117 
4 4 -0.0723 0.0306 -0.1133 -0.0213 -0.0863 

Table 2.5. List of the model parameters for example 2 

VGP:500 VGP:lOOO VGP:2000 VGP:4000 

Q 36.7704 33.8152 16.4464 15.3367 
a(n) 36.8678 39.2293 14.9963 18.7425 
o(m) 0.0191 0.0236 0.0194 0.0117 

2.3 The inversion of the Gauss coefficients 

It has been demonstrated that from an ideal distribution of the VGPs, the Gauss 

coefficients can be inverted by minimizing the norm of the VGP functional W(O) . However 

in the paleomagnetic analyses, the distribution of the sites is not ideal and in most cases is 

biased. As a result, the distribution of the VGPs can not completely map out the field 

structure. Inverting the Gauss coefficients from an inadequate distribution of the VGPs and 
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EVPs can result in larger residuals between the calculated and the measured vectors at the 

sites. Hence, in addition to minimizing U(O), the residual should also be simultaneously 

minimized to any desired value in order to obtain the Gauss coefficients which are 

consistent with to the raw data. Inversions bounded by the constraints are standard in 

inverse theory (Parker, 1996). 

A 2-norm is usually defined by, 

U(i) = m T W(i) m , (2.15) 

where W(i) is a positive symmetrical matrix representing a functional to be specified. the 2-

norm U(O) defined in (2.12) is of this type. The difference between the vector predicted by 

a forward model d0 = Fm and the original vector d is usually defined as the sum of squares 

of weighted residuals: 

L(i) = eT Cde , (2.16) 

where e = (d-Fm), Cd is the covariance matrix of d . An infinite number of solutions exist 

for a specified L(i) . In order to find a unique or limited number of solutions for a given 

L(i), the inversion must be bounded by the specified constraints so that the solution, or a 

class of solutions, which satisfy the requirement of L(i) must also satisfy the constraint, 

usually the minimum of the norm of the constraints. 

The general setting of the bounded inversion is to minimize, 

L = L(i)+A.U(i) , (2.17) 

where A>O, and L is a monotonically decreasing function of A.. U(i) is the norm of the 

constraint W(i). The value of A. is a measure of effectiveness of U(i). The m estimated 

from (2.17) is given by, 

m ={FT C/ F+A.W(i)} ·1 FTC/ d, (2.18) 
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Starting with an arbitrary set of coefficients and by searching a large range of A. , The best 

set of the Gauss coefficients m can be found which gives a minimum for L m also 

satisfies the condition that no smaller U(i) can be found which gives the same minimum of 

L. Thus the Gauss coefficients m is the results of a trade off between L(i) and U(i). 

The covariance matrix of the Gauss coefficients m is given by: 

(2.19) 

where, 

(2.20) 

where E is the misfit, N is the total number of measurements, and, 

(2.2 l) 

R is called the resolution matrix and relates the expected value of the m to the true 

coefficients. The contribution of inaccurate measurements to the model error can be 

estimated from the standard error which is related to the resolution matrix, R, and the 

covariance matrix of the coefficients, cm ' by 

(2 .22) 

thus C
5 

gives the variance of the solution if we were to resample the data, keeping the same 

geographical distribution of the sites. 

Definition of model parameters for 2-norm bounded inversion 

In addition to the model parameters defined in the previous section, five model 

parameters can be defined from the general theory of a 2-norm bounded inversion 

discussed above. These model parameters are used to assess the reliability of the model 

given by the coefficients obtained from the inversion. 
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(a) Misfit(£): £is defined in eqn (2.20) as the mean residual between the model and the raw 

data. From eqn(2.20), 

eTC ·1e/ 
E = d /[N - tr(R)] ' (2.23) 

where Eis a measure of misfit with respect to the given data covariance Cd. The ideal value 

of E is 1, but in practice £ is made larger than 1 in order to obtain a specified confidence 

level for the inverted models 

(b) Resolution, r, is a measure of the number of degrees of freedom of the model. It is 

roughly equivalent to the number of spherical harmonic coefficients retainable in a spherical 

harmonic expansion. r is defined as trace of the resolution matrix R, 

r = tr(R). (2.24) 

( c) Variance of the Gauss coefficient 

(2.25) 

which is a measure of the standard deviation of each coefficient. If 8(Cm) is small, it does 

not necessary mean that m is accurately determined because the off diagonal elements of Cm 

, or the covariance can be very large which means that the coefficients are strongly c_oupled. 

This coupling indicates that the model given by m is very unstable. 

(d) Variance of the standard error 

(2.26) 

which is, like 8(Cm), a measure of stability and resolutfon of the coefficients. o(C) can 

only be meaningful if the covariance of the coefficients is small 

( e) Diagonal elements of resolution matrix R 

43 



Rsl = diag(R) (2.26a) 

which is the resolution of the each coefficients, where 1 implies perfect resolution. 

Definition of 2-norms 

The 2-norms used in this thesis are defined as : 

(a) U(O) is defined in eqn (2.12) 

(b) The smoothness U( 1) used by Johnson and Constable (1996) is defined as: 

(2.27) 

where ra and re are the radius of the earth and the radius of the core, (::) == 2. U(l) is a 

root-mean-square (RMS) value of the radial field ( br) at the core mantle boundary (CMB). 

Thus minimum U(l) represents the smoothest field structure at CMB. 

The primary difference between these two norms is that U(l) is unrelated to the 

observation whereas U(O) is related to the observation. Hence an inverted model that only 

minimizes U(l) may be consistent with the observations, but not necessarily the best 

model. On the other hand, the best model must give a minimum of U(O), but not 

necessarily gives a minimum of U(l). 

Definition of the measure of the residual 

(a) L(l) 

If the direction of the magnetic field vector, such as the declination and the 

inclination, are known, e.g., dT = (D, I) at sites sT = (8, <j>), then the three components of 

the observed magnetic field are given by : b0 T = (cos I cos D , cos I sin D , sin I ). The 

magnetic field predicted by the model is given by: bT = mT (A9, A$, Ar)= mT AT. Thus 

(2.28) 
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where 

represents the measurement at the i th site. Since the intensity data are unknown, a 1s 

calculated from m for all of the sites at each step during the iteration. 

(b) L(2) 

If the total vector b0T =(b0, b~, br) is known, then L(2) has the same form as L( l ), 

except that a is known. The absolute value of the Gauss coefficients can then be obtained. 

Thus, 

L(2) =(ho - Am) T cbo-I (ho - Am) (2.29) 

where hT = cT (A9, A$, ~ ). If the directional data are known for some sites and the total 

vector are know for the others, then the residual is measured by, L( l )ffi L(2) from which 

the absolute value of the Gauss coefficients can also be obtained. L(2) is not used in the 

present analyses since the intensity data are not available. 

Test of the constrained inversion 

In the following tests, the scalar, vector, matrix, etc. used in the inversion is called 

setting denoted by 11. The output of the inversion (model parameters) is denoted by { } . 

Example 3: Given 100 VGPs and EVPs calculated on a grid of randomly distributed sites 

including 10 directional data from 10 sites as shown in figure 2.3 (a) the distribution of the 

VGPs, (b) the distribution of the EVPs and (c) the distribution of the sites where the 

directional are used. The synthetic model is constructed by 1 =l, 2, 3, 4 Gauss coefficients 

of the IGRF 95 as listed in table 2. l with coefficients of l= l reduced to 5% of it original 

value and g~=O. 
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(a) distribution of VGP 

(b) distribution of EVP 
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(c) distribution of site with (D,I) 
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* 

* 
* 

* * 

Figure 2.3. The distribution of the VGPs, the EVPs and the sites for example 3 
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(A) Inversion 1: 

/L(l),U(O), max(n)=3/ ~{m, o(Cm), o(C
5
), Rsl, Q, cr(Q), o(m), E, f}; I=L(l)+A.U(O). 

This example is the inversion of the Gauss coefficients m bounded by the 2-norm 

U(O). For given 10 directional data, there are infinite amount of solutions which satisfy any 

desired min[L(l)]. Therefore the solutions have to be bounded by a specified norm such as 

U(O). As I have shown in the previous examples that if an ideal distribution of the VGPs 

and the EVPs is given, the coefficients can be obtained directly from min[U(O)] without 

concerning the minimum of the misfit, L( l). But in this example there are only 100 VGPs 

available which are not adequate to give a good distribution of the VGPs, therefore m 

obtained from min[U(O)] can produce a large misfit, L(l). Hence the best set of the Gauss 

coefficients m is obtained from the trade off between L( 1) and U (0) and is given by 

min[I]: The coefficients m obtained from the min[I.] is a solution among many which 

gives the same misfit given by L(l). Also in this example I test the effect of truncating 

lower degree spherical harmonics by calculating VGPs from spherical harmonic 

coefficients up to n=4 and m=4, but inverting m for n=3 and m=3. 

The Gauss coefficients are listed in tab.ie 2.6 (a) for min[I], (b) for min[U(O)] and 

(c) for rnin[o(m)], The model parameters are listed in table 2.7. The variation of (a) I, (b) 

L(l), (c) U(O), (d) A. during the inversion are plotted in figure 2.4. The model parameters 

for min[I.], min[8(m)] and min[U(O)] are listed in table 2.7. The mean angular difference 

( n) of 16.2° given by m for min[I.] is a result of the bounding effect of U(O) and trade off 

between L(l) and U(O). The mean angular differences (Q) given by m for min[U(O)] and 

min[o(m)] are about 20.5°. This is due to inadequate distribution of the VGPs. As the 
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inajor components of m are all identified with reasonable precision, the effect of truncation 

does not appear to be a serious matter in this instance, but the lower harmonics e.g. g~ do 

have higher values suggesting that the aliasing of n=4 terms into the lower degrees does 

occur. 

Table 2.6. List of the Gauss coefficients for example 3, (A) inversion 1 

(a) min[l:] 
n m m 8(Cm) 8(C,) Rls 

1 0 0.0549 0.0301 0.0301 1.0000 
l l -0.2046 0.0300 0.0300 . 1.0000 
l l -0.0421 0.0286 0.0286 1.0000 . 
2 0 -0.4137 0.0229 0.0229 1.0000 
2 1 0.6582 0.0266 0.0266 1.0000 
2 1 -0.2488 0.0245 0.0245 1.0000 
2 2 0.3236 0.0236 0.0236 1.0000 
2 2 -0.0592 0.0255 0.0255 1.0000 
3 0 0.2446 0.0187 0.0187 1.0000 
3 1 -0.2973 0.0218 0.0218 1.0000 
3 1 0.0221 0.0186 0.0186 1.0000 
3 2 -0.0236 0.0209 0.0209 1.0000 
3 2 0.0546 0.0231 0.0231 1.0000 
3 3 0.1616 0.0202 0.0202 1.0000 
3 3 -0.0226 0.0197 0.0197 1.0000 

(b) min[U(O)] 
n m m 8(Cm) 8(C.) Rls 

1 0 -0.1906 0.0296 0.0296 1.0000 
1 1 -0.2408 0.0295 0.0295 1.0000 
1 1 -0.0247 0.0282 0.0282 1.0000 
2 0 -0.3562 0.0226 0.0226 1.0000 
2 l 0.6548 0.0262 0.0262 1.0000 
2 1 -0.3387 0.0241 0.0241 1.0000 
2 2 0.2643 0.0232 0.0232 1.0000 
2 2 -0.0613 0.0251 0.0251 1.0000 
3 0 0.3268 0.0184 0.0184 1.0000 
3 1 -0.1516 0.0214 0.0214 1.0000 
3 1 0.0096 0.0183 0.0183 1.0000 
3 2 0.0146 0.0206 0.0206 1.0000 
3 2 0.1187 0.0228 0.0228 1.0000 
3 3 0.1275 0.0199 0.0199 1.0000 
3 3 -0.0265 0.0194 0.0194 1.0000 

48 



Table 2.6. (Continued) List of the Gauss coefficients for example 3, (A) 
inversion 1 

(c) min[b(m)] 

n m m 8(Cm) 8(C,) Rls 

l 0 0.0549 0.0301 0.0301 l.0000 
1 1 -0.2046 0.0300 0.0300 l.0000 
1 l -0.0421 0.0286 0.0286 1.0000 
2 0 -0.4137 0.0229 0.0229 l.0000 
2 l 0.6582 0.0266 0.0266 l.0000 
2 1 -0.2488 0.0245 0.0245 l.0000 
2 2 0.3236 0.0236 0.0236 1.0000 
2 2 -0.0592 0.0255 0.0255 1.0000 
3 0 0.2446 0.0187 0.0187 l.0000 
3 l -0.2973 0.0218 0.0218 l.0000 
3 1 0.0221 0.0186 0.0186 1.0000 
3 2 -0.0236 0.0209 0.0209 1.0000 
3 2 0.0546 0.0231 0.0231 1.0000 
3 3 0.1616 0.0202 0.0202 l.0000 
3 3 -0.0226 0.0197 0.0197 1.0000 

Table 2.7. List of the model parameters for example 3, (A) inversion 1 

A. r e n 8(m) 

min[L] l .70E-7 15.0000 10.1048 16.1683 0.0481 
min[U(O)] l.OOE-2 14.9999 10.2663 20.5781 0.0404 
min[b(m)] l.OOE-2 14.9999 10.2663 20.5781 0.0404 
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(a) residual vs. iteration steps (b) U(O) vs. iteration steps 
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Figure 2.4 The variation of I:, L(l), U(O), A for example 3, (A) inversion 1 



(B) Inversion 2 

/L(l),U(O), max(n)=4/ ~ {m, o(Cm), 8(C
5
), Rs!, Q, cr(Q), o(m), £, 1}; L=L(l)+A.U(O) 

comments: 10% random noise is added to the data 

In this example, I use the same functional 1: minimization as in (A). The spherical 

hannonics are truncated at n=4 and m=4 which is the maximum degree and order of the 

synthetic model. This is to test the reduction of the aliasing effect by truncating at exactly 
i 

the same degree and the order of the synthetic model. I have also superimposed I 0% of 

random errors on the exact data which is to test whether the U(O) or W(O) could "smooth 

out " the random noise. 

The Gauss coefficients are listed in table 2.8 (a) for min[L], (b) for min[U(O)] and 

(c) for min[o(m)], The model parameters are list in table 2.9. The variations of (a) L, (b) 

L(l), (c) U(O), (d) A. during the inversion are plotted in figure 2.5 . The model parameters 

for min[L], min[L(l)], min[U(O)] are listed in table 2.9. The mean angular difference of 

0.29° for min[L] is a results of the bounding effect of U(O) and the trade off between L(l) 

and U(O). The major components of m is reasonably well recovered. The reduction of the 

Gauss coefficients of the lower hannonic degrees, particularly g~ , and the reduction in the 

angular differences suggest that the adequate spherical hannonic expansions are essential to 

reduce the aliasing effects. Random noise does not appear to have much effect on the 

results. It is unlikely that random noise, in as long as it does not have overwhelming 

magnitude, could affect the distribution of the VGPs in a systemic manners to fonn false 

foci. On the other hand random noise is certainly incorporated in to L(l) . One advantage of 

U(O) is that it is capable of averaging out the random noise in L( 1 ). This advantage is not 

offered by the conventional constraints. 
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Table 2.8. List of the Gauss coefficients for example 3, (B) inversion 2 

(a) min[L] 

n m m 8(Cm) 8(C
5

) 
Rls 

l 0 0.0236 0.0037 0.0035 0.9474 
1 l 0.1113 0.0038 0.0036 0.9615 
1 l -0.0384 0.0040 0.0037 0.9417 
2 0 -0.4081 0.0028 0.0025 0.9697 
2 1 0.5034 0.0029 0.0027 0.9604 
2 1 -0.3881 0.0036 0.0032 0.9306 
2 2 0.2952 0.0041 0.0035 0.9553 
2 2 -0.0254 0.0028 0.0026 0.9615 
3 0 0.2242 0.0024 0.0022 0.9664 
3 1 -0.2771 0.0041 0.0034 0.8826 
3 1 -0.0968 0.0022 0.0021 0.9652 
3 2 0.2885 0.0035 0.0029 0.9439 
3 2 0.0213 0.0044 0.0037 0.9177 
3 3 0.1776 0.0034 0.0029 0.9396 
3 3 -0.0968 0.0029 0.0026 0.9609 
4 0 0.2047 0.0016 0.0016 0.9808 
4 l 0.1094 0.0020 0.0020 0.9670 
4 l 0.0420 0.0021 0.0020 0.9692 
4 2 0.0543 0.0025 0.0023 0.9522 
4 2 0.0006 0.0031 0.0027 0.8933 
4 3 -0.0597 0.0033 0.0029 0.9684 
4 3 0.0567 0.0025 0.0023 0.9596 
4 4 0.0201 0.0020 0.0019 0.9776 
4 4 -0.0191 0.0031 0.0027 0.9385 
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Table 2.8. (Continued) List of the Gauss coefficients for example 3, ( B) 
inversion 2 

(b) min[U(O)] 

n m m 8(Cm) 8(Cs) Rls 

1 0 -0.2655 0.0011 0.0011 0.9998 
1 1 -0.0181 0.0011 0.0011 0.9999 
1 1 0.0079 0.0013 0.0013 0.9998 
2 0 -0.2654 0.0009 0.0009 0.9999 
2 1 0.3831 0.0009 0.0009 0.9999 
2 1 -0.4393 0.0011 0.0011 0.9997 
2 2 0.0068 0.0013 0.0013 0.9998 
2 2 0.0308 0.0008 0.0008 0.9999 
3 0 0.3632 0.0007 0.0007 0.9999 
3 1 0.2297 0.0014 0.0014 0.9995 
3 1 -0.1574 0.0007 0.0007 0.9999 
3 2 0.3688 0.0012 0.0012 0.9998 
3 2 0.0988 0.0015 0.0015 0.9997 
3 3 0.1311 0.0011 0.0011 0.9998 
3 3 -0.1514 0.0009 0.0009 0.9999 
4 0 0.2106 0.0005 0.0005 0.9999 
4 l 0.1251 0.0006 0.0006 0.9999 
4 l 0.0800 0.0006 0.0006 0.9999 
4 2 0.0796 0.0008 0.0008 0.9998 
4 2 0.0292 0.0010 0.0010 0.9996 
4 3 -0.1536 0.0011 0.0011 0.9999 
4 3 0.1144 0.0007 0.0007 0.9999 
4 4 -0.0598 0.0006 0.0006 0.9999 
4 4 0.0937 0.0010 0.0010 0.9998 
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Table 2.8. (Continued) List of the Gauss coefficients for example 3, ( B) 
inversion 2 

(c) min[B(m)] 

n m m B(Cm) B(Cs) Rls 

1 0 0.2975 0.0079 0.0067 0.8373 
1 1 0.2147 0.0082 0.0073 0.8817 
1 1 -0.0154 0.0081 0.0066 0.8267 
2 0 -0.4176 0.0057 0.0049 0.8977 
2 1 0.4561 0.0062 0.0054 0.8793 
2 1 -0.2110 0.0070 0.0054 0.8168 
2 2 0.3153 0.0077 0.0058 0.8776 
2 2 -0.0476 0.0059 0.0052 . 0.8802 
3 0 0.0773 0.0051 0.0044 0.9042 ' 
3 1 -0.4357 0.0071 0.0046 0.7533 
3 1 -0.0034 0.0047 0.0041 0.8893 
3 2 0.1632 0.0064 0.0047 0.8658 
3 2 -0.0333 0.0081 0.0057 0.7931 
3 3 0.2237 0.0062 0.0045 0.8487 
3 3 -0.0974 0.0057 0.0046 0.8835 
4 0 0.1600 0.0037 0.0035 0.9296 
4 1 0.1055 0.0045 0.0041 0.8867 
4 1 0.0104 0.0045 0.0038 0.9052 
4 2 -0.0574 0.0050 0.0041 0.8744 
4 2 0.0412 0.0059 0.0043 0.7389 
4 3 0.0004 0.0063 0.0048 0.9013 
4 3 0.0287 0.0052 0.0045 0.8743 
4 4 0.0907 0.0043 0.0038 0.9221 
4 4 -0.0501 0.0058 0.0043 0.8525 

Table 2.9. List of the model parameters for example 3, (B) inversion 2 

A. r E n o(m) 

min[I:] 7.1 lE+OO 23.9956 2.5033 0.2952 0.0832 
min[U(O)] l.OOE+04 20.7203 21.5351 9.0609 0.0505 

min[D(m)] 2.47E+03 22.8110 8.9365 l.1296 0.0223 
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Figure 2.5 The variation of L, L(l), U(O), /...for example 3, (B) inversion 2 
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(C) Inversion 3 

I L(l),U(O), max(n)=6/ ~ {m, 8(Cm), 8(C
5
), Rsl, Q, cr(Q), 8(m), £, f}; I=L(l)+/..(U(O) 

comments: 10% random noise is added to the data 

In this example, the spherical harmonics up to n=6 are used for the same 

minimization as in (A) and (B). It is expected from the completeness theorem (given in 

section 2.1) that the misfit could be arbitrarily reduced to a smaller value by increasing the 

degree of the spherical harmonic expansion. This example tests the effect on the inverted 

model while the spherical harmonics are expanded far beyond resolution of the data. By 

expanding the spherical harmonics to n=6, m=6 the dimension of the spherical harmonic 

space is doubled. 

The Gauss coefficients are listed in table 2.10 (a) for min[I], (b) for min[U(O)] and 

(c) for min[o(m)]. The model parameters are list in table 2.11. The variations of (a) ~. (b) 

L(l), (c) U(O), (d) A during the inversion are plotted in figure 2.6. The model parameters 

for min[I], min[8(m)], min[U(O)] are listed in table 2.1 l. Although the mean angular 

difference is only 0.003° given by m of min, the resolution is reduced to 30 which is 

significantly less than the number of the Gauss coefficients used to generate the synthetic 

data suggesting degree n=4 coefficients is not retainable. The resolution given .by m of 

min[U(O)] is even lower at about 18. Furthermore the small values of o(Cm) and o(Cs) 

suggest that the Gauss coefficients are heavily correlated. This is primarily due to the 

functional W(O) close to be singular which is a result of expanding the spherical harmonics 

beyond the resolution given by the distribution of the VGPs. The Gauss coefficients m in 

this example are not credible insofar as the model stability is concerned. The effect on the 

functional W(O) due to the increasing in the dimension of the spherical harmonic subspace 
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is that the spectrum eigenvalue of W(O) becomes continuous, thereby identification of a 

minimum eigenvalue is increasingly contentious. This suggests that by using W(O) , the 

resolution (or the freedom of the model) given by the data can be assessed. The maximum 

size of the spherical harmonic subspace should give a clear minimum for the eigenvalue of 

W(O). 

(D) inversion 4 

/L(l),U(O), U(l), max(n)=6/ ~{m, 8(Cm), 8(C,), Rs!, Q, cr(Q), 8(m), E, 1}; 

I.=L( 1 )+A.(U (O)+U ( 1) 

comments: 10% random noise is added to the data 

In this test, I introduce the smoothness constraint U(l) given m the previous 

section. The smoothness constraint is a damping term which is only effective at higher 

degrees. The purpose of the inclusion of U( 1) is to see if it can be used to smooth out the 

chaotic situation in (C). 

The Gauss coefficients are list in table 2.12 (a) for min[I.], (b) for min[U(O)] and 

(c) for min[8(m)]. The model parameters are list in table 2.13. The variations of (a) I., (b) 

L(l), (c) U(O), (d) A. during the inversion are plotted in figure 2.7. The model parameters 

for min(I.), min(L(l)), min(U(O)) are listed in table 2.11. There is no improvement of (C) 

by introducing U(l). U(l), unlike U(O), has no minimum by itself. This is arguably an 

advantage by preventing to some degree the unnecessary structure being introduced into the 

model due to, say the biased distribution of the sites, but by no means producing a model 

totally unbiased. 
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Figure 2.6 The variation of I:, L(l), U(O), A for example 3, (C) inversion 3 



Table 2.10. List of the Gauss coefficients for example 3, (C) inversion 3 

(a) min[I:] 

n m m ()(Cm) o(Cs) Rls n m m ()(Cm) o(Cs) Rls 

1 0 0.2540 0.0176 0.0077 0.5559 5 0 -0.0132 0.0103 0.0045 0.5741 
1 1 0.2292 0.0238 0.0100 0.6241 5 1 -0.0860 0.0112 0.0036 0.4385 
1 1 -0.0815 0.0218 0.0076 0.4527 5 1 -0.0244 0.0105 0.0038 0.6658 
2 0 -0.3347 0.0122 0.0049 0.5330 5 2 0.1186 0.0087 0.0033 0.6812 
2 1 0.3691 0.0178 0.0067 0.6437 5 2 0.0266 0.0105 0.0039 0.4303 
2 1 -0.1960 0.0144 0.0048 0.5337 5 3 -0.1193 0.0110 0.0039 0.4587 
2 2 0.4536 0.0216 0.0065 0.4616 5 3 -0.0605 0.0111 0.0031 0.4114 
2 2 -0.0650 0.0159 0.0067 0.6520 5 4 0.0212 0.0122 0.0037 0.5682 
3 0 0.1447 0.0191 0.0060 0.3351 5 4 -0.0041 0.0124 0.0033 0.4679 

Vl 
3 1 -0.2937 0.0124 0.0043 0.4545 5 5 -0.0070 0.0109 0.0030 0.4693 \0 

3 1 0.0050 0.0100 0.0041 0.5754 5 5 -0.0441 0.0110 0.0040 0.6224 
3 2 0.1950 0.0149 0.0060 0.6799 6 0 0.0478 0.0078 0.0038 0.6545 
3 2 -0.2344 0.0166 0.0068 0.4661 6 1 0.0339 0.0092 0.0032 0.4398 
3 3 0.0868 0.0131 0.0055 0.5017 6 1 0.0372 0.0075 0.0034 0.7042 
3 3 -0.0665 0.0166 0.0049 0.4380 6 2 -0.1317 0.0094 0.0032 0.6384 
4 0 0.1859 0.0112 0.0034 0.5583 6 2 -0.0510 0.0089 0.0036 0.5421 
4 1 0.1028 0.0112 0.0047 0.5417 6 3 -0.0204 0.0085 0.0037 0.5949 
4 1 0.0059 0.0121 0.0033 0.5646 6 3 0.0753 0.0083 0.0036 0.6169 
4 2 0.0659 0.0104 0.0039 0.6230 6 4 -0.1445 0.0107 0.0035 0.4418 
4 2 -0.0370 0.0112 0.0039 0.4638 6 4 -0.0335 0.0115 0.0047 0.4105 
4 3 0.0886 0.0176 0.0046 0.6662 6 5 0.0348 0.0122 0.0060 0.6605 
4 3 0.0035 0.0187 0.0076 0.3650 6 5 0.0406 0.0105 0.0042 0.6419 
4 4 -0.0141 0.0144 0.0046 0.4416 6 6 0.0015 0.0105 0.0043 0.7561 
4 4 -0.0976 0.0136 0.0061 0.6019 6 6 -0.0066 0.0102 0.0032 0.5232 



Table 2.10. (Continued) List of the Gauss coefficients for example 3, (C) inversion 3 

(b) min[U(O)] 

n m m o(Cm) o(Cs) Rls n m m o(Cm) o(C,) Rls 

1 0 0.2490 0.0313 0.0000 0.6307 5 0 0.0010 0.0181 0.0000 0.6835 
1 1 0.2101 0.0408 0.0000 0.7382 5 1 -0.0611 0.0215 0.0000 0.5094 
1 l -0.2511 0.0403 0.0001 0.5114 5 1 0.0006 0.0193 0.0000 0.7734 
2 0 0.0109 0.0228 0.0000 0.5760 5 2 0.0836 0.0163 0.0000 0.7308 
2 l 0.4945 0.0332 0.0000 0.7541 5 2 -0.0661 0.0189 0.0000 0.4974 
2 1 -0.2519 0.0260 0.0000 0.6524 5 3 0.0731 0.0208 0.0000 0.5688 
2 2 0.2996 0.0420 0.0001 0.5343 5 3 -0.0820 0.0223 0.0000 0.4388 
2 2 -0.1514 0.0278 0.0000 0.7133 5 4 -0.0914 0.0238 0.0001 0.6023 
3 0 0.0363 0.0362 0.0001 0.4040 5 4 -0.0572 0.0246 0.0000 0 .5286 
3 1 0.0864 0.0242 0.0000 0.4717 5 5 0.0483 0.0217 0.0000 0.5193 

0\ 3 1 -0.1268 0.0179 0.0000 0.6799 5 5 0.0660 0.0206 0.0000 0.7167 0 
3 2 0.3217 0.0273 0.0000 0.7019 6 0 0.0720 0.0125 0.0000 0.7954 
3 2 -0.2093 0.0289 0.0000 0.6163 6 1 0.1160 0.0170 0.0000 0.5406 
3 3 0.0920 0.0233 0.0000 0.5823 6 1 -0.0649 0.0133 0.0000 0.7940 
3 3 -0.1333 0.0323 0.0000 0.4629 6 2 0.0279 0.0179 0.0000 0.6889 
4 0 0.1827 0.0220 0.0000 0.6312 6 2 0.0308 0.0153 0.0000 0.6712 
4 ' 1 0.0172 0.0199 0.0000 0.6242 6 3 0.0196 0.0154 0.0000 0.7116 
4 1 -0.0916 0.0237 0.0000 0.6518 6 3 -0.0620 0.0147 0.0000 0.7214 
4 2 0.1688 0.0198 0.0000 0.6668 6 4 0.0009 0.0195 0.0000 0.5799 
4 2 -0.1542 0.0218 0.0000 0.5159 6 4 -0.0813 0.0208 0.0000 0.5450 
4 3 0.0268 0.0346 0.0001 0.7409 6 5 -0.0499 0.0190 0.0000 0.8117 
4 3 -0.1275 0.0329 0.0000 0.4118 6 5 -0.0750 0.0192 0.0000 0.6679 
4 4 0.0273 0.0274 0.0000 0.4447 6 6 -0.0158 0.0188 0.0000 0 .8786 
4 4 -0.1012 0.0234 0.0000 0.6996 6 6 0.0043 0.0197 0.0000 0.6087 



Table 2.10. (Continued) List of the Gauss coefficients for example 3, (C) inversion 3 

(c) min[8(m)] 

n m m 8(Cm) 8(C
5

) 
Rls n m m 8(Cm) 8(C

5
) 

Rls 

1 0 . -0.0536 0.0200 0.0080 0.0583 5 0 -0.0643 0.0096 0.0028 0.0305 
1 1 0.3827 0.0286 0.0110 0.0620 5 1 0.0827 0.0129 0.0062 0.0592 
1 1 0.0496 0.0166 0.0053 0.0455 5 1 -0.0461 0.0093 0.0028 0.0513 
2 0 -0.3123 0.0142 0.0064 0.0630 5 2 0.0930 0.0115 0.0050 0.0959 
2 1 -0.0894 0.0190 0.0086 0.0701 · 5 2 -0.0230 0.0083 0.0022 0.0263 
2 1 0.1107 0.0143 0.0055 0.0652 5 3 -0.2108 0.0111 0.0048 0.0449 
2 2 0.3515 0.0196 0.0083 0.0766 5 3 0.0744 0.0108 0.0038 0.0319 
2 2 -0.0048 0.0174 0.0070 0.0528 5 4 0.0022 0.0102 . 0.0029 0.0434 
3 0 0.1470 0.0149 0.0050 0.0405 5 4 0.1023 0.0106 0.0040 0.0413 
3 1 -0.4109 0.0163 0.0084 0.0825 5 5 0.1479 0.0092 0.0036 0.0454 

°' 3 1 0.0429 0.0091 0.0024 0.0299 5 5 -0.0523 0.0098 0.0026 0.0257 -
3 2 -0.0024 0.0180 0.0072 0.0712 6 0 -0.0805 0.0078 0.0026 0.0262 
3 2 0.0284 0.0134 0.0041 0.0356 6 1 -0.0064 0.0092 0.0035 0.0521 
3 3 0.2237 0.0150 0.0062 0.0476 6 1 -0.0108 0.0084 0.0025 0.0465 
3 3 -0.0118 0.0153 0.0061 0.0333 6 2 0.0272 0.0103 0.0043 0.0747 
4 0 0.2079 0.0120 0.0058 0.0518 6 2 -0.0148 0.0079 0.0027 0.0383 
4 1 0.1825 0.0111 0.0048 0.0724 6 3 0.0774 0.0078 0.0026 0.0384 
4 1 -0.0810 0.0088 0.0025 0.0339 6 3 -0.0106 0.0092 0.0033 0.0338 
4 2 -0.2932 0.0143 0.0070 0.0779 6 4 -0.1354 0.0084 0.0031 0.0374 
4 2 0.0839 0.0099 0.0027 0.0154 6 4 0.0747 0.0105 0.0035 0.0325 
4 3 -0.0887 0.0121 0.0033 0.0474 6 5 0.0141 0.0100 0.0028 0.0448 
4 3 0.0386 0.0150 0.0049 0.0258 6 5 0.0194 0.0103 0.0034 0.0470 
4 4 0.1662 0.0125 0.0049 0.0556 6 6 0.0592 0.0104 0.0036 0.0481 
4 4 -0.0216 0.0139 0.0043 0.0276 6 6 -0.0324 0.0089 0.0029 0.0418 
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Table 2.11. List of the model parameters for example 3, (C) inversion 3 

min[:L] 
min[U(O)] 

min[O(m)] 

,l 

1.78E-07 

l.26E+05 
2.21E+02 

r 
30.0000 

2.2993 
26.1456 

£ 

0.0000 

0.0033 
0.0003 

n 
0.0003 

45.4284 
2.9964 

iS(m) 

0.0940 

0.1098 
0.0674 



°' \>) 

(b) U(O) vs. iteration steps (a) residual vs. iteration steps 
1015.--~~~~~----.~~~~~~-. 3.--~~~~-----.-~~~~~-, 

1010 

w 

105 

100 '---------~--------' 
100 102 104 

steps 

(c) L(1) vs. iteration steps 
1020.....-------..---------. 

1015 

21010 
_J 

105 

ro 

2.5 

§: 2 
::) 

1.5 

1 1000------=-:;-----1--
102 

steps 

(d) Lamda vs. iteration steps 
1010 . 

105 

~ 100 
ro 
_J 

10-5 

104 

100 10-10 L-----==------__J 
100 102 104 100 

steps 

o - min[U(O)], * - min[I.], 

102 

steps 

+ - min[b(m)] 

Figure 2.7 The variation of I., L(l), U(O), /...for example 3, (D) inversion 4 
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Table 2.12. List of the Gauss coefficients for example 3, (D) inversion 4 

(a) min[L] 

n m m o(Cm) o(C.) Rls n m m o(Cm) o(C.) Rls 

1 0 0.1974 0.0000 0.0000 0.5510 5 0 0.1239 0.0000 0.0000 0.6959 
l l -0.1376 0.0000 0.0000 0.6205 5 l 0.0391 0.0000 0.0000 0.6189 
1 1 0.1950 0.0000 0.0000 0.4993 5 1 0.0269 0.0000 0.0000 0.6878 
2 0 -0.2372 0.0000 0.0000 0.5500 5 2 0.2463 0.0000 0.0000 0.6693 
2 l 0.4299 0.0000 0.0000 0.5742 5 2 -0.0494 0.0000 0.0000 0.4954 
2 l -0.0633 0.0000 0.0000 0.6245 5 3 0.0020 0.0000 0.0000 0.5606 
2 2 0.1660 0.0000 0.0000 0.6009 5 3 -0.0142 0.0000 0.0000 0.4650 
2 2 -0.0149 0.0000 0.0000 0.5903 5 4 -0.0093 0.0000 0.0000 0.6098 
3 0 0.3184 0.0000 0.0000 0.5905 5 4 0.1614 0.0000 0.0000 0.6361 
3 1 -0.0413 0.0000 0.0000 0.5753 5 5 0.0214 0.0000 0.0000 0.5935 

0\ 3 l 0.2467 0.0000 0.0000 0.6840 5 5 0.0536 0.0000 0.0000 0.6443 ~ 

3 2 -0.0460 0.0000 0.0000 0.5647 6 0 -0.2978 0.0000 0.0000 0.8517 
3 2 -0.1867 0.0000 0.0000 0.5869 6 1 -0.0584 0.0000 0.0000 0.6594 
3 3 -0.0175 0.0000 0.0000 0.6263 6 1 0.0004 0.0000 0.0000 0.8278 
3 3 -0.0665 0.0000 0.0000 0.5966 6 2 -0.2084 0.0000 0.0000 0.7512 
4 0 0.1893 0.0000 0.0000 0.6918 6 2 -0.1612 0.0000 0.0000 0.6545 
4 1 -0.1316 0.0000 0.0000 0.6586 6 3 -0.0188 0.0000 0.0000 0.6824 
4 1 0.0712 0.0000 0.0000 0.6656 6 3 0.1994 0.0000 0.0000 0.6865 
4 2 0.0032 0.0000 0.0000 0.6131 6 4 -0.0073 0.0000 0.0000 0.6771 
4 2 0.0926 0.0000 0.0000 0.4790 6 4 -0.0944 0.0000 0.0000 0.4856 
4 3 -0.0712 0.0000 0.0000 0.6008 6 5 -0.0486 0.0000 0.0000 0.6618 
4 3 0.0855 0.0000 0.0000 0.5624 6 5 0.0258 0.0000 0.0000 0.8123 
4 4 -0.0867 0.0000 0.0000 0.6491 6 6 0.1139 0.0000 0.0000 0.6761 
4 4 -0.0426 0.0000 0.0000 0.6243 6 6 0.0107 0.0000 0.0000 0.5173 



Table 2.12. (Continued) List of the Gauss coefficients for example 3, (D) inversion 4 

(b) min[U(O)] 

n m m <i(Cm) <i(C,) Rls n m m <i(C"') <i(C,) Rls 

1 0 0.1974 0.0000 0.0000 0.5510 5 0 0.1239 0.0000 0.0000 0.6959 
1 1 -0.1376 0.0000 0.0000 0.6205 5 1 0.0391 0.0000 0.0000 0.6189 
1 1 0.1950 0.0000 0.0000 0.4993 5 1 0.0269 0.0000 0.0000 0.6878 
2 0 -0.2372 0.0000 0.0000 0.5500 5 2 0.2463 0.0000 0.0000 0.6693 
2 1 0.4299 0.0000 0.0000 0.5742 5 2 -0.0494 0.0000 0.0000 0.4954 
2 1 -0.0633 0.0000 0.0000 0.6245 5 3 0.0020 0.0000 0.0000 0.5606 
2 2 0.1660 0.0000 0.0000 0.6009 5 3 -0.0142 0.0000 0.0000 0.4650 
2 2 -0.0149 0.0000 0.0000 0.5903 5 4 -0.0093 0.0000 0.0000 0.6098 
3 0 0.3184 0.0000 0.0000 0.5905 5 4 0.1614 0.0000 0.0000 0.6361 
3 1 -0.0413 0.0000 0.0000 0.5753 5 5 0.0214 0.0000 0.0000 0.5935 

°' 3 1 0.2467 0.0000 0.0000 0.6840 5 5 0.0536 0.0000 0.0000 0.6443 
Ul 

3 2 -0.0460 0.0000 0.0000 0.5647 6 0 -0.2978 0.0000 0.0000 0.8517 
3 2 -0.1867 0.0000 0.0000 0.5869 6 1 -0.0584 0.0000 0.0000 0.6594 
3 3 -0.0175 0.0000 0.0000 0.6263 6 1 0.0004 0.0000 0.0000 0.8278 
3 3 -0.0665 0.0000 0.0000 0.5966 6 2 -0.2084 0.0000 0.0000 0.7512 
4 0 0.1893 0.0000 0.0000 0.6918 6 2 -0.1612 0.0000 0.0000 0.6545 
4 . 1 -0.1316 0.0000 0.0000 0.6586 6 3 -0.0188 0.0000 0.0000 0.6824 
4 1 0.0712 0.0000 0.0000 0.6656 6 3 0.1994 0.0000 0.0000 0.6865 
4 2 0.0032 0.0000 0.0000 0.6131 6 4 -0.0073 0.0000 0.0000 0.6771 
4 2 0.0926 0.0000 0.0000 0.4790 6 4 -0.0944 0.0000 0.0000 0.4856 
4 3 -0.0712 0.0000 0.0000 0.6008 6 5 -0.0486 0.0000 0.0000 0.6618 
4 3 0.0855 0.0000 0.0000 0.5624 6 5 0.0258 0.0000 0.0000 0.8123 
4 4 -0.0867 0.0000 0.0000 0.6491 6 6 0.1139 0.0000 0.0000 0.6761 
4 4 -0.0426 0.0000 0.0000 0.6243 6 6 0.0107 0.0000 0.0000 0.5173 



Table 2.12. (Continued) List of the Gauss coefficients for example 3, (D) inversion 4 

(c) min[O(m)] 

n m m o(Cm) o(C.) Rls n m m o(Cm) o(C.) Rls 

1 0 . -0.2079 0.0433 0.0174 0.3194 5 0 -0.0137 0.0254 0.0118 0.3753 
1 1 -0.0317 0.0453 0.0181 0.3276 5 1 -0.0153 0.0273 0.0118 0.3734 
1 1 0.1651 0.0379 0.0140 0.2774 5 1 -0.2307 0.0254 0.0116 0.4261 
2 0 -0.1284 0.0350 0.0144 0.3408 5 2 0.0407 0.0252 0.0119 0.4438 
2 1 0.2616 . 0.0376 0.0143 0.2960 - 5 2 -0.0233 0.0251 0.0091 0.2770 
2 1 0.2765 0.0352 0.0158 0.3866 5 3 -0.1258 0.0257 0.0101 0.2912 
2 2 0.2162 0.0339 0.0147 0.3632 5 3 -0.1663 0.0277 0.0101 0.2771 
2 2 0.0463 0.0337 0.0144 0.3203 5 4 -0.0863 0.0273 0.0118 0.3964 
3 0 0.2470 0.0335 0.0133 0.3642 5 4 0.1313 0.0255 0.0116 0.3886 
3 1 0.0834 0.0324 0.0127 0.3059 5 5 0.0572 0.0231 0.0102 0.3395 

0\ 
3 1 0.1501 0.0285 0.0125 0.3478 5 5 0.1042 0.0250 0.0110 0.3714 0\ 

3 2 0.2629 0.0327 0.0135 0.3859 6 0 -0.1050 0.0236 0.0125 0.4123 
3 2 -0.2010 0.0326 0.0129 0.2943 6 1 0.0580 0.0251 0.0107 0.3495 
3 3 -0.0057 0.0282 0.0127 0.3586 6 1 -0.1253 0.0219 0.0120 0.4689 
3 3 -0.2145 0.0302 0.0135 0.3663 6 2 -0.1902 0.0239 0.0123 0.4999 
4 0 0.2342 0.0275 0.0136 0.4144 6 2 0.0073 0.0232 0.0098 0.3440 
4 1 0.0476 0.0294 0.0130 0.3662 6 3 -0.0468 0.0230 0.0101 0.3403 
4 1 -0.1434 0.0268 0.0125 0.4091 6 3 -0.0209 0.0235 0.0108 0.3507 
4 2 0.2106 0.0282 0.0128 0.4063 6 4 -0.1521 0.0253 0.0106 0.3131 
4 2 -0.1331 0.0271 0.0100 0.2426 6 4 0.1035 0.0256 0.0089 0.2561 
4 3 -0.1779 0.0286 0.0125 0.3816 6 5 0.0665 0.0231 0.0101 0.3747 
4 3 -0.1278 0.0297 0.0124 0.3558 6 5 0.0653 0.0245 0.0123 0.4750 
4 4 -0.1710 0.0276 0.0132 0.4092 6 6 0.0441 0.0235 0.0112 0.3944 
4 4 0.0394 0.0246 0.0112 0.3412 6 6 -0.0461 0.0215 0.0082 0.2926 



Table 2.13. List of the model parameters for example 3, (D) inversion 4 

min(L] 
min[U(O)] 

min[8(m)] 

4.68E-06 

l.40E+05 
l. l lE-03 

r 
30.0000 

17.2121 
30.0000 

E !1 

0.0003 0.0001 

0.2164 20.5294 
0.0001 0.0000 
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8(m) 

0.1031 

0.1209 
0 .1031 



2.4 Summary 

In this chapter I have shown that the symmetries of the distributions of the VGPs 

and the EVPs are related to the structure of the magnetic field on S( l ). I have first given the 

expression in eqn (2.6) for any degree and order of spherical harmonic in terms of a 

summation of a system of zonal harmonic of the same degree, but having different axes. 

The distribution of the VGPs generated by any spherical harmonic term is therefore 

symmetrical about a system of zonal axes. With this characteristic distribution of the VGPs, 

I then define a VGP functional W(O) in eqn. (2.12a) and its corresponding 2-norm U(O) in 

eqn.(2.12) which involve the minimization of the horizontal components of the magnetic 

field at the VGPs and the radial components at the EVPs. I have demonstrated in the tests 

that given an ideal distribution of the VGPs and the EVPs, the Gauss coefficients can be 

inverted as the eigenvector corresponding to the minimum eigenvalue of W(O). I have 

therefore concluded that W(O) is intimately related to the measurements at the sites, but 

represents a much larger global functional. The foundation of a global representation of 

W(O) lies in the theorem on the mapping of measurements at sites in to VGPs of which I 

have given an intuitive account in the beginning of the chapter l. Minimization of U(O) 

explicitly requires that, at all the sites adjacent to the VGPs or within its distribution area, 

the magnetic field lines are to follow those at the VGPs and to converge uniformly and 

absolutely towards the foci defined by the distribution of the VGPs. Thus U(O) is no longer 

a measure of the misfit for the measurements at sites but a global evaluation of the magnetic 

field structure from an entire area defined by the distribution of the VGPs ( not the isolated 

points of VGP). I have then introduced U(O) as a constraint into the bounded inversion for 

the Gauss coefficients. In the case of grossly inadequate data, a unique solution can be 

found by bounding the residual of the misfit L(l) with U(O) ( where L(l) by itself accepts 

infinite amount of solutions). I have in section 2.3 given the formulas of obtaining the 

bounded solution and the associated model parameters from which the reliability of the 
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inverted models can be evaluated. These methods are then tested by several examples 

which shows that: (1) U(O) is effective in averaging out the random noise. (2) W(O) gives 

good estimates on the level of spherical hannonic truncation. (3) The model parameters 

(e.g . 8(Cm), 8(C.), Rsl ) should be combined to evaluated reliability of the inverted 

models. The reason for choosing the number of the VGP larger than number of the 

measurements at the sites (100: 10) in the examples is to test the trade off between U(O) and 

L( 1 ). But it has also an important implication on the inversion of the time averaged 

geomagnetic field models which will become apparent as we go·on to the next chapter. 
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Chapter 3 The time averaged morphology of the earth's 

magnetic field 

The first step in the quantitative evaluation of the geomagnetic field requires 

the acquisition of the morphology or a map of the earth's magnetic field on the 

surface of the earth. The surface spherical harmonics discussed in the previous 

chapter provides one of the most common means of global representation of the 

geomagnetic field. A set of scalars (the Gauss coefficients) is used to give a unique 

morphology of the field compatible with the observations. Obtaining the Gauss 

coefficients is a relatively easy task if the total vectors are known everywhere on the 

earth surface. However the paleomagnetic data usually consist of the directional 

only data (the declination and the inclination) which are non- linearly related to the 

Gauss coefficients. Such non-linearity imposes a great deal of difficulty on the 

conventional methods for obtaining the Gauss coefficients. The methods based 

upon Maxwell's multiple pole theory discussed in the previous chapter are therefore 

particularly useful in the analyses of the paleomagnetic data. 

The variations of the geomagnetic field are qualitatively categorized into 

three groups (1) paleosecular variation, (2) reversals and (3) excursions. The 

characteristics of the geomagnetic field revealed by ihe paleomagnetic data suggest . 

that there are regularities and persistency in the variations of earth's magnetic field. 

The objectives of this chapter are to obtain the morphologies for (1) the time

averaged geomagnetic field models on various time scales and (2) the transitional 

field during the geomagnetic polarity reversals. 

The changes in the morphologies of the geomagnetic field are directly 

related to the changes of the conductive fluids motion in the outer core. The 

characteristics revealed by the morphologies of the geomagnetic field are therefore 
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important in constructing any viable theory on the dynamics of the interior of the 

earth, particularly the dynamics of the core. 

The morphologies are obtained by using the same system of inversion 

techniques described in chapter 2. The Gauss coefficients are obtained by using 

different constraints on the same data set. The results are then compared. These 

comparisons evaluate the effects such as the uneven spatial and temporal 

distribution of the data therefore allow the reliability of the inverted models being 
I 

assessed. The gross characteristics of the morphologies and their implications in the 

behaviors of the earth's magnetic field are also discussed 

3.1 The Morphologies of the time-averaged geomagnetic field for the 

past 5 million years 

The time-averaged geomagnetic field of the past 5 Myr is predominantly a 

dipole field. However the .dispersion of the VGPs suggests that there are high order 

structures. The objective of obtaining the morphologies of the time-averaged 

geomagnetic field is to investigate the high order structures in the normal and the 

reversed polarity. The analyses are focused on: (1) the strength of the high order 

structures relative to the axial dipole, (2) the symmetries of the high order structures 

and (3) the variations of the higher order structures on the time scales of 0.8 Myr 

and 5 Myr. 

Definition of the time-averaged geomagnetic field 

There are two fundamentally different approaches to obtain the time-

averaged geom~gnetic field models. 

(a) construction of a time-averaged geomagnetic field model from the mean vectors 
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let { d;(t)} representing a N-vector measured at r on S(l) during the time 

period of T. d;(t) is a measurement at time t; . a mean vector d can be obtained in 

two ways: 

_ L.d;(t;) / 
( 1) the arithmetic mean: d = N /N 

(2) the spherical median: Ci =minimum{ I,cos· 1(d • d;(t;))} 
N 

Whether d is a reasonable representation of the measurements requires the 

statistical assessment on the distribution of { d;(t)}. In order to do so, { d;(t;)} is 

first assumed being a set of random variables. A particularly statistical distribution 

is then used, i. e., the Fisher distribution. The statistical parameters, i.e., a95 , are 

used to assess the goodness of d in relation to { d;(t;)}. A time averaged 

geomagnetic field model is therefore given by d. The Gauss coefficients are 

inverted in conforming to d. 

Although this approach is intuitively reasonable providing that (1) { d;(t;)} 

can be assumed as a set of random variables and (2) a statistical distribution can be 

found which adequately represents the distribution of the data, it faces the inevitable 

penalties that d and the assumed statistical distribution are the pre-assumptions in 

the inversion for the Gauss coefficients. Furthermore, the assumed statistical 

distribution may compromise the inherent temporal variations of the data { d;(t;)}. It 

is also very difficult to independently evaluate these statistical assumptions on the 

temporal and the spatial distributions of the data by other means 

(b) construction of a time-averaged geomagnetic field model from the characteristics 

of the spatial and the temporal distribution of the data 

This approach requires no statistical distribution being assumed for the data. 

Instead, the temporal and the spatial distributions of the data are mapped togather 
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into a new space (e.g., the declination, the inclination and the site are togather 

mapped into the VGP.), such that the properties of the new space (e.g. , the 2-norm 

of the VGP functional) give a global representation for the individual data (e.g. , 

The magnetic field lines converge to the foci of the distribution of the VGPs). The 

mapping procedure discussed in chapter 1, f: (B,S(l)) ~ Sv(l), is particularly well 

suited for this purpose. The temporal and the spatial variations of (B, S(l)) are 

mapped into the distribution of the VGPs which carries the information on both the 

distribution of magnetic vectors and the distribution of the sites. Therefore if the 

VGPs are known everywhere on S(l) at every instant during T, the time averaged 

field is given by the distribution of Sv(l) (or Se(l)). The multiple foci of the 

distribution of the VGPs give the location of the zonal axes for the time-averaged 

source. The number of VGPs usually far exceeds the number of the sites or the 

number of the mean vectors d and therefore gives a better representation for the 

actual distribution of the data. This is why 100 VGPs vs. 10 vectors at the sites are 

used in the test examples in chapter 1. It is to test the inversion from a data set 

which is relatively well defined by the distribution of the VGPs, but less so by the 

mean vectors at the sites. 

The time-averaged geomagnetic models are therefore constructed from two 

pieces of information (1) the spatial and the temporal distributions of the VGPs and 

the EVPs and (2) the mean vectors. The VGP functional W(O) and its 2-norm U(O) 

given in chapter 2 are the global inference of the common properties shared by the 

data. Minimization of the U(O) locates the poles of the zonal axes of the tirne

averaged source. The mean vectors are however not pre-determined, but are 

obtained from minimization of the residual given by L( 1 ). 
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The inversion methods 

The general theory of the inversion methods are discussed in chapter 2. Each of the 

following geomagnetic field models is inverted from four different inversion 

themes: 

M(l): minimizing the VGP functional (U(O)) using eqn. (2 .12) only. 

/U(O), n/ ~{m(l), n, cr0 , max(n)}. 

The M(l) inversion is to obtained a set of the Gauss coefficients by 

minimizing U(O). This is, in a sense a "forward model". The inversion is to 

intuitively determine the size of the spherical harmonics subspace in which the 

original data offer the maximum resolution. The resolution can be estimated by the 

maximum rank of the VGP functional W(O) which can provide a resolvable 

minimum eigenvalue. The principal application of M(l) is therefore to estimate the 

maximum degree of the spherical harmonic truncation for the M(2), M(3), M(4) 

inversions. 

M(2): minimizing the L(l) constrained by the U(O) using eqn.(2.17) 

/L(l), U(O), L, Cct, max(n), IJ ~{m(2), Cm, C,, r, E, Q, Rsl, cr(Q)}, 

L=L(l)+ A.U(O). 

The M(2) inversion is to constrain the residual, L(l), by the 2-norm of the 

VGP functional, U(O). The truncation of the spherical harmonics is determined by 

the maximum(n) obtained from the M(l) inversion. The L(l) measures the residual 

between the mean vectors predicated by the model and the vectors measured at the 

sites. The U(O) is the 2-norm of the VGP functional which provides the global 

temporal and spatial structure of the field. The solution for the min(L( 1)) is 
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nonunique, but it is unique for U(O) and I. The best Gauss coefficients, m(2), are 

obtained from the min(:L) by searching a wide range of /.... 

M(3): minimizing the L(l) constrained by the U(O) and the U(l) using eqn. (2.17), 

excluding the data from a site which contributes the most to the structures given by 

m(2). 

/L(l), U(O), U(l), Cd, I, max(n), A.I :::}{m(3), Cm, Cs, r, E, !1, Rsl, cr(Q)}, 

:L=L(l)+ /...U(O). 

The M(3) inversion is to test whether the results obtained from the M(2) 

inversion are affected by the presence of a particular site. The M(3) inversion is the 

same as that of the M(2), except it is carried out repeatedly by excluding one site at 

a time. This type of jackknifing technique can not make a quantitative and a full 

scale estimate of the contribution from the biased distribution of the sites, but it can 

detect qualitatively the contribution from a particular site to the inverted model. The 

Gauss coefficients, m(3), are obtained when the site that makes the biggest 

contribution to the structures given by m(2) is removed. Thus m(3) is chosen such 

that ll[m(2)- m(3)]2jl is maximum. Hence m(3) gives the structures that most 

significantly depart from the model given m(2). 

M(4): minimizing the L(l) constrained by the U(O) and the U(l), excluding the data 

from one site which contributes the most to the structures given by m(2). 

I L(l), U(O), U(l), Cd, max(n) , A. I::::} { m(4), Cm, Cs , r, E, !1, cr(Q)}. 

:L=L(l)+ /...{U(O)+U(l). 

The M(4) inversion is basically the same as the M(3) inversion with the 

addition of the smoothness constraint, U(l) given by eqn.(2.27). The 2-norm U(l) 
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is effectively a damping term. The effectiveness of the U(l) rapidly increases with 

the increasing of the degree of the spherical harmonics. Thus the U ( 1) can be used 

to smooth out the fine structures which are unnecessarily carried by m(2). These 

fine structures are possibly due to the uneven distribution of the sites and random 

noise of the data. Hence m(4) is chosen such that ll[m(2)- m(4)J2
11 is maximum . 

In the following analyses the models inverted by the M(l), M(2), M(3) and 

M(4) are compared and qualitatively evaluated. The best Gauss coefficients . are 
I 

selected from the evaluation of the model parameters, jackknifing analyses and 

variations of the Gauss coefficients obtained from 4 different inversions. 

Description of the original data 

The long term time-averaged (- 1 Myr) of the geomagnetic field is roughly a 

geocentric axis dipole (GAD) field. The dispersion in the distribution of the VGPs 

over a long time interval suggests the presence of high order structures. The present 

analyses consist of, ( 1) the time-averaged field model of the past 5 Myr (excluding 

the reversals), (2) the time-averaged field model for the normal polarity of the past 5 

Myr, (3) the time-averaged field model for the reversed polarity of the past 5 Myr 

and (4) the time-averaged field model for the Brunhes chron normal polarity (<0.8 

Myr). 

The database used is compiled by Johnson and Constable (Johnson and 

Constable, 1996). The directional data are from the measurements of the TRM 

recorded in the lava flows. The data selection criteria used are: (Johnson and 

Constable, 1995, 1996) 

(1) Only the extrusive and thin intrusive used 

(2) Individual magnetically cleaned flow directions must be published 

(3) The absolute value of VGP latitude is> 55 degree ( VGP latitude of 55 degrees 

is the lowest value given by the present geomagnetic field) 
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( 4) At least 3 samples per flow were taken in the field 

(5) The estimate of the precision parameter must be> - 30 

(6) Sufficient information is given to establish the temporal independence of flows 

(7) Temporal sampling must 5pan at least 10,000 years 

(8) At least 5 flows satisfying criteria (1)-(7) at each location 

This database is grouped into four models in the present analyses on the 

long term time-averaged geomagnetic field: 

( 1) T A-1: T A-1 consists of all the VGPs and the EVPs for the past 5 Myr. The data 

set includes 2187 VGPs/EVPs from 113 location. The information of the data set is 

summarized in table 3.1. The distribution of the sites, the VGPs and the EVPs are 

plotted in figure 3.1. 

(2) TA-2: TA-2 consists of the VGPsand the EVPs of the normal polarity in TA-1. 

The data set includes 1528 VGPs/EVPs from 79 locations. The information of the 

data set is summarized in table 3.2. The distribution of the sites, the VGPs and the 

EVPs are plotted in figure 3.2. 

(3) TA-3: TA-3 consists of the VGPs and EVPs of the reversed polarity in TA-1. 

The data set includes 659 VGPs/EVPs from 34 locations. The information of the 

data set is summarized in table 3.3. The distribution of the sites, the VGPs and the 

EVPs are plotted in figure 3.3. 

(4) TA-4: TA-4 consists of the VGPs and the EVPs of the normal polarity with 

maximum age of 0.80 Myr (during Brunhes chron normal polarity). The data set 

includes 724 VGPs/EVPs from 35 locations. The information of the data set is 

summarized in table 3.4. The distribution of the sites, the VGPs and the EVPs are 

plotted in figure 3.4. 
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The inversion of the Gauss coefficients 

The M(l), M(2), M(3) and M(4) inversions are used to obtain the Gauss 

coefficients for models of TA-1, TA-2, TA -3 and TA-4. First, the degree of the 

spherical harmonic truncation is determined from the M(l) inversion. The 

maximum size of W(O) which can give a distinctive minimum eigenvalue is found at 

spherical harmonic degree n=4. The spherical harmonic expansion is truncated at 

degree n=4 in the M(l), M(2), M(3) and M(4) inversions. The inversions are 

carried out by searching A. from 10·24 to 1024
• The variation of the L with increasing 

of A. is a hyperbolic curve which gives a . unique minimum, The 2-norms of the 

U(O) and the U(l) generally decrease. The changes of the 2-norm of the residual 

L(l) is also hyperbolic. The best Gauss coefficients are obtained at min(I.). In the 

analyses the data are equally weighted. 

The Gauss coefficients and their variances (Cm), the vanances of the 

standard error and(C
5

) and the resolutions (Rsl) from the M(l), M(2), M(3) and 

M(4) inversions for model TA-1, TA-2, TA-3, TA-4 are list in tables 3.5, 3.7, 3 .9, 

3.11 respectively. The model parameters, the resolution (r), the misfit(£) and the 

mean and the standard deviation of angular difference ( Q and cr(Q)) from four 

inversions are listed in tables 3.6, 3.8, 3.10 and 3.12 for model TA-1, TA-2, TA-

3, TA-4 respectively. 
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Table 3.1. List of the Sites, the age range, the number of VGPs and 
the polarity (P) for the data set used in model TA-1 

Data code Site Lat Site Lon L. age (m.y.) B. age (m.y.) Num. of p 
VGP 

Gl4-21 4.5 9.5 0 0.7 15 N 
G 14-22 3.5 9 0 0.7 38 N 
G 14-52 27.8 17.3 0.4 2.2 10 N 
Gl4-46 0 6.5 0 0.7 14 N 
Gl4-46 0 6.5 2.5 4 9 N 
Ml319 -77.56 166.26 0.56 1.39 5 N 
M1319 -78.39 164.23 0 1.54 13 N 
OT12-262 43.5 143.5 0 1.6 13 N 
G9-06 25.3 121.5 0.01 3.4 27 N 
G9-07_8 23.5 121.4 0.01 5 12 N 
Ml588 35.21 138.77 0 0.7 35 N 
C0001&0002 35 139 0 0.7 13 N 
014-17 38.7 -27.2 0 0.7 20 N 
Gl4-31 -46.9 37.8 0 0.7 15 N 
014-39 28.2 -12.8 0 1.6 18 N -
014-39 27 .8 -18 0 1.6 10 N 
014-39 28.7 -14.2 0 1.66 14 N 
Ml404 -3.85 -32.4 1.7 5.1 7 N 
M799 -20.52 -29.33 2.3 3.3 5 N 
M1654 13.3 -61.2 0.29 1.28 9 N 
GI 1-09 -38.5 175 . o 0.7 19 N 
G 13-11 -38 144.5 0 4.5 17 N 
G 13-11 -38 142.8 0 4.5 5 N 
G13-02 -4 150 0 0.01 5 N 
011-12 45 3.8 0 2.3 7 N 
012-09 45.71 2.99 0 0.7 26 N 
012-09 44.69 4.3 0 0.7 5 N 
OT12-257 38 15 0 1.6 14 N 
GI0-09 38.6 28.7 0 1.6 5 N 
GI0-09 39.5 44 0 1.6 5 N 
014-73 34 36 1.6 5 9 N 
M1072 50.4 7.25 0 0.7 30 N 
M1513 50.3 6.75 0 0.7 37 N 
M285 19.5 -155.5 0.01 0.02 28 N 
M285 19.5 -155.5 0.01 5 25 N 
M285 19.5 -155.5 0.2 0.3 29 N 
M667 22 -159.5 3.5 5.6 46 N 
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Table 3.1. (Continued) List of the Sites, the age range, the number 
of VGPs and the polarity (P) for the data set used in model TA-1 

Data code Site Lat Site Lon L. age (m.y.) H. age (m.y.) Num. of p 
VOP 

M31 23.1 -158 3 0 14 N 
M31 22 -160 0.3 0.7 11 N 
M42 21.5 -158.1 2.4 3.6 31 N 
C0003 19.4 -155.5 0 0.02 7 N 
M668 21.3 -157.8 0.03 0.85 25 N 
R1496 64.5 -22 2.4 3.4 65 N 
R1496 64.5 -22 1.8 2.4 10 N 
R1139 64.5 -21.5 2.4 3.4 52 N 
Rl 139 64.5 -21.5 3.4 5 29 N 
014-24 -38.8 77.5 0 0.7 14 N 
014-27 -21.1 55.5 0 0.7 17 N 
014-05 -11.6 43.3 0 0.7 12 N 
014-23 -12.2 44.4 0 1.62 23 N 
014-28 -46.5 52.2 0 0 .7 37 N 
014-29 -46.5 51.7 0 0.7 32 N 
015-3_ 4_9 -17 47.5 0 1.6 14 N -
M17 -37 .83 77.52 0 0.7 24 N 
C0004 -21 55.5 0 0.98 27 N 
011-08 35.9 -106.5 0.4 0 .6 6 N 
014-33 19 -99 0 0.7 30 N 
014-38 57.5 -130 0 5 16 N 
OTl 1-362 19.6 -99 1.6 5.3 23 N 
Ml316 35.9 -106.5 0 1.6 6 N 
M1429 41.75 -121.85 0 0.7 16 N 
M1749 19.3 -96.9 0 0.7 20 N 
C0005 19.2 -98.6 0 0.7 21 N 
C0006 37.67 -119 0 0.75 33 N 
C0007 58.5 -131.5 0 5 11 N 
M713 62.92 -143.16 3 4 9 N 
014-09 18.1 145.7 0 0.7 23 N 
014-13_569 -17.67 -149.58 0.4 1.6 8 N 
014-35 53 -172 0 5 53 N 
015-14 -27.1 -109.2 0 0.7 53 N 
014-188_570 -16.5 -151.27 3.1 3.4 7 N 
014-188_571 -16.83 -151.45 2.3 2.5 8 N 
014-75 -29.1 167.9 2.4 3. 1 25 N 
M663 -0.83 -88.42 0 0.7 18 N 
COOlO -16.75 -151 2.01 3 32 N 
COOll -17 .67 -149.58 0.6 1.2 23 N 
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Table 3.1. (Continued) List of the Sites, the age range, the number 
of VGPs and the polarity (P) for the data set used in model TA-1 

Data code Site Lat Site Lon L. age (m.y.) H. age (m.y.) Num. of p 
VGP 

Ml652 57.18 -170.36 0 0.8 8 N 
Ml652 59.99 -165.87 0 0.8 13 N 
Ml652 60.33 -166.09 0.8 2.4 8 N 
G 14-52 27.8 17.3 0.4 2.2 54 R 
013-09 -3.2 35.5 0.7 2.45 12 R 
014-46 0 6 .5 0 4 14 R 
G9-07_8 23.6 119.5 0.01 5 7 R 
Ml301 14.45 120.58 0 5 5 R 
014-39 28.2 -12.8 0.81 1.74 6 R 
M442 -3.85 -32.4 1.7 5.1 5 R 
G13-11 -38 144.5 0 4.5 14 R 
013-11 -38 142.8 0 4.5 5 R 
011-12 45 3.8 0.7 2.41 13 R 
012-22 46.9 17.5 0 5 6 R 
M34 37.2 14.8 1.4 3.6 6 R 
M667 22 -159.5 3.5 5.6 42 R -
M42 21.5 -158.1 1.8 2.6 33 R 
M31 22 -160 3 5 5 R 
M42 21.5 -158.1 2.4 3.6 27 R 
014-40 66.2 -15.2 1.09 2 19 R 
R1496 64.5 -22 3.4 4 16 R 
R1496 64.5 -22 2.4 3.4 15 R 
R1496 64.5 -22 1.8 2.4 103 R 
R1139 64.5 -21.5 1.57 2.4 8 R 
R1139 64.5 -21.5 2.4 3.4 12 R 
R1139 64.5 -21.5 3.4 5 68 R 
014-48 -21 55.5 2 2.11 13 R 
09-13 35.5 -111.6 3.62 4.38 9 R 
014-38 57.5 -130 0 5 44 R 
C0008 38.5 -122.5 4 5.5 13 R 
C0009 39.25 -120 0.7 5 6 R 
G14-13_569 -17.53 -149.85 1.4 1.6 6 R 
G14-35 53.5 -168.1 1.5 2.3 8 R 
014570_571 -16.5 -151.27 3.1 3.4 6 R 
014-75 -29.1 167.9 2.4 3.1 12 R 
COOll -17.67 -149.58 0.6 1.2 39 R 
Ml652 60.33 -166.09 0.8 2.4 8 R 
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Table 3.2. List of the Sites, the age range, the number of VGPs and 
the polarity (P) for the data set used in model TA-2 

Data code Site Lat Site Lon Lage (m.y.) Hage (m.y.) Num. of VGP p 

Gl4-21 4.5 9.5 0 0.7 15 N 
Gl4-22 3.5 9 0 0.7 38 N 
G 14-52 27.8 17.3 0.4 2.2 10 N 
G14-46 0 6.5 0 0.7 14 N 
G14-46 0 6.5 2.5 4 9 N 
M1319 -77.56 166.26 0.56 1.39 5 N 
M1319 -78.39 164.23 0 1.54 13 N 
OT12-262 43.5 143.5 0 1.6 13 N 
G9-06 25.3 121.5 0.01 3.4 27 N 
G9-07_8 23.5 121.4 0.01 5 12 N 
M1588 35.21 138.77 0 0.7 35 N 
C0001&0002 35 139 0 0.7 13 N 
Gl4-17 38.7 -27.2 0 0.7 20 N 
G14-31 -46.9 37.8 0 0.7 15 N 
G 14-39 28.2 -12.8 0 1.6 18 N 
G 14-39 27.8 -18 0 1.6 10 N 
G14-39 28.7 -14.2 0 1.66 14 N 
M1404 -3.85 -32.4 1.7 5.1 7 N-
M799 -20.52 -29.33 2.3 3.3 5 N 
M1654 13.3 -61.2 0.29 1.28 9 N 
Gl 1-09 -38.5 175 0 0.7 19 N 
G 13-11 -38 144.5 0 4.5 17 N 
G 13-11 -38 142.8 0 4.5 5 N 
G13-02 -4 150 0 0.01 5 N 
Gll-12 45 3.8 0 2.3 7 N 
G 12-09 45.71 2.99 0 0.7 26 N 
Gl2-09 44.69 4.3 0 0.7 5 N 
OT12-257 38 15 0 1.6 14 N 
Gl0-09 38.6 28.7 0 1.6 5 N 
Gl0-09 39.5 44 0 1.6 5 N 
G14-73 34 36 1.6 5 9 N 
M1072 50.4 7.25 0 0.7 30 N 
M1513 50.3 6.75 0 0.7 37 N 
M285 19.5 -155.5 0.01 0.02 28 N 
M285 19.5 -155.5 0.01 5 25 N 
M285 19.5 -155.5 0 .2 0.3 29 N 
M667 22 -159.5 3.5 5.6 46 N 
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Table 3.2. (Continued) List of the Sites, the age range, the number 
of VGPs and the polarity (P) for the data set used in model TA-2 

Data code Site Lat Site Lon Lage (m.y.) Hage (m.y.) Num. of VGP p 

M31 23.1 -158 0 3 14 N 
M31 22 -160 0.3 0.7 11 N 
M42 21.5 -158.1 2.4 3.6 31 N 
C0003 19.4 -155.5 0 0.02 7 N 
M668 21.3 -157.8 0.03 0.85 25 N 
Rl496 64.5 -22 2.4 3.4 65 N 
R1496 64.5 -22 1.8 2.4 10 N 
Rl 139 64.5 -21.5 2.4 3.4 52 N 
Rl 139 64.5 -21.5 3.4 5 29 N 
G14-24 -38.8 77.5 0 0.7 14 N 
Gl4-27 -21.1 55.5 0 0.7 17 N 
G14-05 -11.6 43.3 . 0 0.7 12 N 
G14-23 -12.2 44.4 0 1.62 23 N 
G14-28 -46.5 52.2 0 0.7 37 N 
G14-29 -46.5 51.7 0 0.7 32 N 
Gl5-3_4_9 -17 47.5 0 1.6 14 N 
M17 -37.83 77.52 0 0.7 24 N-
C0004 -21 55.5 0 0.98 27 N 
Gl 1-08 35.9 -106.5 0.4 0.6 6 N 
G 14-33 19 -99 0 0.7 30 N 
G 14-38 57.5 -130 0 5 16 N 
OTl 1-362 19.6 -99 1.6 5.3 23 N 
Ml316 35.9 -106.5 0 1.6 6 N 
M1429 41.75 -121.85 0 0.7 16 N 
M1749 19.3 -96.9 0 0.7 20 N 
C0005 19.2 -98.6 0 0.7 21 N 
C0006 37.67 -119 0 0.75 33 N 
C0007 58.5 -131.5 0 5 11 N 
M713 62.92 -143.16 3 4 9 N 
G14-09 18.1 145.7 0 0.7 23 N 
G14-13_569 -17.67 -149.58 0.4 1.6 8 N 
G 14-35 53 -172 0 5 53 N 
G15-14 -27.1 -'109.2 0 0.7 53 N 
G14-188_570 -16.5 -151.27 3.1 3.4 7 N 
G14-188_571 -16.83 -151.45 2.3 2.5 8 N 
G14-75 -29.1 167.9 2.4 3.1 25 N 
M663 -0.83 -88.42 0 0.7 18 N 
COOlO -16.75 -151 2.01 3 32 N 
COOll -17.67 -149.58 0.6 1.2 23 N 
M1652 57.18 -170.36 0 0.8 8 N 
M1652 59.99 -165.87 0 0.8 13 N 
M1652 60.33 -166.09 0.8 2.4 8 N 
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Table 3.3. List of the Sites, the age range, the number of VGPs and 
the polarity (P) for the data set used in model TA-3 

Data code Site Lat Site Lon Lage (m.y.) H.age (m.y.) Num. of p 
VGP 

G 14-52 27.8 17.3 0.4 2.2 54 R 
Gl3-09 -3.2 35.5 0.7 2.45 12 R 
G14-46 0 6.5 0 4 14 R 
G9-07_8 23.6 119.5 0.01 5 7 R 
M1301 14.45 120.58 0 5 5 R 
G 14-39 28.2 -12.8 0.81 1.74 6 R 
M442 -3.85 -32.4 1.7 5.1 5 R 
G 13-11 -38 144.5 0 4.5 14 R 
G13-11 -38 142.8 0 4.5 5 R 
Gll-12 45 3.8 0.7 2.41 13 R 
G 12-22 46.9 17.5 0 5 6 R 
M34 37.2 14.8 1.4 3.6 6 R 
M667 22 -159.5 3.5 5.6 42 R 
M42 21.5 -158.1 1.8 2.6 33 R 
M31 22 -160 3 5 5 R 
M42 21.5 -158.1 2.4 3.6 27 R-
Gl4-40 66.2 -15 .2 1.09 2 19 R 
Rl496 64.5 -22 3.4 4 16 R 
R1496 64.5 -22 2.4 3.4 15 R 
R1496 64.5 -22 1.8 2.4 103 R 
Rl 139 64.5 -21.5 1.57 2.4 8 R 
Rl 139 64.5 -21.5 2.4 3.4 12 R 
R1139 64.5 -21.5 3.4 5 68 R 
G14-48 -21 55.5 2 2.11 13 R 
G9-13 35.5 -111.6 3.62 4.38 9 R 
G 14-38 57.5 -130 0 5 44 R 
C0008 38.5 -122.5 4 5.5 13 R 
C0009 39.25 -120 0.7 5 6 R 
G14-13_569 -17 .53 -149.85 1.4 1.6 6 R 
G 14-35 53.5 -168.1 1.5 2.3 8 R 
G14-570_571 -16.5 -151.27 3.1 3.4 6 R 
G14-75 -29.1 167.9 2.4 3.1 12 R 
COOll -17 .67 -149.58 0.6 1.2 39 R 
M1652 60.33 -166.09 0.8 2.4 8 R 
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Table 3.4. List of the Sites, the age range, the number of VGPs and 
the polarity (P) for the data set used in model TA-4 

Data code Site Lat Site Lon L. age (m.y.) Hage (m.y.) Num. of p 
VGP 

Gl3-02 -4 150 0 0.01 5 N 
M285 19.5 -155.5 0.01 0.02 28 N 
C0003 19.4 -155.5 0 0.02 7 N 
M285 19.5 -155.5 0.2 0.3 29 N 
Gl 1-08 35.9 -106.5 0.4 0.6 6 N 
Gl4-21 4.5 9.5 0 0.7 15 N 
014-22 3.5 9 0 0.7 38 N 
G14-46 0 6.5 0 0.7 14 N 
M1588 35.21 138.77 0 0.7 35 N 
C0001&0002 35 139 0 0.7 13 N 
014-17 38.7 -27.2 0 0.7 20 N 
014-31 -46.9 37.8 0 0.7 15 N 
Gll-09 -38.5 175 0 0.7 19 N 
G12-09 45.71 2.99 0 0.7 26 N 
G 12-09 44.69 4.3 0 0.7 5 N 
M1072 50.4 7.25 0 0.7 30 N 
Ml513 50.3 6.75 0 0.7 37 N 
M31 22 -160 0.3 0.7 11 N 
G14-24 -38.8 77.5 0 0.7 14 N 
G14-27 -21.1 55.5 0 0.7 17 N 
G14-05 -11.6 43.3 0 0.7 12 N 
014-28 -46.5 52.2 0 0.7 37 N 
Gl4-29 -46.5 51.7 0 0.7 32 N 
M17 -37.83 77.52 0 0.7 24 N 
G14-33 19 -99 0 0.7 30 N 
M1429 41.75 -121.85 0 0.7 16 N 
M1749 19.3 -96.9 0 0.7 20 N 
C0005 19.2 -98.6 0 0.7 21 N 
G14-09 18.1 145.7 0 0.7 23 N 
G15-14 -27.1 -109.2 0 0.7 53 N 
M663 -0.83 -88.42 0 0.7 18 N 
C0006 37.67 -119 0 0.75 33 N 
Ml652 57.18 -170.36 0 0.8 8 N 
Ml652 59.99 -165.87 0 0.8 13 N 
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(a) Sites distribution for model TA-1 

-• * 
*•~*if 

* # * * * • "* ' ** * 

(b) VGPs distribution for model TA-1 

(c) EVPs distribution for model T A-1 

Figure 3.1. The distribution of the sites, the VGPs and the EVPs for model TA-1 
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(a) Sites distribution for model TA-2 
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(b) VGPs distribution for model TA-2 

(c) EVPs distribution for model TA-2 

Figure 3.2. The distribution of the sites, the VGPs and the EVPs for model TA-2 
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(a) Sites distribution for model T A-3 

* * * 

(b) VGPs distribution for model T A-3 

(c) EVPs distribution for model TA-3 

Figure 3.3. The distribution of the sites, the VGPs and the EVPs for model TA-3 
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(a) Sites distribution for model TA-4 
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(b) VGPs distribution for model TA-4 

(c) EVPs distribution for model TA-4 

Figure 3.4. The distribution of the sites, the VGPs and the EVPs for model TA-4 
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Table 3.5. List of the Gauss coefficients for model TA-1 

(a) The Gauss coefficients for the M(l) and M(2) inversions 

n m m(l) m(2) Rsl 

1 0 -0.9106 -0.8783 0.0213 0.0213 1.0000 
1 1 -0.0281 0.0301 0.0178 0.0178 1.0000 
1 1 -0.0293 -0.1596 0.0215 0 .0215 1.0000 
2 0 -0.0353 0.0826 0.0177 0.0177 · 1.0000 
2 1 0.1917 -0.0190 0.0176 0.0176 1.0000 
2 1 -0.0189 0.0992 0.0166 0.0166 1.0000 
2 2 0.0212 -0.0189 0.0145 0.0145 1.0000 
2 2 0.0035 0.0471 0.0155 0.0155 1.0000 
3 0 -0.3431 0.0871 0.0143 0.0143 1.0000 
3 1 -0.0254 0.0195 0.0134 0.0134 1.0000 
3 1 -0.0259 -0.1325 0.0159 0.0159 1.0000 
3 2 -0.0117 0.2322 0.0134 0.0134 1.0000 
3 2 -0.0046 0.0818 0.0136 0.0136 1.0000 
3 3 -0.0008 -0.0335 0.0131 0 .0131 1.0000 
3 3 -0.0002 0.0550 0.0126 0.0126 1.0000 
4 0 -0.0340 0.1407 0.0117 0.0117 1.0000 
4 1 0.0960 0.1166 0.0099 0.0099 1.0000 
4 1 -0.0168 -0.2047 0.0142 0.0142 1.0000 
4 . 2 0 .0217 0.0095 0.0121 0.0121 1.0000 
4 2 0.0023 0.0675 0.0116 0.0116 1.0000 
4 3 0.0031 0.0932 0.0114 0.0114 1.0000 
4 3 -0.0006 -0.0579 0 .0107 0.0107 1.0000 
4 4 0.0001 0.0186 0.0112 0.0112 1.0000 
4 4 -0.0004 0.0038 0.0118 0 .0118 1.0000 
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Table 3.5. (Continued) List of the Gauss coefficients for model TA-1 

(b) The Gauss coefficients for the M(3) and M(4) inversions 

n m m(3) o(Cm) o(C
5

) 
Rsl m(4) o(Cm) o(C

5
) 

Rsl 

l 0 -0.5472 0.0178 0.0178 1.000 -0.5471 0.0178 0.0178 1.0000 
1 1 0.0623 0.0150 0.0150 1.000 0.0623 0.0150 0.0150 1.0000 
1 1 0.2786 0.0193 0.0193 1.000 0.2786 0.0193 0.0193 1.0000 
2 0 0.2708 0.0152 0.0152 1.000 0.2710 0.0152 0.0152 1.0000 
2 1 -0.0481 0.0148 0.0148 1.000 -0.0482 0.0148 0.0148 1.0000 
2 1 -0.5093 0.0162 0.0162 1.000 -0.5094 0.0162 0.0162 1.0000 
2 2 0.1048 0.0123 0.0123 1.000 0.1049 0.0123 0.0123 1.0000 
2 2 0.1748 0.0133 0.0133 1.000 0.1748 0.0133 0.0133 1.0000 
3 0 -0.2309 0.0118 0.0118 1.000 -0.2310 0.0118 0.0118 1.0000 
3 1 0.1303 0.0105 0.0105 1.000 0.1303 0.0105 0.0105 1.0000 

\0 3 1 0.1963 0.0137 0.0137 1.000 0.1964 0.0137 0.0137 1.0000 ...... 
3 2 -0.0266 0.0126 0.0126 1.000 -0.0267 0.0126 0.0126 1.0000 
3 2 -0.1220 0.0116 0.0116 1.000 -0.1221 0.0116 0.0116 1.0000 
3 3 0.0025 0.0107 0.0107 1.000 0.0026 0.0107 0.0107 1.0000 
3 3 -0.0007 0.0111 0.0111 1.000 -0.0007 0.0111 0.0111 1.0000 
4 0 0.2121 0.0097 0.0097 1.000 0.2120 0.0097 0.0097 1.0000 
4 1 -0.0309 0.0076 0.0076 1.000 -0.0309 0.0076 0.0076 1.0000 
4 1 -0.1665 0.0122 0.0122 1.000 -0.1664 '0.0122 0.0122 1.0000 
4 2 0.1266 0.0111 0.0111 1.000 0.1266 0.0111 0.0111 1.0000 
4 2 0.1664 0.0093 0.0093 1.000 0.1664 0.0093 0.0093 1.0000 
4 3 -0.0085 0.0099 0.0099 1.000 -0.0084 0.0099 0.0099 1.0000 
4 3 -0.0092 0.0095 0.0095 1.000 -0.0092 0.0095 0.0095 1.0000 
4 4 0.0058 0.0090 0.0090 1.000 0.0058 0.0090 0.0090 1.0000 
4 4 -0.0225 0.0098 0.0098 1.000 -0.0225 0.0098 0.0098 1.0000 



Table 3.6. List of the Model parameters for TA-1 

M(l) M(2) M(3) M(4) 

r NIA 24.0000 24.0000 24.0000 
£ NIA 2.2287 2.0013 2.0012 
n 65.2974 67 .5578 68 .5156 68.5205 

a(n) 59.0071 51.1854 50.4630 50.4674 

Table 3.7. List of the Gauss coefficients for model TA-2 

(a) The Gauss coefficients for the M(l) and M(2) inversions 

n m m(l) m(2) Rsl 

1 0 -0.9034 -0.9970 0.0087 0.0087 1.0000 
l l -0.0224 -0.0035 0.0075 0.0075 1.0000 
1 1 -0.0269 0.0149 0.0088 0.0088 1.0000 
2 0 -0.0116 -0.0491 0.0070 0.0070 1.0000 
2 1 0.2214 0.0092 0.0071 0.0071 1.0000 
2 1 -0.0368 -0.0053 0.0067 0.0067 l.0000 
2 2 0.0238 0.0054 0.0059 0.0059 1.0000 
2 2 0.0174 -0.0058 0.0063 0.0063 1.0600 
3 0 -0.3417 -0.0353 0.0058 0.0058 1.0000 
3 1 -0.0199 -0.0068 0.0055 0.0055 1.0000 
3 1 -0.0247 -0.0247 0.0064 0.0064 1.0000 
3 2 -0.0124 -0.0056 0.0054 0.0054 l.0000 
3 2 -0.0072 0.0045 0.0056 0.0056 1.0000 
3 3 -0.0007 0.0077 0.0055 0.0055 l.0000 
3 3 -0.0002 -0.0097 0.0053 0.0053 1.0000 
4 0 -0.0121 0.0127 0.0049 0.0049 1.0000 
4 1 0.1087 0.0116 0.0042 0.0042 l.0000 
4 1 -0.0224 0.0162 0.0060 0.0060 l.0000 
4 2 0.0243 0.0042 0.0049 0.0049 1.0000 
4 2 0.0164 -0.0130 0.0049 0.0049 1.0000 
4 3 0.0001 -0.0127 0.0048 0.0048 1.0000 
4 3 -0.0016 -0.0070 0.0044 0.0044 1.0000 
4 4 0.0005 0.0041 0.0047 0.0047 l.0000 
4 4 -0.0006 -0.0024 0.0049 0.0049 1.0000 

92 



Table 3.7. (Continued) List of the Gauss coefficients for model TA-2 

(b) The Gauss coefficients for the M(3) and M(4) inversions 

n m m(3) o(Cm) o(C,) Rsl m(4) o(Cm) o(C,) Rsl 

1 0 -0.9961 0.0094 0.0094 -0.9961 0.0094 0.0094 1.0000 
1 1 -0.0011 0.0083 0.0083 -0.0011 0.0083 0.0083 1.0000 
1 1 0.0280 0.0103 0.0103 0.0280 0.0103 0.0103 1.0000 
2 0 -0.0335 0.0078 0.0078 -0.0335 0.0078 0.0078 1.0000 
2 1 0.0145 0.0079 0.0079 0.0145 0.0079 0.0079 1.0000 
2 1 -0.0200 0.0085 0.0085 -0.0200 0.0085 0.0085 1.0000 
2 2 0.0153 0.0065 0.0065 0.0153 0.0065 0.0065 1.0000 
2 2 -0.0083 0.0072 0.0072 -0.0083 0.0072 0.0072 1.0000 
3 0 -0.0447 0.0061 0.0061 -0.0447 0.0061 0.0061 l.0000 
3 1 -0.0044 0.0056 0.0056 -0.0044 0.0056 0.0056 1.0000 

I.Cl 3 1 -0.0233 0.0072 0.0072 -0.0233 0.0072 0.0072 1.0000 w 
3 2 -0.0153 0.0066 0.0066 -0.0153 0.0066 0.0066 l.0000 
3 2 0.0007 0.0064 0.0064 0.0007 0.0064 0.0064 1.0000 
3 3 0.0090 0.0059 0.0059 0.0090 0.0059 0.0059 1.0000 
3 3 -0.0136 0.0060 0.0060 -0.0136 0.0060 0.0060 1.0000 
4 0 0.0208 0.0052 0.0052 0.0208 0.0052 0.0052 1.0000 
4 1 0.0142 0.0041 0.0041 0.0142 0.0041 0.0041 1.0000 
4 1 0.0280 0.0066 0.0066 0.0280 0.0066 0.0066 1.0000 
4 2 0.0073 0.0058 0.0058 0.0073 0.0058 0.0058 1.0000 
4 2 -0.0141 0.0051 0.0051 -0.0141 0.0051 0.0051 1.0000 
4 3 -0.0123 0.0055 0.0055 -0.0123 0.0055 0.0055 1.0000 
4 3 0.0001 0.0051 0.0051 0.0001 0.0051 0.0051 1.0000 
4 4 0.0010 0.0049 0.0049 0.0010 0.0049 0.0049 1.0000 
4 4 -0.0003 0.0052 0.0052 -0.0003 0.0052 0.0052 1.0000 



Table 3.8. List of the Model parameters for T A-2 

M(l) M(2) M(3) M(4) 

r NIA 24.0000 24.0000 24.0000 
E NIA 0.9461 0.9536 0.9536 
n 27.4670 11.4917 11.4613 11.4613 

cr(n) 12.2654 6.9584 6.8965 6.8965 

Table 3.9. List of the Gauss coefficients for model T A-3 

(a) The Gauss coefficients for the M(l) and (M2) inversions 

n m m(l) m(2) Rsl 

1 0 0.8686 0.9168 0.0324 0.0313 0.9902 
1 1 0.0682 0.1559 0.0225 0.0221 0.9744 
1 1 -0.0687 -0.1177 0.0348 0.0337 0.9762 
2 0 0.0826 0.0312 0.0377 0.0359 0.9558 
2 1 -0.1974 -0.1586 0.0243 0.0237 0.9824 
2 1 0.2254 0.1302 0.0358 0.0350 0.9784 
2 2 -0.0046 0.0492 0.0287 0.0275 0.9519 
2 2 0.0175 -0.0124 0.0218 0.0212 0.9633 
3 0 0.3188 0.1155 0.0309 0.0301 0.9760 
3 1 0.0605 0.1255 0.0188 0.0182 0.9676 
3 1 -0.0635 -0.1738 0.0302 0.0289 0.9553 
3 2 -0.0046 -0.0235 0.0243 0.0239 0.9926 
3 2 0.0042 0.0915 0.0194 0.0189 0.9825 
3 3 -0.0016 -0.0222 0.0161 0.0154 0.9551 
3 3 0.0002 -0.0173 0.0182 0.0176 0.9608 
4 0 0.0782 -0.0089 0.0200 0.0196 0.9840 
4 1 -0.1021 -0.0301 0.0124 0.0121 0.9947 
4 1 0.1140 0.0163 0.0242 0.0237 0.9961 
4 2 -0.0036 0.0489 0.0203 0.0199 0.9825 
4 2 0.0173 -0.0028 0.0166 0.0160 0.9744 
4 3 -0.0038 -0.0017 0.0152 0.0149 0.9940 
4 3 -0.0073 0.0537 0.0163 0.0161 0.9924 
4 4 0.0010 0.0029 0.0161 0.0156 0.9611 
4 4 0.0001 0.0070 0.0164 0.0156 0.9406 
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Table 3.9. (Continued) List of the Gauss coefficients for model TA-3 

(b) The Gauss coefficients for the M(3) and M(4) inversions 

n m m(3) o(Cm) o(Cs) Rsl m(4) o(Cm) o(Cs) Rsl 

1 0 0.8903 0.0385 0.0385 1.000 0.8884 0.0311 0.0311 0.9999 
1 1 -0.2048 0.0247 0.0247 1.000 -0.1539 0.0216 0.0216 0.9996 
1 1 -0.0239 0.0374 0.0374 1.000 0.0674 0.0317 0.0317 0.9997 
2 0 0.1059 0.0423 0.0423 1.000 0.0542 0.0356 0.0356 0.9994 
2 1 0.2866 0.0252 0.0252 1.000 0.2401 0.0240 0.0240 0.9999 
2 1 0.0221 0.0410 0.0410 1.000 -0.1669 0.0320 0.0320 0.9999 
2 2 -0.0553 0.0337 0.0337 1.000 -0.0559 0.0269 0.0269 0.9994 
2 2 0.0248 . 0.0236 0.0236 1.000 0.1043 0.0199 0.0199 0.9996 
3 0 0.0330 0.0336 0.0336 1.000 0.0544 0.0280 0.0280 0.9997 
3 1 -0.0967 0.0203 0.0203 1.000 -0.1292 0.0184 0.0184 0.9997 

\0 3 1 0.0804 0.0326 0.0326 1.000 0.1596 0.0276 0.0276 0.9998 
VI 

3 2 0.1156 0.0251 0.0251 1.000 0.0386 0.0234 0.0234 0.9998 
3 2 -0.0440 0.0204 0.0204 1.000 -0.0915 0.0177 0.0177 0.9999 
3 3 -0.0290 0.0174 0.0174 1.000 -0.0075 0.0159 0.0159 0.9997 
3 3 0.0936 0.0190 0.0190 1.000 0.0912 0.0170 0.0170 0.9996 
4 0 -0.0243 0.0244 0.0244 1.000 -0.0227 0.0177 0.0177 0.9998 
4 1 0.0691 0.0135 0.0135 1.000 0.0454 0.0112 0.0112 0.9999 
4 1 -0.0672 0.0266 0.0266 1.000 -0.0815 0.0209 0.0209 0.9999 
4 2 -0.1010 0.0235 0.0235 1.000 -0.0152 0.0183 0.0183 0.9998 
4 2 0.0194 0.0186 0.0186 1.000 0.0590 0.0148 0.0148 0.9998 
4 3 0.0559 0.0174 0.0174 1.000 -0.0032 0.0143 0.0143 0.9999 
4 3 -0.0062 0.0186 0.0186 1.000 -0.0442 0.0145 0.0145 0.9999 
4 4 -0.0391 0.0190 0.0190 1.000 0.0127 0.0154 0.0154 0.9997 
4 4 0.0200 0.0177 0.0177 1.000 0.0405 0.0153 0.0153 0.9995 



Table 3.10. List of the Model parameters for T A-3 . 

M(l) M(2) M(3) M(4) 

r NIA 23 .3823 24.0000 23.9938 
E NIA 1.2212 1.2155 1.0558 
n 28.1741 12.0071 13.0260 12.1581 

a(n) 10.8990 6.9755 7.6141 6.5702 

Table 3.11. List of the Gauss coefficients for model TA-4 

(a) The Gauss coefficients for the M(l) and M(2) inversions 

n m m(l) m(2) Rsl 

1 0 -0.9154 -0.9943 0.0139 0.0138 0.9997 
1 1 -0.0264 -0.0330 0.0131 0.0131 0.9964 
1 1 -0.0239 0.0181 0.0154 0.0154 0.9969 
2 0 -0.0297 -0.0486 0.0119 0.0119 0.9987 
2 1 0.1833 -0.0442 0.0112 0.0112 0.9997 
2 1 -0.0021 -0.0069 0.0097 0.0097 0.9999 
2 2 0.0047 0.0021 0.0089 0.0089 0.9967 
2 2 -0.0077 0.0071 0.0099 0.0098 0.9960 
3 0 -0.3404 -0.0469 0.0113 0.0112 0.9994 
3 1 -0.0251 -0.0018 0.0092 0.0092 0.9978 
3 1 -0.0207 -0.0333 0.0101 0.0100 0.9982 
3 2 -0.0004 -0.0110 0.0079 0.0078 0.9995 
3 2 0.0005 -0.0096 0.0092 0.0092 0.9996 
3 3 -0.0016 0.0021 0.0084 0.0084 0.9965 
3 3 0.0011 -0.0092 0.0082 0.0081 0.9963 
4 0 -0.0287 0.0017 0.0093 0.0093 0.9982 
4 1 0.0915 -0.0318 0.0075 0.0075 0.9996 
4 1 -0.0064 0.0098 0.0104 0.0103 0.9991 
4 2 0.0056 -0.0062 0.0069 0.0069 0.9981 
4 2 -0.0083 -0.0048 0.0079 0.0079 0.9980 
4 3 0.0022 -0.0088 0.0073 0.0073 0.9994 
4 3 -0.0026 -0.0106 0.0081 0.0081 0.9995 
4 4 0.0007 0.0226 0.0085 0.0085 0.9953 
4 4 -0.0006 0.0002 0.0078 0.0078 0.9959 
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Table 3.11. (Continued) List of the Gauss coefficients for model TA-4 

(b) The Gauss coefficients for the M(3) and M(4) inversions 

n m m(3) o(Cm) o(Cs) Rsl m(4) o(Cm) 

1 0 -0.9718 0.0168 0.0168 0.999 -0.9612 0.0164 
1 1 -0.0163 0.0195 0.0195 0.9987 -0.0972 0.0191 
1 1 0.0615 0.0177 0.0177 0.999 0.0073 0.0173 
2 0 -0.0990 0.0135 0.0135 0.999 -0.1597 0.0132 
2 1 -0.1321 0.0174 0 .0174 0.9998 -0.0832 0.0170 
2 1 -0.0734 0.0112 0.0112 1.000 -0.0127 0.0110 
2 2 0.0212 0.0114 0.0114 0.999 0.0461 0.0112 
2 2 -0.0124 0.0112 0.0112 0.998 -0.0307 0.0110 
3 0 -0.0254 0.0136 0.0136 0.9998 0.0292 0.0133 
3 1 0.0337 0.0147 0.0147 0.9991 -0.0127 0.0144 
3 1 0.0130 0.0117 0.0117 0.999 -0.0204 0.0115 
3 2 -0.0457 0.0112 0.0112 0.9998 -0.0789 0.0109 
3 2 0.0236 0.0109 0.0109 0.999 0.0376 0.0106 
3 3 -0.0144 0.0097 0 .0097 0.998 -0.0449 0.0095 
3 3 -0.0224 0.0098 0.0098 0.998 -0.0185 0.0096 
4 0 0.0045 0.0114 0 .0114 0.999 -0.0208 0.0111 
4 . 1 -0.1013 0.0099 0.0099 0.999 -0.1195 0.0097 
4 1 -0.0324 0.0116 0 .0116 0.9997 -0.0250 0.0113 
4 2 -0.0053 0.0087 0.0087 0.9993 -0.0082 0.0085 
4 2 -0.0364 0.0089 0 .0089 0.999 -0.0449 0.0087 
4 3 0.0036 0.0096 0 .0096 0.9998 0.0396 0.0094 
4 3 0.0069 0.0099 0 .0099 0.9998 0.0070 0.0097 
4 4 0.0180 0.0098 0.0098 0.998 0.0199 0.0096 
4 4 -0.0031 0.0087 0.0087 0.998 0.0036 0.0085 

o(C.) Rsl 

0.0164 1.0000 
0.0191 l.0000 
0.0173 1.0000 
0.0132 1.0000 
0.0170 1.0000 
0.0110 1.0000 
0.0112 1.0000 
0.0110 1.0000 
0.0133 1.0000 
0.0144 l.0000 
0.0115 1.0000 
0.0109 1.0000 
0.0106 l.0000 
0.0095 1.0000 
0.0096 1.0000 
0.0111 1.0000 
0.0097 l.0000 
0.0113 l.0000 
0.0085 1.0000 
0.0087 l.0000 
0.0094 l.0000 
0.0097 l.0000 
0.0096 l.0000 
0.0085 1.0000 



Table 3.12 List of the Model parameters for TA-4 

M(l) M(2) M(3) M(4) 

r NIA 24.0000 23.9841 24.0000 
£ NIA 0.9231 1.0093 0.9871 
n 27.4196 11.5920 11.6561 11.7743 

a(n) 11.2931 7.0102 7.0974 7.1360 
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Discussion of the inverted models 

TA-1: The structures of TA-1 from the M(l) , M(2) , M(3), M(4) inversions are 

plotted in figure 3.5. The structures given by m(l) are dominantly zonal structures 

of the normal polarity. This is expected from the distribution of the VGPs as shown 

in figure 3 .1 (b) which is predominantly axial symmetrical and distributed in both 

the northern hemisphere and the southern hemisphere. The Gauss coefficients g~ 

and g~ are positive. They are also larger than the rest of the non zonal harmonics. 

This suggests the sectorial structure is biased towards the area of the middle 

latitudes and located in the hemisphere of the prime meridian. The structures given 

by m(2) enhance the image of the sectorial structures by four flux bundles. The 

features are located at, northeast of Asia, northwest of the Atlantic, southwest of the 

south American and south of the Indian Ocean. These features are on broad terms 

consistent with the weaker structures suggested by m(l). The largest change of the 

Gauss coefficients occurs when the site (-27.1°, -109.2°) is removed. The 

structures after removing the site are given by m(3) and m(4) as shown in figure 

3.5(c) and (d). This removal of the site reduces the magnitude of the feature in the 

North America. Thus this particular feature is likely to be the artifact of the biased 

distribution of the sites. The feature in the south America remains but with the 

reversed polarity. From figure 3.l(a), we see that the removed site is located 

roughly at the same longitude as the American features . Its removal could therefore 

lead to a distribution of the sites biased towards the eastern hemisphere. This 

hemispherical biased distribution of the sites could lead to reverse sign of the Gauss 

coefficients (Maxwell, 1864 ). Hence the South American feature of the positive 

polarity is real. Apart from the sectorial structures discussed above, the zonal 

coefficients are dominant in all of the inverted models. The Gauss coefficient g~ 
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has the largest negative value in all of the inverted models. This is due to that the 

number of the VGP in the normal polarity is larger than that of the reversed 

polarity, 2187 vs. 1528. The removal of the site changes this ratio therefore causes 

the variations in the zonal coefficients. It is generally believed that the time span for 

the geomagnetic field to stay in the normal and the reversed polarity is 

approximately equal. This bias towards the normal polarity is the reflection of the 

biased temporal samplings. Such inadequacy in the temporal samplings is also 

shown in terms of mean angular difference and its standard deviation as listed in 

table 3.6. If the geomagnetic field evenly occupies the two polarities, the mean 

angular difference and its standard deviation are expected to be 90°. Both values 

obtained from the models are much smaller. Hence the best Gauss coefficients for 

TA-1 are given by m(2), except that the zonal harmonics should be considered as 

indeterminate. 

TA-2: The structures of TA-2 from the M(l), M(2), M(3), M(4) inversions are 

plotted in figure 3.6. The Gauss coefficient g~ is removed in the plots because of 

its predominance. The second order structures given by m( 1) are primarily 

controlled by g~ , g~ and g~. The features centered on the hemisphere of the prime 

meridian appear in figure 3.6(a). The second order structures given by m(2) show 

the details of the broad feature suggested by m(l). They include three flux bundles 

in the South American, south of the Indian Ocean and the Southeast Asia as shown 

in figure 3.6(b). These features are reasonably stable in the structures given by 

m(3) and m(4) as shown in figure 3.6 (c) and (d) after removing of the site (-

27.10, -109.2°). Hence the best Gauss coefficients for TA-2 are given by m(2). 
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Jhe mean angular difference and its standard deviation as listed in table 3.8 are 

within the range of 30° given by the angular dispersion of the VGPs. 

TA-3: The structures of TA-3 from the M(l), M(2), M(3), M(4) inversions are 

plotted in figure 3.7. The Gauss coefficient g~ is removed in the plots because of 

its predominance. The second order structures given by m( 1) are primarily 

controlled by g~, g~, hL g~, h~ . The south American feature and the feature in the 

South of the Indian Ocean (high latitudes) appear in figure 3.7(a). In addition to 

these two features , the second order structures given by m(2) include two other 

features, one in the mid-Atlantic and the other in East Asia as shown in figure 

3.7(b). The feature in the mid-Atlantic is removed from the structures given by 

m(3) as shown in figure 3.7(c) after removing the site (27.8°, 17.3°). Both 

features are removed from the structure given by m(4) as shown in figure 3.7(d) 

after removing the site (0°, 6.5°). Thus the credible features of this model are the 

South American feature and the feature to the South of the Indian Ocean. Both 

features are roughly located in the hemisphere of the prime meridian. Hence the best 

Gauss coefficients for T A-3 are given by m( 1 ). The mean angular difference and its 

standard deviation listed in table 3.10 are within the range of 30° given by the 

angular dispersion of the VGPs. 

TA-4: The structures of TA-4 from the M(l) , M(2), M(3), M(4) inversions are 

plotted in figure 3.8. The Gauss coefficient g~ is removed in the plots. The second 

order structures given by m(l) are primarily controlled by g~ , g~ and g~. There are 

four features in the structures given by m(2) as shown in figure 3.8(b). They are 

located in the South American, the North Atlantic, the South Atlantic and the east 

Asia. There is one exception that a feature in the East of Australia appears. The 
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features are reasonably stable in the structure given by m(3) and m(4) 0
) as shown 

in figure 3.8 (c) and (d) after removing the site (-38 .5°, 175°).Hence the best 

Gauss coefficients for T A-4 are given by m(2). The mean angular difference and its 

standard deviation listed in table 3.12 are within the range of 30° given by the 

angular dispersion of the VGPs. 3.1.2 Discussion of the time-averaged field 

models 

The selection of the best Gauss coefficients from the inversions M( 1 ), 

M(2), M(3) and M(4) is qualitative and subjective. The principles used in the 

selection are: ( 1) the locations of the primary features given by m(2) do not vary 

significantly after the removal of a particular site. Otherwise m(3), m(4) is selected 

as the best Gauss coefficients, (2) there are no major redistribution of the Gauss 

coefficients that contribute to any significant changes in the structures, (3) The 

structures given by m(l), m(2), m(3), m(4) are consistent. Hence the best Gauss 

coefficients give the most stable and simplest structures. The same principles are 

applied to the time-averaged models for the reversal. 

The time-averaged geomagnetic field models for the past 5 Myr are obtained 

from the data sets having different distributions of the sites. They show the 

presence of weak second order features. These features share a common 

characteristic, namely that the primary activities are centered in the hemisphere of 

the prime meridian. One possible exception is Model T A-4 which has a feature to 

the East of Australia. Given the present distribution of the sites, it is possible that 

these second order features are affected by the biased distribution of the sites. The 

locations of the features can not therefore be pinned down exactly. However by 

applying the tests of the removal of individual sites, it can at least be concluded that 

these features are due to more than one site. The identification of primary features 
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can only provide an intuitive idea as to what kinds of consistencies exist in the time

averaged morphologies. The quantitative evaluation of the consistencies can only be 

obtained from the comparison of the physical quantities that can characterize the 

global properties shared by all models. In order to test the hemispherical symmetry 

of the distribution of the primarily features, a global quantity, lb,(<J>)I is used. lb,(<J>)I 

gives the longitudinal distribution of the radial component of the magnetic field, 

(3.1) 

where 8 is the colatitude and <j> is the longitude. Figure 3.9 shows the longitudinal 

distribution of the radial component of the field for (a) model T A-1, (b) model TA-

2, (c) model TA-3 and (d) model TA-4. There are two peaks which can be 

identified for T A-1, one with smaller ·magnitude located at the longitude of -90° 

and the other with larger magnitude located at the longitude of 90°. There are three 

peaks identified for model TA-2, two of the smaller magnitude are located at the 

longitudes 0 and 180° and one larger magnitude is located at the longitude of 130°. 

The simplest Gauss coefficient which can account for this distribution of lb,I is the 

equatorial dipole given by ( g:, hl ), and a sectorial components such as ( g~, hD. 

These distributions of peaks are also consistent with the features given in the time

averaged morphologies. They are distributed roughly in three longitudinal bands, 

one centered on the American continent, one centered on the East Asia and one 

centered on the prime meridian. The major features in the time-averaged 

morphologies are located near the Indian Ocean and the African continent, the South 

American and the East Asia. Historical secular variation models obtained from far 

better distribution of the sites also show the similar features in the Northeast Asia 
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and the Indian Ocean. These locations of major features are also identified by other 

studies (Doell and Cox, 1972, Constable and Parker, 1988, Gubbins and Kelly, 

1995, Kono and Tanaka, 1995, Kelly and Gubbins, 1997, McElhinny, et. al, 

1996). The Gauss coefficient g~ is also the largest coefficient observed in the 

present day field, e.g., IGRF95. The features observed in the models suggest that: 

(1) There are second order structures in the earth's magnetic field average over 0.8 

Myr and 5 Myr. (2) These structures are characterized by the hemispherical 

asymmetry, or more specifically by three longitudinal bands roughly centered on 

the prime meridian, on the American c~ntinent and on East Asia. 
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(a) Model M(1) 

- - - - · 0 ' - - - - - ·· ·- · - · - ·- """ -- - - ··· - - · .- -- - --- --+=·--···· 
-- - - - - - - - -·· -- ~ - ·---- --_.fl - - ··· - ·- ···-

- - - - - ~-- -· - - · - - · - · -· -- - - - .. - - - · 
-:~8S2§_ __ _ ---

_____ -..k_:::,-_ ~'6'7----·- .. ---- ---_--_· __ ,,,,, 

(b) Model M(2) 

Figure 3.5. The morphology ofTA-1 (a) and (b) 
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(c) Model M(3) 
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Figure 3.5 (continued). The morphology of TA-1 (c) and (d) 
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(a) Model M(1) 
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Figure 3.6. The morphology of TA-2 (a) and (b) 
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(c) Model M(3) 
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Figure 3.6 (continued). The morphology ofTA-2 (c) and (d) 
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(a) Model M(1) 
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(b) Model M(2) 

Figure 3.7. The morphology ofTA-3 (a) and (b) 
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(c) Model M(3) 
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(d) Model M(4) 

Figure 3.7 (continued). The morphology of TA-3 (c) and (d) 
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(a) Model M(1) 
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(b) Model M(2) 
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Figure 3.8. The morphology of TA-4 (a) and (b) 
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(c) Model M(3) 
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(d) Model M(4) 

Figure 3.8 (continued). The morphology of TA-4 (c) and (d) 
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Figure 3.9 The longitudinal distribution of lbrl for TA-1, 2, 3, 4 



3. 2 Morphology of the polarity reversals of the geomagnetic field 

The primary character of a polarity reversal is that the earth's magnetic field changes 

from one stable state to another. In the stable state the earth's magnetic field is 

predominantly dipolar. The magnetic south pole roughly coinciding with the north or the 

south geographic pole. During the transition the behavior of the magnetic field is more 

complicated. The earth's magnetic field significantly departs from the dipole field. The 

evidence of the complexities are shown (a) the dispersion of the tracks of the VGPs 

obtained from different locations and (b) the fluctuation of the geomagnetic field. In this 

section the time-averaged morphologies of the transitional field models are obtained for the 

Brunhes-Matuyama, the Lower Jaramillo and the Upper Olduvai reversals. The time 

sequential field models for the three reversals are also obtained. The distribution of the sites 

for the three reversals are shown in figure 3.10. The records are listed in tables 3.13 (a)-(c} 

which are compiled by Athanassopoulos, et. al., (1993) and more recently by Love and 

Mazaud (1997). 

3.2.1 The Mean field models 

The mean field models are categorized into four groups. Two groups are defined 

by the VGPs having absolute latitudes larger than 45° which characterize the time-averaged 

morphology of the beginning or the end of the polarity reversal while the field 

configuration is still largely dipolar . One group is defined by the VGPs having latitudes 

less than 60°, which is to characterize the time-averaged morphology during the transition. 

These definitions in terms of VGP latitude do not have any theoretical implication, only 

because it is considered that the absolute latitude of the VGPs would not be less than 45° at 

the beginning or the end of the reversal, and it would not be larger than 60° during the 
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transitional period. The last group is defined by all of the VGPs which characterize the 

time-averaged morphology of the entire reversal. 

transitional period. The last group is defined by all of the VGPs which characterize the 

time-averaged morphology of the entire reversal. 

3.2.1.1 The mean field models for Matuyama-Brunhes reversal 

Matuyama Brunhes (R-N): The data set consists of 28 records as listed in table 

3.13(a). The site locations are plotted in figure 3. lO(a). Four time-averaged models are 

obtained 

MB-1: The time-averaged field of the normal polarity (at the end of the reversal) is given by 

the distribution of the VGPs having latitudes larger than 45°. The data set includes 811 

VGPs. The distribution of the sites, the VGPs and the EVPs are plotted in figure 3.11. 

MB-2: The time-averaged field of the reversed polarity (the beginning of the reversal) is 

given by the distribution of the VGPs having latitudes less than -45° . The data set includes 

797 VGPs. The distribution of the sites, the VGPs and the EVPs are plotted in figure 3.12. 

MB-3: The time-averaged field of the transitional field given by the distribution of the 

VGPs having latitudes between 60° and -60°. The data set includes 586 VGPs. The 

distribution of the sites, the VGPs and the EVPs are plotted in figure 3.13. 

MB-4: The time-averaged field of the entire reversal is given by all of the VGPs . The data 

set includes 1893 VGPs. The distribution of the sites, the VGPs and the EVPs are plotted 

in figure 3.14. 
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Table 3.13. List of the reversal records 
Transition Code/Name Lat.(0 N) Lon. (0 E) Ti'.pe 

(a) Mat.-Brunhes v16-58 -46.00 30.00 0 sect 
(R-N) Wanganui -40.00 175.00 Lava 
Age: 0.78 m.y. Tatara -36.00 -71.00 lava 

Punaruu -17 .70 -149.70 Lava 
K820305 -14.00 174.00 Osed 
664D 0.10 -23.30 0 sect 
RC1521 1.55 -132.95 0 sect 
163.8 8.25 -89.00 Osed 
K781019 9.00 -170.20 0 sect 
K781030 18.90 -160.40 Osed 
Haleakala 20.70 -156.30 lava 
792A 31.00 140.00 Osed 
Weinan 34.20 109.20 loess 
boso-H 35.20 140:20 sh Marine 
boso-C 35.20 140.20 sh Marine 
Lake Tecopa-1 35.90 -117.00 Lk sed 
Lake Tecopa-11 35.90 -117.00 Lksed 
Tongjing 37.80 120.80 loess 
North Pacific 38.40 -170.10 Osed 
V20-107 43.40 -178.15 Osed 
V20-108 45.45 -179.20 Osed 
Redhills 47.30 16.50 Loess 
Krems 48 .50 15.60 Loess 
Regans burg 49.00 12.10 Loess 
609B 49.90 -24.20 0 sect 
Suchpol 50.20 14.30 Loess 
883B 51.20 167.75 Osed 
Bruggen 51.30 6.30 Loess 

(b) L. Jaramillo Punaruu -17.7 -150.7 Lava 
(R-N) 609B 49.9 -24.2 0 sed 
Age: 0.98 m.y. RC1414 -32 60 Osed 

665A 2.95 -19.67 Osed 
758B 5 90 Osed 
Adzhidere 38.9 55.2 Sh Marine 
Monzhukly 39.3 54.35 silt 
NW Pacific 38.6 179.4 Osed 
K781030 18.9 -160.4 Osed 
Clear Lake 38.9 -122.4 Lk sed 
Indian 0 Core -35.9 59.9 Osed 
Pacific core 19 -166 0 sed 

U. Olduvai Altai 48 90 Lk sed 
(N-R) 609B 49.9 -24.2 Osed 
Age: 1.66 m.y. RC1414 -35.91 59.97 Osed 

K7501 37.4 -179.6 Osed 
K78019 9 -170.2 Osed 
Hakaaano 22.2 -156.8 Lava 
Azerbaidjan 40.2 49.43 Silt 
Wulochi 23.5 121.45 Turbidites 
Crostolo 44.9 10.8 Sh Marine 
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(a) Sites distribution for Matuyama-Brunhes reversal 

*• 

* * 

(b) Sites distribution for Lower Jaramillio reversal 

* * 
* 

(c) Sites distribution for Upper Oldvain reversal 

* * 
* * * * 

* 

Figure 3.10. The distribution of the sites for the reversal 
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The inversion of the Gauss coefficients 

The M(l), M(2), M(3) and M(4) methods are used to obtain the Gauss coefficients 

for models of MB-1, MB-2, MB-3 and MB-4. The degree of the spherical harmonic 

truncation for the M(2), M(3), M(4) is determined from the M(l) inversion being n=4. The 

inversions are carried out by searching A between 10·24 to 1024
• The best Gauss coefficients 

are obtained at min(:L). In the analyses all of the data are equally weighted. 

i 
The Gauss coefficients and their variances (8(Cm)), the variances of the standard 

error (8(C
5
)), and the resolution (Rsl) from the M(l), M(2), M(3) and M(4) inversions for 

model MB-1, MB-2, MB-3, MB-4 are listed in tables 3.14, 3.16, 3.18, 3.20 respectively. 

The model parameters, the resolution (r), the misfit (E) and the mean and the standard 

deviation of angular difference ( Q and cr(Q)) from the inversions are listed in tables 3.15 , 

3.17, 3.19 and 3.21 for model MB-1, MB-2, MB-3, MB-4 respectively. 

Discussion 

MB-1: The features given by m(l) as shown in figure 3.15(a) are the two flux bundles of 

the opposite polarity at high northern and southern latitudes. The state of the magnetic field 

is a strong normal polarity. The structures given by m(2) as shown in figure 3 .15 (b) 

contain a southern feature moving towards the Indian Ocean and a feature of the positive 

polarity in central Africa. The structures are similar to that of model T A-4. These features 

are relatively stable in the structures given by m(3) and m(4) as shown in figures 3.15(c) 

and (d) after removing the site (8.25°, -89°), except that the southern feature moves further 

east towards Australia. The two relatively weaker features of the opposite polarity appear in 

the South Atlantic due to the effects of removing the site. The site removal also reduces the 

g~ and enhances g:. Some of the higher order Gauss coefficients reverse sign, but there is 
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no significant redistribution among the Gauss coefficients of different degrees and orders, 

except g~ increases. The changes are the result of biased site distribution due to the 

removal of the site. Hence the best Gauss coefficients are given by m(2). The resolution is 

less than 24 (table 3.15) suggesting that degree n=4 is the maximum retainable Gauss 

coefficients. The mean angular difference and its standard deviation are well within the 

ranges of 90° angular dispersion by the dispersion of the VGPs. 

MB-2: The features given by m(l) as shown in figure 3.16(a) are the three flux bundles, 

one of the negative polarity at northern high latitudes and two features of the opposite 

polarity at southern high latitudes. The structures are not a strongly reversed polarity. This 

is because some records do not have adequate temporal samplings at the early stage of 

reversal. Therefore they are unable to provide high latitudes VGPs. The structures given 

by m(2) as shown in figure 3.16(b) maintain two features of the opposite polarity at both 

hemisphere. These features are relatively stable in the structures given by m(3) and m(4) as 

shown in figures 3.15(c) and (d) after removing the site (31°, 140°), except that the 

African feature reverses its polarity and moves eastwards. The removal of the site reduces 

the g~ and enhances g:. Some of the higher order Gauss coefficients reverse sign. There 

are also some significant redistribution among relatively weaker Gauss coefficients of 

different degrees and orders, particularly the coefficients of the degree n=4 and the order 

m=2. The change of the polarity of the African feature is due to biased distribution of the 

sites due to the removal of the site. Hence the best Gauss coefficients are given by m(2), 

with reservation on the location of the African feature. The resolution is less than 24 as 

given in table 3.17, suggesting that degree n=4 is the maximum retainable Gauss 

coefficients. The mean angular difference and its standard deviation are well with the 

ranges allowed by 90° angular dispersion of the VGPs. 
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MB-3: The features given by m(l) as shown in figure 3.17(a) are the two flux bundles of 

the opposite polarity at southern high latitudes, one in the South American and the other in 

the South Africa. The structures given by m(2) as shown in figure 3.17 (b) maintain the 

South American feature, but the polarity of South Africa feature is reversed. A few weak.er 

features also appear. Two of them, one in the West African and the other in the northeast 

Asia are removed in the structure m(3) and m(4) as shown in figures 3.17(c) and (d) after 

removing the site (46°,30°). The feature that is close to the south polar region remains. The 

changes in the polarity of the features are due to the removal of the site. The Gauss 

coefficients, g~, g~ and hl. hL are also significantly changed due to the site removal. 

Other major Gauss coefficients remain relatively stable. Hence the best Gauss coefficients 

are given by m(3). The resolution is 24 which is the same as the coefficients in table 3 . 19. 
-

The mean angular difference and their standard deviation are well within the ranges allowed 

by 120° angular dispersion of the VGPs. 

MB-4: The features given by m(l) as shown in figure 3.18(a) are the two flux bundles of 

the opposite polarity at southern high latitudes, one in South America and the other in south 

of Indian Ocean. The structures given by m(2) as shown in figure 3.18(b) show roughly 

five features in the southern hemisphere and two weak.er features in the northern 

hemisphere. But after removing site (0.1°,-23.3°), only southern hemisphere features 

remain with reversed polarity as shown in figures 3.18(c) and (d). They include four 

features located in the South America, near the southern polar region, in the Africa and in 

the southern Indian Ocean. Hence the best Gauss coefficients are given by m(2). The 

resolution is 24 which is the same as the coefficients retained in table 3.21 . Thus the model 

is resolvable by the data. The mean angular difference and its standard deviation are well 

within the ranges allowed by the 180° angular dispersion of the VGPs. 
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The analyses of the time-averaged models for the Matuyama-Brunhes reversal are 

carried out with the number of sites being marginally adequate. In Model MB-1, MB-2 and 

MB-4, the removal of a site primarily causes the changes of the polarities of the observed 

features, but not significantly alter their locations. Most of the primary features are centered 

on the hemisphere of the prime meridian. In model MB-3, the removal of the site does alter 

the morphology given by m(2). However the two primary features remain intact which are 

also located in the hemisphere of the prime meridian. The morphologies obtained from the 

inversions are essentially supported by all of the data. Hence these are the best models that 

can be inferred from the present database. The longitudinal distribution of the lb,I for 

models MB-1, MB-2, MB-3 and MB-4 are plotted in figure 3.19. In model MB-1, the peak 

is centered roughly at the longitude of 120°. In model MB-2, the peak is roughly centered 

on the longitude of 50°. lb,I is relatively higher in the hemisphere centered on the prime 

meridian. In model MB-3, multiple peaks are located in the hemisphere of the prime 

meridian. In model MB-4, the peak is located at the longitude of -50°. I conclude from the 

analyses that there are two primary characteristics in Matuyama-Brunhes reversal ( 1) there 

is a relative high lb,I in the hemisphere of the prime meridian (2) there are three distinct 

longitudinal bands of high b,, one across the America, one across the Africa and the other 

across the East Asia. The second characteristic is in agreement with the preferred VGP path 

(e.g., Laj, et. al., 1991). 

The relative strengths among the dipole, the quadrupole and the octupole terms are 

obtained from the mean-squared-intensity given by (Lowes, 1974): 

Rn= (n + 1n:(g:2 
+ h~2 ) 

m 

(3.2) 

The~ of model MB-1, MB-2, MB-3 and MB-4 are listed in table 3.22, The R2 and R3 

seem dominant in the transitional models MB-3 and MB-4. They are less significant in MB-
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1 and MB-2 which suggest the enhancement of the quadrupole terms and the octupole 

terms during the transition. 

Table 3.14. List of the Gauss coefficients for model MB-1 

(a) The Gauss coefficients for the M(l) and M(2) 

n m m(l) m(2) Rsl 

1 0 -0.9003 -0.8166 0.0207 0.0207 1.0000 
1 1 0.0518 0.0401 0.0207 0.0207 1.0000 
1 1 0.0189 0.1832 0.0263 0.0263 1.0000 
2 0 -0.0544 0.0143 0.0227 0.0227 1.0000 
2 1 -0.1196 -0.1801 0.0172 0.0172 1.0000 
2 1 0.1227 -0.2989 0.0274 0.0274 1.0000 
2 2 -0.0033 -0.1046 0.0183 0.0183 1.0000 
2 2 -0.0003 -0.0143 0.0194 0.0194 1.0000 
3 0 -0.3643 0.0523 0.0231 0.0231 1.0000 
3 1 0.0624 0.2163 0.0161 0.0161 1.0000 
3 1 0.0022 0.2176 0.0244 0.0244 1.0000 
3 2 0.0338 0.0851 0.0183 0.0183 1.0000 
3 2 -0.0290 -0.0220 0.0163 0.0163 1.0000 
3 3 0.0013 0.0033 0.0186 0.0186 1.0000 
3 3 -0.0022 -0.1495 0.0172 0.0172 1.0000 
4 0 -0.0652 -0.1036 0.0197 0.0197 1.0000 
4 1 -0.0729 -0.0868 0.0105 0.0105 1.0000 
4 1 0.0727 -0.0797 0.0203 0.0203 1.0000 
4 2 0.0015 -0.0234 0.0124 0.0124 1.0000 
4 2 -0.0126 0.0529 0.0122 0.0122 1.0000 
4 3 0.0175 -0.0254 0.0129 0.0129 1.0000 
4 3 -0.0083 0.0583 0.0098 0.0098 1.0000 
4 4 -0.0031 0.0257 0.0100 0.0100 1.0000 
4 4 -0.0034 -0.0726 0.0107 0.0107 1.0000 
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Table 3.14. (Continued) List of the Gauss coefficients for model MB-1 

(b) The Gauss coefficients for the M(3) and M(4) inversions 

n m m(3) b(Cm) b(Cs) Rsl m(4) b(Cm) b(Cs) Rsl 

1 0 -0.6853 0.0169 0.0169 1.000 -0.6923 0.0170 0.0170 0.9999 
1 1 -0.2579 0.0174 0.0174 0.999 -0.2546 0.0175 0.0175 0.9983 
1 1 0.0966 0.0221 0.0221 0.9997 0.0968 0.0223 0.0223 0.9990 
2 0 -0.1021 0.0196 0.0196 0.9997 -0.1046 0.0198 0.0197 0.9986 
2 1 0.3651 0.0153 0.0153 0.999 0.3619 0.0154 0.0154 0.9996 
2 1 -0.1769 0.0238 0.0238 0.999 -0.1738 0.0240 0.0240 0.9997 
2 2 0.0964 0.0158 0.0158 0.999 0.0936 0.0160 0.0159 0.9983 
2 2 -0.1534 0.0166 0.0166 0.9995 -0.1515 0.0168 0.0167 0.9985 
3 0 0.2099 0.0203 0.0203 0.9997 0.2097 0.0205 0.0204 0.9992 
3 1 -0.1273 0.0140 0.0140 0.999 -0.1263 0.0141 0.0141 0.9988 - 3 1 0.2042 0.0213 0.0213 0.9997 0.1995 0.0214 0.0214 0.9989 N 

\.;) 
3 2 -0.1324 0.0157 0.0157 0.999 -0.1301 0.0158 0.0158 0.9994 
3 2 0.1772 0.0140 0.0140 0.999 0.1767 0.0141 0.0141 0.9997 
3 3 0.0248 0.0164 0.0164 0.999 0.0231 0.0165 0.0165 0.9978 
3 3 -0.0634 0.0145 0.0145 0.9993 -0.0645 0.0147 0.0146 0.9980 
4 0 -0.2228 0.0163 0.0163 0.999 -0.2216 0.0164 0.0164 0.9988 
4 1 0.1125 0.0087 0.0087 1.000 0.1119 0.0088 0.0088 0.9997 
4 1 -0.1052 0.0162 0.0162 0.9998 -0.1032 0.0163 0.0163 0.9996 
4 2 0.0800 0.0108 0.0108 1.000 0.0796 0.0109 0.0108 0.9993 
4 2 -0.0777 0.0097 0.0097 0.999 -0.0781 0.0098 0.0098 0.9995 
4 3 -0.0578 0.0104 0.0104 0.999 -0.0576 0.0105 0.0105 0.9996 
4 3 0.0142 0.0085 0.0085 0.999 0.0149 0.0086 0.0086 0.9998 
4 4 -0.0197 0.0084 0.0084 0.9997 -0.0201 0.0085 0.0085 0.9993 
4 4 -0.0379 0.0094 0.0094 0.9997 -0.0390 0.0095 0.0094 0.9988 



Table 3.15. The Model parameters for MB-1 

M(l) M(2) M(3) M(4) 

r NIA 23.9612 23.9941 23.9780 
e NIA 0.7351 0.8827 0.8912 
n 31.7473 16.1635 16.5979 16.5423 

a(n) 14.9666 11.3281 15.8548 15.6736 

Table 3.16. List of the Gauss coefficients for model MB-2 

(a) The Gauss coefficients for the M(l) and M(2) inversions 

n m m(l) m(2) Rsl 

1 0 0.4515 0.8420 0.0241 0.0241 1.0000 
1 1 -0.1060 -0.1351 0.0236 0.0236 1.0000 
1 1 0.3456 0.0958 0.0316 0.0316 1.0000 
2 0 0.1596 0.2068 0.0253 0.0253 1.0000 
2 1 0.1662 0.1702 0.0187 0.0187 1.0000 
2 1 -0.6236 -0.2660 0.0299 0.0299 1.0000 
2 2 0.0042 -0.0030 0.0205 0.0205 1.0000 
2 2 -0.0256 -0.1065 0.0228 0.0228 1.0000 
3 0 0.1025 0.1887 0.0245 0.0245 1.0000 
3 1 -0.1035 0.1197 0.0163 0.0163 1.0000 
3 1 0.3172 0.0825 0.0278 0.0278 1.0000 
3 2 -0.0115 -0.0429 0.0207 0.0207 1.0000 
3 2 0.0159 -0.0477 0.0163 0.0163 1.0000 
3 3 -0.0127 0.0803 0.0192 0.0192 1.0000 
3 3 0.0060 -0.1177 0.0210 0.0210 1.0000 
4 0 0.1436 -0.0507 0.0206 0.0206 1.0000 
4 1 0.0656 0.0899 0.0110 0.0110 1.0000 
4 1 -0.2735 -0.0427 0.0239 0.0239 1.0000 
4 2 0.0104 0.0774 0.0141 0.0141 . 1.0000 
4 2 -0.0231 0.0358 0.0121 0.0121 1.0000 
4 3 0.0008 -0.0703 0.0138 0.0138 1.0000 
4 3 -0.0037 0.0069 0.0121 0.0121 1.0000 
4 4 -0.0007 0.0241 0.0126 0.0126 1.0000 
4 4 0.0025 -0.0577 0.0135 0.0135 1.0000 
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Table 3.16. (Continued) List of the Gauss coefficients for model MB-2 

(b) The Gauss coefficients for the M(3) and M(4) inversions 

n m(3) Rsl m(4) m o(Cm) o(Cm) o(Cs) ... -

1 0 0.5349 0.0119 0.0119 0.999S 0.5370 0.0119 
1 1 ' -0.0847 0.0111 0.0111 0.9997 -0.0845 0.0112 
1 1 0.2645 0.0173 0.0173 0.9998 0.2646 0.0174 
2 0 -0.3371 0.0128 0.0128 0.9998 -0.3357 0.0129 
2 1 0.3360 0.0086 0.0086 1.000( 0.3363 0.0086 
2 1 0.0360 0.0145 0.0145 0.9999 0.0350 0.0145 
2 2 -0.2689 0.0110 0.0110 0.9996 -0.2681 0.0110 
2 2 0.1970 0.0123 0.0123 0.9994 0.1966 0.0124 
3 0 0.1136 0.0115 0.0115 0.999S 0.1141 0.0115 
3 1 -0.2767 0.0074 0.0074 0.9998 -0.2757 0.0074 
3 1 -0.2941 0.0138 0.0138 0.9997 -0.2939 0.0138 
3 2 0.1588 0.0102 0.0102 0.9999 0.1582 0.0102 
3 2 0.0492 0.0073 0.0073 0.9999 0.0495 0.0073 
3 3 -0.1884 0.0100 0.0100 0.9995 -0.1881 0.0100 
3 3 -0.0719 0.0113 0.0113 0.9996 -0.0723 0.0113 
4 0 0.0818 0.0100 0.0100 0.9998 0.0812 0.0100 
4 1 0.1023 0.0048 0.0048 0.999S 0.1029 0.0048 
4 1 0.0300 0.0115 0.0115 0.9999 0.0294 0.0115 
4 2 -0.0056 0.0085 0.0085 0.9998 -0.0056 0.0086 
4 2 -0.1419 0.0055 0.0055 0.9998 -0.1419 0.0055 
4 3 0.0485 0.0063 0.0063 0.9999 0.0482 0.0063 
4 3 0.0438 0.0064 0.0064 1.000( 0.0439 0.0064 
4 4 -0.0325 0.0063 0.0063 0.9997 -0.0327 0.0063 
4 4 -0.0997 0.0078 0.0078 0.9996 -0.0999 0.0078 

o(Cs) Rsl 
-

0.0119 0.9999 
0.0111 0.9989 
0.0174 0.9993 
0.0128 0.9993 
0.0086 0.9997 
0.0145 0.9998 
0.0110 0.9988 
0.0123 0.9989 
0.0115 0.9994 
0.0074 0.9996 
0.0138 0.9996 
0.0102 0.9994 
0.0073 0.9998 
0.0100 0.9990 
0.0113 0.9983 
0.0100 0.9995 
0.0048 0.9998 
0.0115 0.9997 
0.0085 0.9995 
0.0055 0.9998 
0.0063 0.9997 
0.0064 0.9997 
0.0063 0.9996 
0.0078 0.9988 



Table 3.17. The Model parameters for MB-2 

M(l) M(2) M(3) M(4) 

r NIA 23.9357 23.9952 23.9858 
£ NIA 0.7435 0.5866 0.5885 
n 31.6715 24.0572 23.0214 22.9755 

a(n) 13.5663 16.7720 15.3063 15.2251 

Table 3.18. List of the Gauss coefficients for model MB-3 

(a) The Gauss coefficients for inversion M(l) and M(2) 

n m m(l) m(2) Rsl 

1 0 0.1678 -0.1966 0.0502 0.0502 1.0000 
1 1 0.2159 0.1657 0.0497 0.0497 1.0000 
1 1 -0.4251 -0.0821 0.0587 0.0587 1.0000 
2 0 -0.3232 -0.1033 0.0529 0.0529 1.0000 
2 1 -0.1920 -0.2173 0.0393 0.0393 1.0000 
2 1 0.4414 -0.2057 0.0573 0.0573 1.0000 
2 2 -0.0251 -0.3371 0.0459 0.0459 1.0000 
2 2 -0.2738 -0.2587 0.0521 0.0521 1.0000 
3 0 0.2985 0.3531 0.0514 0.0514 1.0000 
3 1 0.0631 0.0022 0.0362 0.0362 1.0000 
3 1 -0.2756 0.2984 0.0514 0.0514 1.0000 
3 2 0.0098 0.4310 0.0358 0.0358 1.0000 
3 2 0.2741 0.1107 0.0369 0.0369 1.0000 
3 3 -0.1505 -0.3076 0.0493 0.0493 1.0000 
3 3 -0.0483 -0.1204 0.0448 0.0448 1.0000 
4 0 -0.1395 -0.1639 0.0483 0.0483 1.0000 
4 1 0.0291 -0.0156 0.0257 0.0257 1.0000 
4 1 0.0909 -0.0619 0.0445 0.0445 1.0000 
4 2 0.0337 -0.0680 . 0.0307 0.0307 1.0000 
4 2 -0.1330 -0.0496 0.0288 0.0288 1.0000 
4 3 0.0974 0.2573 0.0314 0.0314 1.0000 
4 3 0.0353 -0.0033 0.0275 0.0275 1.0000 
4 4 -0.0688 0.0021 0.0294 0.0294 1.0000 
4 4 0.0265 -0.1456 0.0331 0.0331 1.0000 
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Table 3.18. (Continued) List of the Gauss coefficients for model MB-3 

(b) The Gauss coefficients for the M(3) and M(4) inversions 

n m m(3) o(Cm) o(Cs) Rsl m(4) o(Cm) o(CJ Rsl 

1 0 0.2592 0.0371 0.0371 0.2592 0.0371 0.0371 1.0000 
1 1 ' 0.1121 0.0343 0.0343 0.1121 0.0343 0.0343 1.0000 
1 1 0.0444 0.0388 0.0388 0.0444 0.0388 0.0388 1.0000 
2 0 -0.5581 0.0482 0.0482 -0.5581 0.0482 0.0482 1.0000 
2 1 0.0604 0.0335 0.0335 0.0604 0.0335 0.0335 1.0000 
2 1 0.0317 0.0394 0.0394 0.0317 0.0394 0.0394 1.0000 
2 2 -0.2668 0.0286 0.0286 -0.2668 0.0286 0.0286 1.0000 
2 2 -0.0267 0.0319 0.0319 -0.0267 0.0319 0.0319 1.0000 
3 0 0.4427 0.0365 0.0365 0.4427 0.0365 0.0365 1.0000 
3 1 -0.1970 0.0289 0.0289 -0.1970 0.0289 0.0289 1.0000 - 3 1 -0.0614 0.0375 0.0375 -0.0614 0.0375 0.0375 1.0000 N 

.....:i 3 2 0.2502 0.0272 0.0272 0.2502 0.0272 0.0272 1.0000 
3 2 0.1356 0.0288 0.0288 0.1356 0.0288 0.0288 1.0000 
3 3 -0.3431 0.0251 0.0251 -0.3431 0.0251 0.0251 1.0000 
3 3 -0.0153 0.0231 0.0231 -0.0153 0.0231 0.0231 1.0000 
4 0 -0.1424 0.0235 0.0235 -0.1424 0.0235 0.0235 1.0000 
4 1 0.1161 0.0170 0.0170 0.1161 0.0170 0.0170 1.0000 
4 1 -0.0177 0.0262 0.0262 -0.0177 0.0262 0.0262 1.0000 
4 2 -0.0581 0.0156 0.0156 -0.0581 0.0156 ' 0.0156 1.0000 
4 2 -0.0994 0.0172 0.0172 -0.0994 0.0172 0.0172 1.0000 
4 3 0.1917 0.0163 0.0163 0.1917 0.0163 0.0163 1.0000 
4 3 0.0048 0.0143 0.0143 0.0048 0.0143 0.0143 1.0000 
4 4 -0.0898 0.0134 0.0134 -0.0898 0.0134 0.0134 1.0000 
4 4 -0.0254 0.0143 0.0143 -0.0254 0.0143 0.0143 1.0000 



Table 3.19. The Model parameters for MB-3 

M(l) M(2) M(3) M(4) 

r NIA 24.0000 24.0000 24.0000 
£ NIA 2.0341 1.1317 1.1317 
n 82.9164 76.2254 80.9899 80.9899 

cr(n) 43.9171 34.5386 38.1716 38.1716 

Table 3.20. List of the Gauss coefficients for model MB-4 

(a) The Gauss coefficients for the M(l) and M(2) inversions 

n m m(l) m(2) Rsl 

1 0 -0.2409 -0.0268 0.0244 0.0244 1.0000 
1 1 -0.1780 0.1484 0.0268 0.0268 1.0000 
1 1 0.4769 0.0362 0.0210 0.0210 1.0000 
2 0 0.2747 -0.0391 0.0241 0.0241 1.0000 
2 1 0.1641 -0.0769 0.0330 0.0330 1.0000 
2 1 -0.5120 0.1914 0.0531 0.0531 1.0000 
2 2 0.0167 0.1018 0.0284 0.0284 1.0000 
2 2 0.1723 0.2439 0.0488 0.0488 1.0000 
3 0 -0.2280 -0.2294 0.0501 0.0501 1.0000 
3 1 -0.0931 -0.0637 0.0299 0.0299 1.0000 
3 1 0.3642 -0.3364 0.0817 0.0817 1.0000 
3 2 0.0241 -0.0624 0.0265 0.0265 1.0000 
3 2 -0.1728 -0.1384 0.0262 0.0262 1.0000 
3 3 0.0640 -0.1134 0.0596 0.0596 1.0000 
3 3 -0.0018 0.2479 0.0407 0.0407 1.0000 
4 0 0.1378 0.4236 0.0685 0.0685 1.0000 
4 1 0.0213 -0.0607 0.0152 0.0152 1.0000 
4 1 -0.1533 0.1402 0.0474 0.0474 1.0000 
4 2 -0.0329 0.0973 0.0558 0.0558 1.0000 
4 2 0.1201 -0.1171 0.0236 0.0236 1.0000 
4 3 -0.0357 0.2006 0.0406 0.0406 1.0000 
4 3 -0.0096 -0.2040 0.0343 0.0343 1.0000 
4 4 0.0215 -0.1328 0.0350 0.0350 1.0000 
4 4 -0.0161 0.1058 0.0500 0.0500 1.0000 
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Table 3.20. (Continued) List of the Gauss coefficients for model MB-4 

(b) The Gauss coefficients for the M(3) and M(4) inversions 

n m m(3) o(Cm) o(Cs) Rsl m(4) o(Cm) o(Cs) Rsl 

1 0 -0.0150 0.0136 0.0136 1.000 -0.0151 0.0136 0.0136 1.0000 
1 1 ,· 0.2440 0.0140 0.0140 1.000 0.2440 0.0140 0.0140 1.0000 
1 1 -0.1694 0.0164 0.0164 1.000 -0.1695 0.0164 0.0164 1.0000 
2 0 -0.3449 0.0153 0.0153 1.000 -0.3449 0.0153 0.0153 1.0000 
2 1 -0.3274 . 0.0118 0.0118 1.000 -0.3274 0.0118 0.0118 1.0000 
2 1 0.0271 0.0163 0.0163 1.000 0.0271 0.0163 0.0163 1.0000 
2 2 -0.1772 0.0141 0.0141 1.000 -0.1772 0.0141 0.0141 1.0000 
2 2 -0.3251 0.0171 0.0171 1.000 -0.3251 0.0171 0.0171 1.0000 
3 0 0.4040 0.0167 0.0167 1.000 0.4040 0.0167 0.0167 1.0000 
3 1 0.1536 0.0100 0.0100 1.000 0.1535 0.0100 0.0100 1.0000 

..... 3 1 0.1771 0.0174 0.0174 1.000 0.1771 0.0174 0.0174 1.0000 N 
\0 3 2 0.1372 0.0100 0.0100 1.000 0.1372 0.0100 0.0100 1.0000 

3 2 0.3209 0.0113 0.0113 1.000 0.3208 0.0113 0.0113 1.0000 
3 3 -0.2139 0.0177 0.0177 1.000 -0.2139 0.0177 0.0177 1.0000 
3 3 -0.1594 0.0158 0.0158 1.000 -0.1595 0.0158 0.0158 1.0000 
4 0 -0.2434 0.0127 0.0127 1.000 -0.2435 0.0127 0.0127 1.0000 
4 1 0.0088 0.0071 0.0071 1.000 0.0089 0.0071 0.0071 1.0000 
4 1 -0.2073 0.0129 0.0129 1.000 -0.2073 0.0129 0.0129 1.0000 
4 2 -0.0234 0.0083 0.0083 1.000 -0.0234 0.0083 0.0083 1.0000 
4 2 -0.0916 0.0088 0.0088 1.000 -0.0916 0.0088 0.0088 1.0000 
4 3 0.1263 0.0082 0.0082 1.000 0.1264 0.0082 0.0082 1.0000 
4 3 0.0681 0.0078 0.0078 1.000 0.0681 0.0078 0.0078 1.0000 
4 4 -0.0348 0.0089 0.0089 1.000 -0.0348 0.0089 0.0089 1.0000 
4 4 . -0.0581 0.0084 0.0084 1.000 -0.0582 0.0084 0.0084 1.0000 



Table 3.21. The Model parameters for MB-4 

M(l) M(2) M(3) M(4) 

r NIA 47.9916 24.0000 24.0000 
E NIA 0.0349 1.1266 1.1267 
n 89.7626 88.2896 85.1584 85.1513 

cr(n) 42.0444 52.3090 36.4185 36.3917 

Table 3.22. List of the mean-squared-intensity for MB-1, 2, 3, 4 

(a) The mean value of~ 

Mean squared .MB-1 .MB-2 .MB-3 .MB-4 
intensity 

RI 1.2006 0.9767 0.1575 0.1340 
Rz 0.5448 0.8303 1.0568 0.8419 
R3 0.5800 0.7586 1.8612 1.4526 
R4 0.3655 0.2261 0.5185 1.0159 

(b) The standard deviation of ~ 

standard deviation .MB-1 MB-2 MB-3 MB-4 

RI 0.1763 0.4296 0.0102 0.0744 
Rz 0.1261 0.3194 0.1856 0.4330 
R3 0.0628 0.3759 0.1925 0.3324 
R4 0.1523 0.0717 0.0942 0.5778 
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(a) Sites distribution for model MB-1 

*• 
* 

* 

(b) VGPs distribution for model MB-1 

(c) EVPs distribution for model MB-1 

Figure 3.11. The distribution of the sites, the VGPs, the EVPs for model MB-1 
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(a) Sites distribution for model MB-2 

*' 
* 

* 

(b) VGPs distribution for model MB-2 

(c) EVPs distribution for model MB-2 

Figure 3.12. The distribution of the sites, the VGPs, the EVPs for model ~-2 
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(a) Sites distribution for model MB-3 

*• 
* 

* 

(b) VGPs distribution for model MB-3 

(c) EVPs distribution for model MB-3 

Figure 3.13. The distribution of the sites, the VGPs, the EVPs for model MB-3 
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(a) Sites distribution for model MB-4 

*• 
* 

* 

(b) VGPs distribution for model MB-4 

(c) EVPs distribution for model MB-4 

Figure 3.14. The distribution of the sites, the VGPs, the EVPs for model MB-4 
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(a) Model M(1) 

(b) Model M(2) 

Figure 3.15. The morphology of MB-1 (a) and (b) 
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(c) Model M(3) 

(d) Model M(4) 

Figure 3.15 (continued). The morphology of MB-1 (c) and (d) 
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(a) Model M{1) 

.. ~--·-···-·~·-.... _ 

(b) Model M(2) 

Figure 3.16. The morphology of MB-2 (a) and (b) 
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(c) Model M(3) 

(d) Model M(4) 

Figure 3.16 (continued). The morphology of MB-2 (c) and (d) 
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(a) Model M(1) 

(b) Model M(2) 

Figure 3.17. The morphology of MB-3 (a) and (b) 
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(c) Model M(3) 

Figure 3.17 (continued). The morphology of MB-3 ( c) and ( d) 
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(a) Model M(1) 
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Figure 3.18. Them - (a) and (b) orphology of MB 4 
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(c) Model M(3} 

(d) Model M(4) 

I 
\ / 
/ 

Figure 3.18 (continued). The morphology of MB-4 (c) and (d) 
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Figure 3.19 The longitudinal distribution of lbrl for MB-1, 2, 3, 4 



3.2.1.2 The mean field models for the Lower Jaramilio reversal 

Lower Jaramillo (R-N): The data set consists of 12 records as listed in table 

3.13(b). 

LJ-1: The time-averaged of the normal polarity (the end of the reversal) is given by the 

distribution of the VGPs having latitudes larger than 45° . The data set includes 364 VGPs. 

The distribution of the sites, the VGPs and the EVPs are plotted in figure 3.20. 

LJ-2: The time-averaged field of the reversed polarity (the beginning of the ;eversal) is 

given by the distribution of the VGPs having latitudes less than -45° . The data set include 

315 VGPs. The distribution of the sites, the VGPs and the EVPs are plotted in figure 3.21. 

LJ-3: The time-averaged field of transition given by the distribution of the VGPs having 

latitudes between 60° and -60°. The data set includes 351 VGPs. The distribution of th~ 

sites, the VGPs and the EVPs are plotted in figure 3.22. 

LJ-4: The time-average field of the entire reversal is given by all the VGPs . The data set 

includes 882 VGPs. The distribution of the sites, the VGPs and the EVPs are plotted in 

figure 3.23. 

The inversion of the Gauss coefficients 

The M(l), M(2), M(3) and M(4) inversions are used to obtain the Gauss 

coefficients for models LJ-1, LJ-2, LJ-3 and LJ-4. The degree of the spherical harmonic 

truncation is determined from the M(l) inversion being n=4. The M(2), M(3) and M(4) 

inversions are carried out by searching A. between 10-24 to 1024
• The best Gauss coefficients 

are obtained at min(I:). In the analyses all of the data are equally weighted. 

The Gauss coefficients (m) and their variances (o(Cm)), the variances of the 

standard error (o(C)), and the resolution (Rsl) from the M(l), M(2), M(3) and M(4) 
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inversion for model LJ-1, LJ-2, LJ-3, LJ-4 are listed in tables 3.23, 3.25, 3.27 , 3.29 

respectively. The model, the resolution (r), the misfit (E) and the mean and the standard 

deviation of angular difference ( n and cr(Q)) from four inversions are listed in tables 

3.24, 3.26, 3.28 and 3.30 for model LJ-1 , LJ-2, LJ-3, LJ-4 respectively. 

Table 3.23. List of the Gauss coefficients for model LJ-1 

(a) The Gauss coefficients for the M(l) and M(2) inversions 

n m m(l) m(2) Rsl 

1 0 -0.8526 -0.5986 0.0629 0.0629 1.0000 
1 1 0.0559 0.0298 0.0549 0.0549 1.0000 
1 1 -0.1223 -0.0072 0.0720 0.0720 1.0000 
2 0 -0.0016 -0.4763 0.1175 0.1175 1.0000 
2 1 0.3452 0.0507 0.0686 0.0686 1.0000 
2 1 0.1348 -0.1084 0.0822 0.0822 1.0000 
2 2 -0.0349 -0.1503 0.0456 0.0456 1.0000 
2 2 0.0345 -0.0299 0.0264 0.0264 1.0000 
3 0 -0.2683 0.2040 0.0933 0.0933 1.0000 
3 1 0.0426 -0.1278 0.0589 0.0589 1.0000 
3 1 -0.0976 0.4381 0.0876 0.0876 1.0000 
3 2 0.0039 -0.0221 0.0444 0.0444 1.0000 
3 2 0.0232 0.1507 0.0355 0.0355 1.0000 
3 3 -0.0021 -0.0126 0.0232 0.0232 1.0000 
3 3 -0.0011 0.2179 0.0514 0.0514 1.0000 
4 0 -0.0018 0.0363 0.0336 0.0336 1.0000 
4 1 0.1596 -0.0572 0.0365 0.0365 1.0000 
4 1 0.0572 -0.0148 0.0454 0.0454 1.0000 
4 2 -0.0313 0.1290 0.0365 0.0365 1.0000 
4 2 0.0328 -0.0723 0.0219 0.0219 1.0000 
4 3 0.0118 -0.0604 0.0211 0.0211 1.0000 
4 3 -0.0197 -0.1111 0.0391 0.0391 1.0000 
4 4 0.0008 0.1032 0.0375 0.0375 1.0000 
4 4 0.0017 0.0452 0.0301 0.0301 1.0000 
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Table 3.23. (Continued) List of the Gauss coefficients for model LJ-1 

(b) The Gauss coefficients for the M(3) and M(4) inversions 

n m(3) o(Cs) Rsl Rsl m(4) m o(Cm) o(Cs) o(Cm) ... - ... -
1 0 -0.5589 0.0138 0.0138 0.9999 -0.5597 0.0154 0.0152 0.9994 
1 1 ' -0.1306 0.0114 0.0114 0.996~ -0.1236 0.0127 0.0126 0.9955 
1 1 -0.0075 0.0152 0.0152 0.995( -0.0380 0.0170 0.0168 0.9955 
2 0 0.3814 0.0229 0.0228 0.9899 0.3673 0.0254 0.0250 0.9868 
2 1 0.2652 0.0144 0.0144 1.0004 0.2567 0.0160 0.0158 0.9986 
2 1 0.2809 0.0180 0.0180 0.9989 0.3094 0.0200 0.0198 0.9970 
2 2 0.1188 0.0103 0.0103 1.0008 0.1013 0.0114 0.0113 0.9945 
2 2 0.1461 . 0.0065 0.0065 0.9991 0.1544 0.0072 0.0072 0.9985 
3 0 -0.2533 0.0180 0.0179 0.9991 -0.2593 0.0199 0.0196 0.9962 
3 1 -0.0826 0.0129 0.0128 0.9886 -0.1154 0.0144 0.0143 0.9926 

...... 
~ 3 1 -0.3613 0.0172 0.0171 0.9962 -0.3428 0.0191 0.0188 0.9941 

°' 3 2 -0.0649 0.0110 0.0110 0.9985 -0.0576 0.0122 0.0122 0.9987 
3 2 -0.1822 0.0082 0.0082 0.999( -0.1914 0.0092 0.0091 0.9988 
3 3 -0.0094 0.0054 0.0054 0.998( -0.0215 0.0061 0.0061 0.9983 
3 3 -0.1635 0.0098 0.0097 0.9961 -0.1591 0.0108 0.0107 0.9937 
4 0 0.0229 0.0077 0.0076 1.0005 0.0151 0.0085 0.0084 0.9978 
4 1 0.0981 0.0080 0.0080 0.9981 0.0938 0.0090 0.0089 0.9990 
4 1 0.1581 0.0094 0.0093 1.0003 0.1607 0.0104 0.0102 0.9988 
4 2 -0.0865 0.0080 0.0080 0.9993 -0.0849 0.0089 0.0088 0.9968 
4 2 0.1391 0.0053 0.0053 0.9983 0.1458 0.0059 0.0059 0.9991 
4 3 0.0339 0.0051 0.0051 0.9994 0.0419 0.0057 0.0057 0.9992 
4 3 0.0786 0.0074 0.0074 1.0001 0.0850 0.0082 0.0081 0.9993 
4 4 -0.0725 0.0071 0.0070 0.9913 -0.0565 0.0079 0.0078 0.9961 
4 4 -0.0114 0.0062 0.0062 0.9949 0.0091 0.0070 0.0070 0.9966 



Table 3.24. The Model parameters for LJ-1 

M(l) M(2) M(3) M(4) 

r NIA 23.7715 23.9389 23.9210 
e NIA 0.0472 0.2920 0.3266 
n 39.6065 23.1515 28.6632 27.5273 

a(Q) 18.2931 30.2247 26.1981 23.9392 

Table 3.25. List of the Gauss coefficients for model LJ-2 

(a) The Gauss coefficients for the M(l) and M(2) inversions 

n m m(l) m(2) Rsl 

1 0 0.2722 0.7405 0.0696 0.0696 1.0000 
1 1 0.4346 -0.3067 0.0637 0.0637 1.0000 
1 1 -0.2267 0.2923 0.0839 0.0839 1.0000 
2 0 0.2232 0.0394 0.1368 0.1368 1.0000 
2 1 -0.5719 0.2919 0.0760 0.0760 1.0000 
2 1 0.3114 -0.1449 0.0887 0.0887 1.0000 
2 2 -0.0978 0.0341 0.0511 0.0511 1.0000 
2 2 0.0527 0.0193 0.0283 0.0283 1.0000 
3 0 -0.0190 0.1588 0.1119 0.1119 1.0000 
3 1 0.3150 0.0956 0.0616 0.0616 1.0000 
3 1 -0.1658 0.1124 0.0944 0.0944 1.0000 
3 2 0.0868 -0.0538 0.0461 0.0461 1.0000 
3 2 -0.0672 -0.0006 0.0422 0.0422 1.0000 
3 3 0.0064 0.0752 0.0256 0.0256 1.0000 
3 3 -0.0249 0.1046 0.0588 0.0588 1.0000 
4 0 0.1350 0.0138 0.0392 0.0392 1.0000 
4 1 -0.1613 0.1004 0.0374 0.0374 1.0000 
4 1 0.0932 -0.0911 0.0549 0.0549 1.0000 
4 2 -0.0729 0.0018 0.0384 0.0384 1.0000 
4 2 0.0095 0.0394 0.0244 0.0244 1.0000 
4 3 -0.0100 -0.0282 0.0241 0.0241 1.0000 
4 3 0.0353 -0.2092 0.0498 0.0498 1.0000 
4 4 0.0029 -0.0320 0.0438 0.0438 1.0000 
4 4 0.0026 -0.1754 0.0334 0.0334 1.0000 
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Table 3.25. (Continued) List of the Gauss coefficients for model LJ-2 

(b) The Gauss coefficients for M(3) and M(4) inversions 

n m m(3) o(Cm) o(CJ Rsl m(4) o(Cm) o(C.) Rsl 

1 0 0.2610 0.0608 0.0608 1.000 0.2295 0.0569 0.0569 1.0000 
1 1 ' 0.0851 0.0968 0.0968 1.000 0.0502 0.0905 0.0905 1.0000 
1 1 0.0570 0.0766 0.0766 1.000 0.0312 0.0717 0.0717 1.0000 
2 0 0.3286 0.0529 0.0529 1.000 0.3588 0.0495 0.0495 1.0000 
2 1 -0.1309 0.0911 0.0911 1.000 -0.1350 0.0852 0.0852 1.0000 
2 1 0.2458 0.1318 0.1318 1.000 0.3003 0.1233 0.1233 1.0000 
2 2 -0.1050 0.0335 0.0335 1.000 -0.1016 0.0313 0.0313 1.0000 
2 2 0.0746 0.0506 0.0506 1.000 0.1268 0.0473 0.0473 1.0000 
3 0 -0.5003 0.0513 0.0513 1.000 -0.5068 0.0480 0.0480 1.0000 
3 1 0.1321 0.0926 0.0926 1.000 0.0582 0.0867 0.0867 1.0000 .... 3 1 -0.1574 0.0951 0.0951 1.000 -0.1446 0.0889 0.0889 1.0000 .i:.. 

00 3 2 0.1921 0.0458 0.0458 1.000 0.1599 0.0429 0.0429 1.0000 
3 2 -0.2299 0.0318 0.0318 1.000 -0.2631 0.0298 0.0298 1.0000 
3 3 -0.0347 0.0180 0.0180 1.000 -0.0465 0.0169 0.0169 1.0000 
3 3 0.0416 0.0506 0.0506 1.000 0.0146 0.0473 0.0473 1.0000 
4 0 0.0539 0.1042 0.1042 1.000 0.0812 0.0975 0.0975 1.0000 
4 .1 -0.3972 0.0584 0.0584 1.000 -0.3627 0.0546 0.0546 1.0000 
4 1 0.3804 0.0504 0.0504 1.000 0.3701 0.0472 0.0472 1.0000 
4 2 -0.1175 0.0349 0.0349 1.000 -0.1176 0.0326 0.0326 1.0000 
4 2 -0.0484 0.0442 0.0442 1.000 -0.0032 0.0413 0.0413 1.0000 
4 3 0.0573 0.0284 0.0284 1.000 0.0646 0.0266 0.0266 1.0000 
4 3 -0.0572 0.0210 0.0210 1.000 -0.0062 0.0197 0.0197 1.0000 
4 4 0.0345 0.0222 0.0222 1.000 0.0334 0.0207 0.0207 1.0000 
4 4 0.0691 0.0227 0.0227 1.000 0.0872 0.0212 0.0212 1.0000 



Table 3.26. The Model parameters for LJ-2 

M(l) M(2) M(3) M(4) 

r NIA 23.8781 24.0000 24.0000 
£ NIA 0.0590 0.5708 0.5339 
n 47.7557 19.5570 26.4073 20.8408 

a(n) 17.6275 15.6862 27.7036 13.6922 

Table 3.27. List of the Gauss coefficients for model LJ-3 

(a) The Gauss coefficients for the M(l) and M(2) inversions 

n m m(l) m(2) o(C) Rsl 

1 0 0.2272 -0.1676 0.0236 0.0236 1.0000 
1 1 -0.2633 0.2162 0.0392 0.0392 1.0000 
1 1 -0.3885 -0.1956 0.0418 0.0418 1.0000 
2 0 -0.3927 0.2442 0.0350 0.0350 1.0000 
2 1 0.2705 -0.2183 0.0348 0.0348 1.0000 
2 1 0.2124 0.3652 0.0547 0.0547 1.0000 
2 2 -0.3057 -0.0326 0.0237 0.0237 1.0000 
2 2 0.1685 -0.0707 0.0072 0.0072 1.0000 
3 0 0.3120 -0.2610 0.0452 0.0452 1.0000 
3 1 -O.P46 0.1639 0.0263 0.0263 1.0000 
3 1 0.0187 -0.4771 0.0597 0.0597 1.0000 
3 2 0.2840 0.2158 0.0320 0.0320 1.0000 
3 2 -0.1827 -0.0289 0.0308 0.0308 1.0000 
3 3 0.0845 -0.1180 0.0185 0.0185 1.0000 
3 3 0.1178 -0.0661 0.0194 0.0194 1.0000 
4 0 -0.1115 0.1618 0.0363 0.0363 1.0000 
4 1 0.0324 -0.0424 0.0197 0.0197 1.0000 
4 1 -0.1610 0.2819 0.0361 0.0361 1.0000 
4 2 -0.0830 -0.2429 0.0327 0.0327 1.0000 
4 2 0.1067 0.1193 0.0317 0.0317 1.0000 
4 3 -0.0605 0.0564 0.0128 0.0128 1.0000 
4 3 -0.0878 0.0884 0.0143 0.0143 1.0000 
4 4 0.0354 -0.0601 0.0153 0.0153 1.0000 
4 4 -ffOl 12 0.1027 0.0233 0.0233 1.0000 
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Table 3.27. (Continued) List of the Gauss coefficients for model LJ-3 

(b) The Gauss coefficients for M(3) and M(4) inversions 

n m m(3) o(Cm) o(Cs) Rsl m(4) 8(Cm) o(Cs) Rsl 

1 0 -0.3323 0.0555 0.0555 1.000 -0.3411 0.0575 0.0575 1.0000 
1 1 -0.0643 0.0483 0.0483 1.000 -0.0528 0.0501 0.0501 1.0000 
1 1 0.0479 0.0947 0.0947 1.000 -0.0025 0.0981 0.0981 1.0000 
2 0 0.4920 0.0675 0.0675 1.000 0.5129 0.0699 0.0699 1.0000 
2 1 0.3130 0.1032 0.1032 1.000 0.2863 0.1069 0.1069 1.0000 
2 1 0.0197 0.1056 0.1056 1.000 0.0758 0.1094 0.1094 1.0000 
2 2 0.1960 0.0652 0.0652 1.000 0.1800 0.0676 0.0676 1.0000 
2 2 0.1935 0.0304 0.0304 1.000 0.2179 0.0315 0.0315 1.0000 
3 0 -0.3432 0.0588 0.0588 1.000 -0.3496 0.0609 0.0609 1.0000 
3 1 -0.3704 0.0956 0.0956 1.000 -0.3504 0.0991 0.0991 1.0000 

..... 3 1 -0.0354 0.0672 0.0672 1.000 -0.0643 0.0696 0.0696 1.0000 VI 
0 3 2 -0.2222 0.0905 0.0905 1.000 -0.1916 0.0938 0.0938 1.0000 

3 2 -0.1649 0.0346 0.0346 1.000 -0.1803 0.0358 0.0358 1.0000 
3 3 -0.1732 0.0314 0.0314 1.000 -0.1693 0.0326 0.0326 1.0000 
3 3 -0.1758 0.0303 0.0303 1.000 -0.1865 0.0314 0.0314 1.0000 
4 0 0.0239 0.0179 0.0179 1.000 0.0242 0.0186 0.0186 1.0000 
4 1 0.2088 0.0501 0.0501 1.000 0.1977 0.0519 0.0519 1.0000 
4 1 0.0706 0.0205 0.0205 1.000 0.0705 0.0212 0.0212 1.0000 
4 2 0.0774 0.0443 0.0443 1.000 0.0641 0.0459 0.0459 1.0000 
4 2 0.0166 0.0202 0.0202 1.000 0.0200 0.0210 0.0210 1.0000 
4 3 0.0791 0.0146 0.0146 1.000 0.0792 0.0151 0.0151 1.0000 
4 3 0.1026 0.0217 0.0217 1.000 0.1120 0.0225 0.0225 1.0000 
4 4 0.0100 0.0155 0.0155 1.000 0.0134 0.0160 0.0160 1.0000 
4 4 0.0281 0.0277 0.0277 1.000 0.0173 0.0287 0.0287 1.0000 



Table 3.28. The Model parameters for LJ-3 

M(l) M(2) M(3) M(4) 

[' NIA 35.0000 24.0000 24.0000 
£ NIA 0.0009 0.3690 0.3823 
n 83.1495 79.4145 61.1362 61.4481 

a(Q) 36.5410 45.2606 29.2870 29.6220 

Table 3.29. List of the Gauss coefficients for model LJ-4 

(a) The Gauss coefficients for the M(l) and M(2) inversions 

n m m(l) m(2) Rsl 

1 0 -0.0969 -0.1337 0.0133 0.0133 1.0000 
1 1 0.2090 0.2424 0.0237 0.0237 1.0000 
1 1 -0.4809 -0.3092 0.0232 0.0232 1.0000 
2 0 -0.3540 0.1886 0.0202 0.0202 1.0000 
2 1 -0.2259 -0.2494 0.0210 0.0210 1.0000 
2 1 0.4872 0.3898 0.0331 0.0331 1.0000 
2 2 -0.1976 -0.1282 0.0110 0.0110 1.0000 
2 2 -0.0206 -0.0244 0.0031 0.0031 1.0000 
3 0 0.1968 -0.2754 0.0256 0.0256 1.0000 
3 . 1 0.1634 0.1115 0.0133 0.0133 1.0000 
3 1 -0.2695 -0.3875 0.0350 0.0350 1.0000 
3 2 0.2094 0.2470 0.0191 0.0191 1.0000 
3 2 0.0368 -0.1084 0.0132 0.0132 1.0000 
3 3 -0.0215 -0.1319 0.0109 0.0109 1.0000 
3 3 0.0350 -0.0266 0.0093 0.0093 1.0000 
4 0 -0.2270 0.2155 0.0189 0.0189 1.0000 
4 1 -0.0921 0.0207 0.0084 0.0084 1.0000 
4 1 0.0247 0.2015 0.0208 0.0208 1.0000 
4 2 -0.1127 -0.1923 0.0190 0.0190 1.0000 
4 2 -0.0122 0.1651 0.0148 0.0148 1.0000 
4 3 0.0256 0.0789 0.0078 0.0078 1.0000 
4 3 -0.0530 0.0923 0.0087 0.0087 1.0000 
4 4 0.0236 0.0152 0.0062 0.0062 1.0000 
4 4 0.0034 0.1413 0.0130 0.0130 1.0000 
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Table 3.29~ (Continued) List of the Gauss coefficients for model LJ-4 

(b) The Gauss coefficients for M(3) and M(4) inversions 

n m m(3) o(Cm) o(Cs) Rsl m(4) o(Cm) o(Cs) Rsl 

1 0 -0.1379 0.0453 0.0453 -0.1379 0.0453 0.0453 1.0000 
1 1 ' -0.4843 0.0371 0.0371 -0.4843 0.0371 0.0371 1.0000 
1 1 0.3793 0.0520 0.0520 0.3793 0.0520 0.0520 1.0000 
2 0 -0.2804 0.0825 0.0825 -0.2804 0.0825 0.0825 1.0000 
2 1 0.2159 0.0476 0.0476 0.2159 0.0476 0.0476 1.0000 
2 1 -0.2773 0.0561 0.0561 -0.2773 0.0561 0.0561 1.0000 
2 2 0.1070 0.0321 0.0321 0.1070 0.0321 0.0321 1.0000 
2 2 -0.0534 0.0193 0.0193 -0.0534 0.0193 0.0193 1.0000 
3 0 0.2822 0.0685 0.0685 0.2822 0.0685 0.0685 1.0000 
3 1 -0.0503 0.0384 0.0384 -0.0503 0.0384 0.0384 1.0000 .... 3 1 0.1639 0.0570 0.0570 0.1639 0.0570 0.0570 1.0000 VI 

N 3 2 -0.0907 0.0309 0.0309 -0.0907 0.0309 0.0309 1.0000 
3 2 0.1898 0.0270 0.0270 0.1898 0.0270 0.0270 1.0000 
3 3 0.1134 0.0165 0.0165 0.1134 0.0165 0.0165 1.0000 
3 3 0.1300 0.0354 0.0354 0.1300 0.0354 0.0354 1.0000 
4 0 -0.0831 0.0245 0.0245 -0.0831 0.0245 0.0245 1.0000 
4 1 -0.0306 0.0241 0.0241 -0.0306 0.0241 0.0241 1.0000 
4 1 -0.1725 0.0330 0.0330 -0.1725 0.0330 0.0330 1.0000 
4 2 0.0882 0.0240 0.0240 0.0882 0.0240 0.0240 1.0000 
4 2 -0.0791 0.0160 0.0160 -0.0791 0.0160 0.0160 1.0000 
4 3 -0.0897 0.0148 0.0148 -0.0897 0.0148 0.0148 1.0000 
4 3 -0.2817 0.0297 0.0297 -0.2817 0.0297 0.0297 1.0000 
4 4 -0.0832 0.0261 0.0261 -0.0832 0.0261 0.0261 1.0000 
4 4 -0.2390 0.0187 0.0187 -0.2390 0.0187 0.0187 1.0000 



Table 3.30. The Model parameters for LJ-4 

M(l) M(2) M(3) M(4) 

r NIA 24.0000 24.0000 24.0000 
£ NIA 0.0009 1.2824 1.2824 
n 89.8646 77.1501 77.5204 77.5204 

a(n) 36.6859 42.1649 31.5298 31.5298 
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(a) Sites distribution for model LJ-1 

* 
* 

* 

(b) VGPs distribution for model LJ-1 

(c) EVPs distribution for model LJ-1 

Ltt~~:·. 
~~-f+' 
+ c +-±i- + 

-t+ 

Figure 3.20. The distribution of the sites, the VGPs, the EVPs for model LJ-1 
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(a) Sites distribution for model LJ-2 

* • 
* 

(b) VGPs distribution for model LJ-2 

(c) EVPs distribution for model LJ-2 

Figure 3.21. The distribution of the sites, the VGPs, the EVPs for model LJ-2 
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(a) Sites distribution for model LJ-3 

* 
* 

(b) VGPs distribution for model LJ-3 

(c) EVPs distribution for model LJ-3 

Figure 3.22. The distribution of the sites, the VGPs, the EVPs for model LJ-3 
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(a) Sites distribution for model LJ-4 

* * 
* 

(b) VGPs distribution for model LJ-4 

(c) EVPs distribution for model LJ-4 

Figure 3.23. The distribution of the sites, the VGPs, the EVPs for model L~-4 
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Discussion 

LJ-1: The feature given by m(l) as shown in figure 3.24(a) is an axial symmetrical normal 

polarity with the flux bundle from the southern polar region extending westwards. The 

structure given by m(2) as shown in figure 3.24(b) give: (1) three features along the 

American continent with the polarities of the positive, the negative and the positive 

southwards, (2) two features along the East Asia of the positive polarity in the north and 

the negative in the south and (3) a relatively weaker feature in South Africa. The structures 

given by m(3) and m(4) after removing the site (-32°, 60°) are the South American 

features, the East Australian feature and probably the South African feature, but all having 

much reduced size. The polarities of all these features are reversed as shown in figures 

3.24(c) and (d). The changes in the Gauss coefficients due to the removal of the site are 

primarily the reverse sign of the non-dipole coefficients and the redistribution among some 

of the coefficients, particularly the g~ and g~, h~. Hence the best Gauss coefficients are 

given by m(2). The resolution given in table 3.24 is less than 24 suggesting that n=4 is the 

maximum retainable degree of the Gauss coefficients. The mean angular difference and its 

standard deviation are well within the ranges allowed by 90° angular dispersion of the 

VGPs. 

LJ-2: The principal features given by m(l) as shown in figure 3.25(a) are axial symmetrical 

with two features of opposite polarity at the southern polar region. In the structures given 

by m(2) as shown in figure 3.25(b), the two southern features move towards the North 

America and east of Australia. In the structures given by m(3) and m(4) after removing the 

site (49°, -24°), there are a few new features in the northern hemisphere. The results are 

shown in figures 3.25(c) and (d). Hence the best Gauss coefficients are given by m(2). 

The changes in the Gauss coefficients due to the removal of the site are primarily in g~ and 
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g~, h~. The resolution given in table 3.26 is less than 24, suggesting that n=4 is the 

maximum retainable degree of the Gauss coefficients. The mean angular difference and its 

standard deviations are well with the ranges allowed by 90° angular dispersion of the 

VGPs. 

LJ-3: The features given by m(l) as shown in figure 3.26(a) are one in the southern polar 

region and one to the east of South American. The structures given by m(2) as shown in 

figure 3.26(b) show that these two features move towards the North America iand a new 

feature appears to the south of Australia. In the structures given by m(3) and m(4) after 

removing the site (-17°, -150. 7°), no significant changes are apparent except that the South 

American feature moves southeastwards. The results are shown in figures 3.26(c) and (d). 

Hence the best Gauss coefficients are given by m(2). The changes in the Gauss coefficien~ 

due to the removal of the site are primarily in g~. Some of the Gauss coefficients reverse 

the sign. The resolution as given in table 3.28 is 24, suggesting that a degree of n=4 is 

resolvable. The mean angular difference and its standard deviation are well with the ranges 

allowed by the time averaged value as given by 120° angular dispersion of the VGPs. 

LJ-4: The features given by m(l) as shown in figure 3.27(a) are one in the northern polar 

region, one in the South America and one in the southern polar region. The structures given 

by m(2) as shown in figure 3.27(b) show two features, one of the negative polarity 

moving towards the South America and the other of the positive polarity moving towards 

Australia. In the structures given by m(3) and m(4) after removing the site (40.2°, 

49.43°), the two primary features of the southern hemisphere remain but extend along the 

North American continent. Two additional features appear in the structures. The results are 

shown in figures 3.27(c) and (d). Hence the best Gauss coefficients are given by m(2). 

The changes of the Gauss coefficient due to the removal of the site is primarily some of the 
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them reversing sign. The resolution as given in table 3.28 is 24, suggesting that a degree 

of n=4 is resolvable. The mean angular difference and its standard deviation are well 

within the ranges allowed by 180° angular dispersion of the VGPs. 

The number of the sites available for the Lower Jaramillo reversal is 12. The 

distribution of the sites is longitudinally uniform but the number of sites in the southern 

hemisphere is less than that in the northern hemisphere. Because of the inadequate number 

of the records, the models given above are only marginally acceptable. The site removal 

primarily changes the polarity of the observed features, but does not significantly alter their 

locations. The morphologies are therefore supported by all of the data. Hence these are the 

best models that can be obtained from the present database. Most of the features are 

centered on the hemisphere of the prime meridian. The longitudinal distribution of the lbrl 

for models LJ-1, LJ-2, LJ-3 and LJ-4 are plotted in figure 3.28. The models for the stable 

states LJ-1 and LJ-2 have one peak located at the longitude· of -90°. The transitional 

models LJ-3 and LJ-4 have two peaks located at longitudes of -100° and 150°. These 

peaks are consistent with two distinct longitudinal bands of high lbrl• one across America 

and the other across East Asia. The mean-squared-intensities (R
0

) are listed in table 3.22. 

The small R1 are the result of insufficient temporal sampling. Octupole values are higher in 

LJ-1, LJ-2 and LJ-3. The standard deviations of Rn are too high to allow making any 

reasonable assessments. 
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Table 3.31 List of the mean-squared-intensity for LJ-1, 2, 3, 4 

(a) The mean value of Rn 

Mean squared LJ-1 LJ-2 LJ-3 LJ-4 
intensi 

R1 0.6791 0.5750 0.2327 0.6448 
R2 0.9255 0.5750 1.0937 0.6996 
R3 1.1336 1.1067 1.5518 0.9272 
R4 0.3427 1.2208 0.5789 0.9879 

(b) The standard deviation of~ 

standard deviation LJ-1 LJ-2 LJ-3 LJ-4 

RI 0.0341 0.7629 0.00 1 0.2600 
R2 0.1139 0.2330 0.3069 0.0871 
R3 0.1294 0.7283 0.0240 0.3378 
R4 0.0571 0.6445 0.3902 0.0475 
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(a) Model M(1) 

(b) Model M(2) 

Figure 3.24. The morphology of LJ-1 (a) and (b) 
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(c) Model M{3) 

(d) Model M(4) 

Figure 3.24 (continued). The morphology of LJ-1 (c) and (d) 
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(b) Model M(2) 

Figure 3.25. The morphology of LJ-2 (a) and (b) 
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(c) Model M(3) 

(d) Model M(4) 

-...P 
I ' 
\_./ 

\ -P' 
~/ 

Figure 3.25 (continued). The morphology of LJ-2 (c) and (d) 
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(b} Model M(2} 

Figure 3.26. The morphology of LJ-3 (a) and (b) 
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(c) Model M(3) 

(d) Model M(4) 

Figure 3.26 (continued). The morphology of LJ-3 (c) and (d) 
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(a) Model M(1) 

, / 

(b) Model M(2) 

Figure 3.27. The morphology of LJ-4 (a) and (b) 
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(c) Model M(3) 

(d) Model M(4) 

Figure 3.27 (continued). The morphology of LJ-4 (c) and (d) 
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Figure 3.28 The longitudinal distribution of lbrl for LJ-1, 2, 3, 4 



3.2.1.3 The mean field models for the Upper Olduvai reversal 

Upper Olduvai (N-R): The data set consists of 9 records as listed in table 3.13(c). 

Description of the ori&inal data 

U0-1: The time-averaged field of the normal polarity (the beginning of the reversal) is 

given by the distribution of the VGPs having latitudes larger than 45° . The data set 

includes 444 VGPs. The distributions of the sites, the VGPs and the EVPs are plotted in 

figure 3.29. 

U0-2: The time-averaged field of the reversed polarity (the end of the reversal) is given by 

the distribution of the VGPs having latitudes less than -45° . The data set includes 365 

VGPs. The distributions of the sites, the VGPs and the EVPs are plotted in figure 3.30. 

U0-3: The time-averaged field of the transitional field is given by the distribution of the 

VGPs having latitudes between 60° and -60°. The data set includes 405 VGPs. The 

distributions of the sites, the VGPs and the EVPs are plotted in figure 3.31. 

U0-4: The time-averaged field of the entire reversal is given by all the VGPs . The data set 

includes 1066 VGPs. The distribution of the sites, the VGPs and the EVPs are plotted in 

figure 3.32. 
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(a) Sites distribution for model U0-1 

* * * 
* 

(b) VGPs distribution for model U0-1 

(c) EVPs distribution for model U0-1 

Figure 3 .29. The distribution of the sites, the VGPs, the EVPs for model U0-1 
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(a) Sites distribution for model U0-2 

* * 

(b) VGPs distribution for model U0-2 

(c) EVPs distribution for model U0-2 

Figure 3.30. The distribution of the sites, the VGPs, the EVPs for model U0-2 
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(a) Sites distribution for model U0-3 

* * * * 

* 

(b) VGPs distribution for model UO-~ 

Figure 3.31. The distribution of the sites, the VGPs, the EVPs for model U0-3 
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(a) Sites distribution for model U0-4 

* * * * 

* 

(b) VGPs distribution for model U0-4 

(c) EVPs distribution for model U0-4 

Figure 3.32. The distribution of the sites, the VGPs, the EVPs for model uq-4 
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The inversion of the Gauss coefficients 

The M(l), M(2), M(3) and M(4) inversions are used to obtain the Gauss 

coefficients for models of U0-1, U0-2, U0-3 and U0-4. The degree of the spherical 

harmonic truncation is determined from M(l) inversion being n=3. The M(2), M(3), M(4) 

inversions are carried out by searching A. between 10·24 to 1024
• The best Gauss coefficients 

are obtained at rnin(l:). In the analyses all of the data are equally weighted. 

The Gauss coefficients (m) and their variances (o(Cm)), the variances of the 

standard error (O(C
5
)), and the resolution (Rsl) from the M(l), M(2), M(3) and M(4) 

inversion for the models U0-1, U0-2, U0-3, U0-4 are listed in tables 3.32, 3.34, 3.36 , 

3.38 respectively. The model parameters, the resolution (r), the misfit (E) and the mean 

and the standard deviation of angular difference ( n and cr(Q)) from four inversions are 

listed in tables 3.33, 3.35, 3.37 and 3.39 for model U0-1, U0-2, U0-3, U0-4 

respectively. 

Discussion 

U0-1: The principal features given by m(l) as shown in figure 3.33(a) are a reversed 

polarity with the flux from the southern polar region extending westwards to the South 

America and eastwards towards Australia. The strucfures given by m(2) as shown in. figure 

3.33(b) give two features in the southern hemisphere and two relatively weaker features in 

the northern hemisphere. In the structures given by m(3) and m(4) as shown in figures 

3.33(c) and (d) after removing the sites, (37.4°, -179.6°) for the M(3), and (9°, -170.2°) 

for the M( 4 ), show that the features in the Southern hemisphere are stable. However the 

resolution for m(3) and m(4) vary. O(Cm) and O(C
5

) are small, suggesting the covariances 

are large. This large covariances indicate that 8 sites remaining iq the inversion are not 
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sufficient to resolve the spherical harmonic expansion up to degree n=. Hence the Gauss 

coefficients are given by m(2). The resolution given in table 3.33 is less than 24 for m(2), 

suggesting that degree n=3 is the maximum retainable Gauss coefficients. The mean 

angular difference and its standard deviation are well within the ranges allowed by 90° 

angular dispersion of the VGPs. 

U0-2: The principal feature given by m(l) as shown in figure 3.34(a) is a flux coming 

from South American. The structures given by m(2) as shown in figure 3.34(p) give the 

same strong south America feature. In the structures given by m(3) after removing the site 

(40.2°, 49.43°) in the M(3) inversion, this strong feature disappears and the polarity of the 

field becomes reversed with no apparent additional features. After removing the site ( 48 °, 

90°) in the M(4) inversion, the strong Southern hemisphere feature reappears. The results 

are shown in figure 3.34 (c) and (d). However the resolution of m(3) and m(4) are low. 

o(Cm) and o(C
5

) given in table 3.35 are small, suggesting the covariances are large. The 

large covariances indicate that 8 sites remaining in the inversion are not sufficient to resolve 

the spherical harmonic expansion up to degree n=3. Hence South American feature 

depends upon the inclusion of site (40.2°, 49.43°). Therefore no good model can be found 

from the inversions. 

U0-3: The principal feature given by m(l) is a non-dipole field with the flux coming from 

South America as shown in figure 3.35(a). The structures given by m(2) show the same 

strong feature in the South America as shown in figure 3.35(b). The same feature with 

reversed polarity is also given by m(3) and m(4) after removing the site (9°,-170°). The 

results are shown in figure 3.35(c) and (d). However the resolution of m(3) and m(4) are 

low. o(Cm) and O(C) given in table 3.36 are small, suggesting the covariances are large. 
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This large covariances indicates that 8 sites used in the M(3) and M(4) inversions are not 

sufficient to resolve the spherical harmonic expansion up to degree n=3. Hence the best 

Gauss coefficients are given by m(2). The mean angular difference and its standard 

deviation as listed in table 3.37 are well within the ranges allowed by 120° angular 

dispersion of the VGPs. 

U0-4: The principal feature given by m( 1) is a non-dipole field with the flux coming from 

North and South American as shown in figure 3.36(a). The structures given by m(2) also 

give a strong South American feature as shown in figure 3.36(b). Only the south America 

feature remains with the reversed polarity in the structures given by m(3) and m(4) after the 

removal of the site (-35.91°, 59.97°). The results are shown in figure 3.36(c) and (d). 

However m(3) and m(4) are unstable. O(Cm) and o(Cs) given in table 3.38 are smalJ 

suggesting the covariances are large. The large covariances indicate that 8 sites remaining in 

the inversion are not sufficient to resolve the spherical harmonic expansion up to degree 

n=3. Hence the best Gauss coefficients are given by m(2). The mean angular difference 

and their standard deviation as listed in table 3.39 are well within the ranges allowed by 

180° angular dispersion of the VGPs. 

The qualities of the mean field models for the Upper Olduvai reversal are poor 

because of the lack of adequate data. The South America feature seems to be credible 

because it present in all of the models except U0-3. The longitudinal distribution of lbrl for 

models U0-1, U0-2, U0-3 and U0-4 are plotted in figure 3.37. The models for the stable 

polarity U0-1 and U0-2 have one peak located at the longitude of -90°. The transitional 

models U0-3 and U0-4 have two peaks located at the longitudes of -100° and 150°. 

These peaks are consistent with two of distinct longitudinal bands of high lbrl• one across 
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American continent and the other across East Asia. The mean-squared-intensities (R
0

) are 

listed in table 3.40. The small values in R1 are the results of insufficient temporal 

samplings. 

Table 3.32. List of the Gauss coefficients for model U0-1 

(a) The Gauss coefficients for the M(l) and M(2) inversions 

n m m(l) m(2) Rsl 

1 0 -0.7568 0.0435 0.0124 0.0124 1.0000 
1 1 0.1778 -0.2262 0.0212 0.0212 1.0000 
1 1 -0.0428 0.1777 0.0205 0.0205 1.0000 
2 0 -0.0184 0.3182 0.0301 0.0301 1.0000 
2 1 -0.2245 0.4112 0.0450 0.0450 1.0000 
2 1 0.4582 -0.19.27 0.0289 0.0289 1.0000 
2 2 0.0943 0.0938 0.0138 0.0138 1.0000 
2 2 -0.0274 0.3233 0.0310 0.0310 1.0000 
3 0 -0.2081 -0.4088 0.0415 0.0415 1.0000 
3 1 0.1417 -0.3019 0.0356 0.0356 1.0000 
3 1 -0.1080 0.0077 0.0128 0.0128 1.0000 
3 2 0.0062 -0.0840 0.0134 0.0134 1.0000 
3 2 -0.0016 -0.3352 0.0339 0.0339 1.0000 
3 · 3 -0.0057 0.0301 0.0037 0.0037 1.0000 
3 3 -0.0192 0.0093 0.0037 0.0037 1.0000 
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Table 3.32. (Continued) List of the Gauss coefficients for model U0-1 

(b) The Gauss coefficients for M(3) and M(4) inversions 

n m m(3) o(Cm) o(C.) Rsl m(4) o(Cm) o(C.) Rsl 

1 0 0.2490 0.0000 0.0000 -0.0384 778.3955 0.0000 1.0009 
1 1 ' 0.0647 0.0000 0.0000 0.0746 0.0000 0.0000 1.0110 
1 1 -0.0977 0.0000 0.0000 0.1138 0.0000 0.0000 1.0273 
2 0 -0.4809 0.0000 0.0000 -0.4222 0.0000 0.0000 2.3672 
2 1 -0.1644 0.0000 0.0000 -0.0908 1001.5265 0.0000 0.9354 
2 1 -0.0357 0.0000 0.0000 -0.2081 0.0000 0.0000 1.1241 
2 2 -0.2057 0.0000 0.0000 0.1882 0.0000 0.0000 1.5939 
2 2 -0.2845 0.0000 0.0000 -0.3352 0.0000 0.0000 1.9316 
3 0 0.4374 0.0000 0.0000 0.4622 0.0000 0.0000 2.6143 
3 1 0.1296 0.0000 0.0000 -0.0112 1145.3681 718.4130 0.8688 

...... 3 1 0.3202 0.0000 0.0000 0.2457 0.0000 0.0000 1.1339 00 
0 3 2 0.1458 0.0000 0.0000 -0.2064 0.0000 0.0000 1.4785 

3 2 0.2534 0.0000 0.0000 0.3412 0.0000 0.0000 1.8633 
3 3 -0.0488 0.0000 0.0000 0.0079 132.8660 12.8633 0.9961 
3 3 0.2017 0.0000 0.0000 -0.0183 1066.5834 487.1923 0.8717 



Table 3.33. The Model parameters for U0-1 

r 
£ 

n 
a(n) 

0.0000 
0.0000 
26.8303 
12.2157 

M(l) 
23.9784 
0.0014 
12.9509 
8.3338 

M(2) 

38.1304 
0.0139 
79.7452 
26.9772 

M(3) 
30.8058 
0.0297 
15.1822 
13.2432 

M(4) 

Table 3.34. List of the Gauss coefficients for model U0-2 

(a) The Gauss coefficients for the M(l) and M(2) inversions 

n m m(l) m(2) 

1 0 0.8644 0.6264 0.0330 0.0330 
1 1 0.0321 0.1510 0.0273 0.0273 
1 1 -0.1400 -0.3664 0.0282 0.0282 
2 0 -0.0289 -0.3395 0.0297 0.0297 
2 1 -0.3155 -0.1209 0.0212 0.0212 
2 1 -0.0613 0.3385 0.0321 0.0321 
2 2 -0.0268 -0.2251 0.0214 0.0214 
2 2 0.0466 -0.1870 0.0248 0.0248 
3 0 0.3033 0.2458 0.0233 0.0233 
3 1 0.0185 0.0337 0.0128 0.0128 
3 1 -0.0515 -0.0554 0.0272 0.0272 
3 2 -0.0037 0.1645 0.0174 0.0174 
3 2 -0.0152 0.1330 0.0154 0.0154 
3 3 -0.0099 -0.1049 0.0154 0.0154 
3 3 0.0186 0.0101 0.0182 0.0182 
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Rsl 

1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 
1.0000 



..... 
00 
N 

Table 3.34. (Continued) List of the Gauss coefficients for model U0-2 

(b) The Gauss coefficients for M(3) and M(4) inversions 

n m m(3) o(Cm) o(Cs) Rsl m(4) o(Cm) ... . 
1 0 0.1355 0.0123 0.0121 0.999( 0.1514 0.0000 
1 1 '· -0.2879 0.0113 0.0112 1.0027 -0.1744 0.0000 
1 1 0.1846 0.0067 0.0067 0.9987 0.1866 0.0000 
2 0 0.2475 0.0220 0.0218 1.0031 0.2083 0.0000 
2 1 0.4117 . 0.0136 0.0135 0.998( 0.4213 0.0000 
2 1 -0.1537 0.0149 0.0148 1.0013 -0.3318 0.0000 
2 2 0.1279 0.0079 0.0079 0.9933 0.1279 0.0000 
2 2 0.3496 0.0141 0.0140 0.9902 0.2576 0.0000 
3 0 -0.2413 0.0188 0.0186 1.002~ -0.3483 0.0000 
3 1 -0.2574 0.0112 0.0111 0.993~ -0.3474 0.0000 
3 1 -0.0524 0.0179 0.0177 0.9920 0.1350 0.0000 
3 2 -0.0624 0.0070 0.0070 1.0003 -0.1422 0.0000 
3 2 -0.3869 0.0124 0.0123 0.9964 -0.2990 0.0000 
3 3 0.2589 0.0037 0.0037 0.997S 0.0132 6769.9362 
3 3 0.0482 0.0057 0.0057 0.9987 0.0032 952.7346 

o(Cs) Rsl 

0.0000 1.0234 
0.0000 5.6875 
0.0000 3.5156 
0.0000 5.5859 
0.0000 11.1201 
0.0000 1.8047 
0.0000 5.9141 
0.0000 9.8750 
0.0000 6.4375 
0.0000 25.1094 
0.0000 2.0547 
0.0000 2.5999 
0.0000 5.1719 
0.0000 0.7578 
0.0000 0.9966 



Table 3.35. The Model parameters for U0-2 

M(l) M(2) M(3) M(4) 

r 0.0000 15.0000 23.9647 112.0716 
E 0.0000 0.0489 0.0327 0.1706 
n 22.3712 16.5902 13.6021 68.1552 

cr(n) 11.0491 21.8477 13.1256 22.1430 

Table 3.36. List of the Gauss coefficients for model U0-3 

(a) The Gauss coefficients for the M(l) and M(2) inversions 

n m m(l) m(2) Rsl 

1 0 -0.1506 -0.0417 0.0837 0.0837 1.0000 
1 1 0.4224 -0.2926 0.0693 0.0693 1.0000 
1 1 0.1945 0.5961 0.0842 0.0842 1.0000 
2 0 0.0147 0.2123 0.0678 0.0678 1.0000 
2 1 -0.5042 0.3161 0.0623 0.0623 1.0000 
2 1 0.1462 -0.3115 0.0967 0.0967 1.0000 
2 2 0.3730 0.2832 0.0740 0.0740 1.0000 
2 2 -0.1361 0.1935 0.0601 0.0601 1.0000 
3 0 0.2121 -0.2373 0.0453 0.0453 1.0000 
3 1 0.2706 -0.1759 0.0388 0.0388 1.0000 
3 1 -0.1173 -0.0225 0.0528 0.0528 1.0000 
3 2 -0.0945 -0.3117 0.0544 0.0544 1.0000 
3 2 0.2280 0.0347 0.0395 0.0395 1.0000 
3 3 0.1293 -0.0681 0.0297 0.0297 1.0000 
3 3 -0.2475 0.0830 0.0298 0.0298 1.0000 
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-00 
~ 

Table 3.36. (Continued) List of the Gauss coefficients for model U0-3 

(b) The Gauss coefficients for M(3) and M(4) inversions 

n m m(3) b(Cm) o(Cs) 
Rsl . m(4) o(Cm) 

--- - ---

1 0 -0.0280 0.0618 0.0595 0.9961 -0.0309 0.0743 
1 1 ' 0.3006 0.0760 0.0733 1.0195 0.3028 0.0912 
1 1 -0.3318 0.1267 0.1219 0.9862 -0.3230 0.1520 
2 0 -0.3051 0.0352 0.0346 0.9976 -0.3204 0.0421 
2 1 -0.2717 0.1410 0.1357 0.9541 -0.2528 0.1692 
2 1 0.3002 0.1915 0.1842 0.986( 0.2832 0.2299 
2 2 -0.3336 0.1151 0.1109 0.9635 -0.3289 0.1381 
2 2 -0.2335 0.0254 0.0250 0.9972 -0.2408 0.0304 
3 0 0.3205 0.0355 0.0347 0.9963 0.3341 0.0425 
3 1 0.1576 0.1228 0.1181 0.9788 0.1355 0.1474 
3 1 0.0920 0.1092 0.1052 0.9969 0.1153 0.1312 
3 2 0.3492 0.1320 0.1271 1.0189 0.3452 0.1584 
3 2 0.1834 0.0282 0.0275 1.0041 0.1868 0.0337 
3 3 -0.0217 0.0082 0.0081 0.9996 -0.0181 0.0098 
3 3 · 0.1391 0.0187 0.0187 0.9991 0.1456 0.0223 

o(Cs) Rsl 
-

0.0722 0.9990 
0.0886 0.9977 
0.1475 0.9974 
0.0417 0.9998 
0.1643 0.9864 
0.2231 0.9913 
0.1341 0.9957 
0.0299 0.9997 
0.0416 0.9995 
0.1431 0.9919 
0.1276 0.9977 
0.1537 0.9883 
0.0330 0.9995 
0.0096 1.0000 
0.0222 0.9998 



Table 3.37. The Model parameters for U0-3 

M(l) M(2) M(3) M(4) 

r 0.0000 15.0000 23.9201 23.9400 
£ 0.0000 0.0914 0.0633 0.0753 
n 82.6718 64.0398 60.9011 61.1154 

a(n) 35.9955 40.8350 31.0847 30.7288 

Table 3.38. List of the Gauss coefficients for model U0-4 

(a) Gauss coefficients for the M(l) and M(2) inversions 

n m m(l) m(2) o(C,) Rsl 

1 0 -0.4766 -0.0814 0.1029 0.1029 1.0000 
1 1 0.0304 -0.2118 0.0929 0.0929 1.0000 
1 1 0.0735 0.2344 0.0691 0.0691 1.0000 
2 0 0.2514 0.4069 0.1886 0.1886 1.0000 
2 1 -0.0891 0.3580 0.1367 0.1367 1.0000 
2 1 0.5839 -0.1510 0.1396 0.1396 1.0000 
2 2 0.1704 -0.0136 0.0725 0.0725 1.0000 
2 2 0.0266 0.2692 0.1247 0.1247 1.0000 
3 0 0.1715 -0.5036 0.1609 0.1609 1.0000 
3 1 0.0690 -0.2229 0.1108 0.1108 1.0000 
3 1 -0.3478 -0.0394 0.1680 0.1680 1.0000 
3 2 0.2852 -0.0955 0.0642 0.0642 1.0000 
3 2 0.0678 -0.2440 0.1138 0.1138 1.0000 
3 3 0.0327 -0.0713 0.0320 0.0320 1.0000 
3 3 -0.1300 0.0737 0.0681 0.0681 1.0000 
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Table 3.36. (Continued) List of the Gauss coefficients for model U0-4 

(b) The Gauss coefficients for M(3) and M(4) inversions 

n m m(3) a(Cm) a(C
5

) 
Rsl m(4) a(Cm) <5(C

5
) 

Rsl 

1 0 0.0726 0.0131 0.0131 0.0728 0.0131 0.0131 1.0000 
1 1 ' 0.3093 0.0105 0.0105 0.3095 0.0105 0.0105 1.0000 
1 1 -0.3221 0.0213 0.0213 -0.3219 0.0213 0.0213 1.0000 
2 0 -0.3425 0.0186 0.0186 -0.3430 0.0186 0.0186 1.0000 
2 1 -0.3379 0.0187 0.0187 -0.3379 0.0187 0.0187 1.0000 
2 1 0.4081 0.0360 0.0360 0.4076 0.0360 0.0360 1.0000 
2 2 0.1034 0.0086 0.0086 0.1033 0.0086 0.0086 1.0000 
2 2 -0.2568 0.0100 0.0100 -0.2569 0.0100 0.0100 1.0000 
3 0 0.3261 0.0138 0.0138 0.3266 0.0138 0.0138 1.0000 
3 1 0.1785 0.0156 0.0156 0.1785 0.0156 0.0156 1.0000 

..... 3 1 -0.2079 0.0286 0.0286 -0.2073 0.0286 0.0286 1.0000 00 

°' 3 2 -0.1212 0.0091 0.0091 -0.1211 0.0091 0.0091 1.0000 
3 2 0.2680 0.0129 0.0129 0.2680 0.0129 0.0129 1.0000 
3 3 0.0012 0.0037 0.0037 0.0012 0.0037 0.0037 1.0000 
3 3 0.0270 0.0030 0.0030 0.0272 0.0031 0.0031 1.0000 



Table 3.39. The Model parameters for U0-4 

M(l) M(2) M(3) M(4) 

r 0.0000 24.0000 24.0000 24.0000 
£ 0.0000 0.0259 0.0222 0.0222 
n 81.4120 66.4988 58.4451 58.4451 

a(n) 31.3279 39.2509 43.9001 43.9005 

Table 3.40. List of the mean-squared-intensity for U0-1, 2, 3, 4 

(a) The mean value of~ 

Mean squared U0-1 U0-2 U0-3 uo-4 
intensity 

RI 0.1203 0.5153 0.5606 0.3439 
R2 1.1812 1.1367 1.1954 1.3385 
R3 1.6684 1.1209 1.1038 1.2286 

(b) The standard deviation of ~ 

standard deviation U0-1 U0-2 U0-3 U0-4 

RI 0.0701 0.5076 0.2813 0.1135 
R2 0.0706 0.1306 0.1019 0.1479 
R3 0.1336 0.5548 0.2717 0.2665 
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(a) Model M(1) 

(b) Model M(2) 

Figure 3.33. The morphology of U0-1 (a) and (b) 
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(d) Model M(4) 

Figure 3.33 (continued). The morphology of U0-1 (c) and (d) 
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(a) Model M(1) 

(b) Model M(2) 

Figure 3 .34. The morphology of U0-2 (a) and (b) 
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(c) Model M(3) 

(d) Model M(4) 

Figure 3.34 (continued). The morphology of U0-2 (c) and (d) 
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(a) Model M(1) 
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(b) Model M(2} 

Figure 3.35. The morphology of U0-3 (a) and (b) 
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(c) Model M(3) 

_,,, 

(d) Model M(4) 

- /~ 

I 

/ 

,, 
0.798-_ · ~ 0 f ~\ 

I 1 
/ ; 

_, I 

I' - - _, 

I 
I 

/ 

I 

I 
\ 

0
0.782 ' 

\ ' I 
j 

/ 

Figure 3.35 (continued). The morphology of U0-3 (c) and (d) 
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(a) Model M(1) 

(b) Model M(2) 

Figure 3.36. The morphology of U0-4 (a) and (b) 
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(c) Model M(3} 
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Figure 3.36 (continued). The morphology of U0-4 (c) and (d) 
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Figure 3.37 The longitudinal distribution of lbrl for U0-1, 2, 3, 4 



3.2.2 Discussion of the mean field behavior during the reversal 

The mean field models during the polarity reversals suggest that there are at least 

two distinct bands of high lb,I, one roughly along the American continent and the other 

along East Asia. The hemisphere between this two bands and centered on the Africa seems 

to have generally high lb,I. The inversion processes show that in order to obtain a stable 

model, the distribution of the sites and temporal samplings must be adequate. The 
i 

distribution of the sites for the Matuyama-Brunhes is relatively good. The distribution of 

the sites for the Lower Jaramillo is marginal, and is poor for the Upper Olduvai. 

3.2.3 The time sequential models 

The inversion for the time sequential model is to investigate the continuous 

variations of the earth's magnetic field from the reversals recorded in the lavas, the loess 

deposits and the lake and the ocean sediments. Unlike most of the geophysical 

experiments, the paleomagnetic experiments are always subjected to the severe restrictions 

imposed by the nature, i.e., the lack of the temporal and the spatial samplings. The quality 

of the paleomagnetic data is also very difficult to be controlled and assessed. The geological 

settings that may provide relatively adequate temporal samplings of the data are the loess 

deposits, the lake sediments and the ocean sediments. The shortcomings of these records 

are: ( 1) the depositional remanent magnetization (DRM) is usually weaker and unstable, 

and (2) the qualities of the recorded magnetic signals vary with the magnetic properties of 

the material. The thermal remanent magnetization (TRM) carried by the lavas is a much 

stronger and more stable magnetic signal. However, unlike continuous deposition of the 

sediments, the number of volcanoes and volcanic eruptions are fewer. The lava records 

lack both the temporal and the spatial samplings of the earth's magnetic field during the 

reversal. The temporal control of reversal data is also difficult. Neither the exact time for 
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each of the data points in a given record nor the relative time between the records can be 

accurately detennined 

The difficulties discussed above impose a serious problem in obtaining the time

sequential model of the polarity geomagnetic reversal. Because the beginning, the end and 

the time interval are unknown for a given reversal record, it is difficult to obtain the 

temporal alignment among the records. I have attempted to align the records using the 

maximum of the second derivative of the declination and the inclination with respect to time 

(Shao, et. al, 1997). This type of alignment is however subjective. In the following time 

sequential models, all of the reversal records are aligned at the beginning and the ends of 

the original records. This alignment and all other types of alignment can not provide an 

instant time-dependent magnetic field model. It can, however, give a time-averaged model 

in a time sequential setting. Each of the time slices represents a time-averaged field of 

unknown interval. The time-sequential models are the collection of all of the time slices. 

In the following analyses the records are first smoothed. The smoothing processes 

are to obtain time-dependent functions for the declination and the inclination. During the 

smoothing process, there is no large distortion in the original data. Each record is then 

divided into 200 time slices. The time indices are from 1 to 200. The time sequence of the 

reversals is established by a sequential collection of the data points having the same time 

index from the smoothed records. Therefore the number of time slices for the reversal 

model is also 200. The number of sites for the Matuyama-Brunhes reversal, the Lower 

Jaramillo and Upper Olduvai is 28, 12, 9 respectively. The spherical harmonics are 

expanded up to degree n=3 and order m=3. The M(2) and /M(2), U(l)/ inversions are 

used. The resul~s are virtually identical suggesting that the "smoothness" constraint makes 

no significant contribution. 
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The Matuyama-Bnmhes reversal 

Two examples of D and I (a) after smoothing, (b) calculated from the inverted 

model and (c) the original results are plotted in figures 3.38 and 3.39. Each time slice 

contains 28 data points from the 28 reversal records. 

The morphologies of the time-sequential models are plotted in figures 3.40-42 at an 

interval of 40 time indices. The Matuyama-Brunhes reversal is initiated from a strong 

dipole field of reversed polarity (time index 1) followed by feature of the negative polarity 

in north of Africa. This feature is flanked by two relatively weaker features of the positive 

polarity, one located east of the Central America and the other is located at Southeast Asia, 

which move towards the equator. The rotation takes place between the time indices 80 and 

120 with a strong feature of the positive polarity and a strong feature of the negative 

polarity rotating about each other in an area centered on Africa. The magnetic field then 

rapidly recovers its axial symmetry with a strong dipole component between the time 

indices 160 and 200. This rapid recovery of the dipole field is accompanied by strong 

fluctuations in both the southern and the northern hemisphere. 
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Figure 3.38. The Matuyama-Brunhes reversal, example I 

200 



smoothed smoothed 

150 

50 100 
c: c: 50 .Q .Q 

~ 0 
~ 

0 .S c: 
u u 
.S Q) -50 + "'O 

-50 -100 + 
-150 

0 50 100 150 200 0 50 100 150 200 
time index time index 
inverted inverted 

150 

50 100 
c: c: 50 .Q .Q 

cu 0 
cu 

0 .S c: 
u C3 
.S Q) -50 "'O 

-50 -100 

-150 

0 50 100 150 200 0 50 100 150 200 
time index time index 

original original 

150 +++ 
50 100 ~ + + 

c: + + c: 50 .Q + -t .Q 

cu 0 -it- + + cu 
0 -i!4-+. ~ c: c: 

-tr+. u N + u *+ +y~ c: Q) -50 
* V-'" "'O 

-50 -100 + 

-150 

0 20 40 60 0 20 40 60 
time index time index 

Figure 3.39. The Matuyama-Brunhes reversal, example 2 
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Time index 1 

Time index 40 

Figure 3.40. The Matuyama-Brunhes reversal, time index ·1, 40 
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Time index 80 

Time index 120 

Figure 3.41. The Matuyama-Brunhes reversal, time index 80, 120 
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Time index 160 

Time index 200 

Figure 3.42. The Matuyama-Brunhes reversal, time index 160, 200 
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The Lower Jaramillo reversal 

Two examples of D and I (a) after smoothing, (b) calculated from the inverted 

model and(c) the original results are plotted in figures 3.43 and 3.44. Each time slice 

contains 12 data points from 12 reversal records. 

The morphologies of the time-sequential models are plotted in figures 3 .46-48 at an 

interval of 40 time index. The Lower Jaramillo reversal is initiated from a strong dipole 

field of the reversed polarity (time index 1) followed by a strong feature of the positive 

polarity in South America. There is also an equatorial disturbance in East Africa. The 

rotation takes place between time indices 80 and 120. A strong positive feature and a strong 

negative feature rotate about each other in an area centered on Africa. Meanwhile a strong 

feature of the negative polarity is moving towards the equator and rapidly penetrating into 

the southern hemisphere. The field then rapidly recovers to a strong dipole state betweel!.. 

time indices 160 and 200. This rapid recovery is accompanied by strong fluctuations east of 

South America. 
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Figure 3.43. The Lower Jaramillo reversal , example 1 
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Figure 3.44. The Lower Jaramillo reversal, example 2 
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Time index 1 

Time index 40 

._ 

Figure 3.45. The Lower Jaramillo reversal, time index 1, 40 
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Time index 80 

Time index 120 

Figure 3.46. The Lower Jaramillo reversal, time index 80, 120 
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Time index 160 

Time index 200 

Figure 3.47. The Lower Jaramillo reversal, time index 160, 200 
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The Upper Olduvai reversal 

Two examples of D and I (a) after smoothing, (b) calculated from the inverted 

model and (c) the original results are plotted in figures 3.48 and 3.49. Each time slice 

contains 9 data points from 9 reversal records. 

The morphologies of the time-sequential model are plotted in figures 3.50-52 at an 

interval of 40 time indices. The Upper Olduvai reversal is initiated from an already strong 

non-dipole field of the normal polarity (time index 1), followed by a feature of the negative 

polarity at South Africa. This feature is flanked by two weaker features of the positive 

polarity, one located at west of South American and the other located at west of Australia. 

Both features move towards the equator. No apparent rotation is observed in the model 

due to the insufficient spatial and temporal samplings. The magnetic field fluctuates 

strongly in both hemispheres between time indices 80 and 120. A stable field of the norrnaj_ 

polarity is established between time indices 160 and 200. The magnetic field remains 

strongly non-dipole at time index 200, with a large feature of the negative polarity in South 

American. 
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Figure 3.48. The Upper Olduvai reversal, example 1 
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Figure 3.49. The Upper Olduvai reversal, example. 2 
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Time index 1 

I 

Time index 40 

Figure 3.50. The Upper Olduvai reversal, time index 1, 40 
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Time index 80 

Time index 120 

Figure 3.51. The Upper Olduvai reversal, time index 80, 120 
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Time index 160 

Time index 200 

Figure 3.52. The Upper Olduvai reversal, time index 160, 200 
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.3.2.4 Discussion of the time-sequential model 

The dipole tracks during the polarity reversals 

The stable state of the earth's magnetic field can be represented by a geocentric 

dipole. The magnetic south pole is located at the northern or the southern polar region 

depending on the polarity of the field. The behavior of this prominent dipole during the 

reversals has been discussed extensively (e. g., Clement, 1991, Laj et. al, 1991, Prevot 

and Camps, 1993, Mazaud, 1995). The tracks of the magnetic south poles for the three 

reversals can be calculated by using: 

(3.3) 

where 0d and <l>d are the latitude and the longitude of the magnetic south pole respectively. 

The tracks of the magnetic south poles are plotted in figures 3.53-3.55 for the Matuyama

Brunhes reversal, the Lower Jaramillo reversal and the Upper Olduvai reversals 

respectively. In the figures, (a) and (b) are the results from the M(2) and the /M(2), U(l)/ 

inversions respectively. The track of the magnetic south poles for the Matuyama-Brunhes 

reversal (shown in figure 3.53) follows a path along east of Africa. The track of the 

magnetic south poles for the Lower Jaramillo reversal (shown in figure 3.54) initially 

follows a path to the east of American and then returns from the higher northern latitude 

along a path in East Asia. The track of the magnetic south poles for the Upper Olduvai 

reversal is more scattered comparing to the Matuyama-Brunhes and the Lower Jaramillo 

reversals. The general direction of the path is along the east coast of the North American 

continent (shown figure 3.55). The tracks of the magnetic south poles for the Lower 

Jaramillo and the Upper Olduvai reversals are less well defined than that of the Matuyama-

Brunhes reversal. However, an interesting characteristic of the dipole tracks for all three 
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reversals is that the magnetic south poles always move in the hemisphere roughly centered 

on Africa. 

The longitudinal distribution of !bJ 

The longitudinal distributions of lbrl are calculated from eqn.(3 .1) for the 

Matuyama-Brunhes reversal, the Lower Jaramillo reversal and the Upper Olduvai reversal. 

The results are plotted in figures 3.56-3.58 respectively. For the Maytuyama-Brunhes 

reversal, lbrl is generally high within the longitudinal band between the longitudes 45° and 

90°. For Lower Jaramillo and Upper Olduvai reversals, lbrl is generally high within the 

longitudinal band between the longitude -45° and -90°. This hemispherical asymmetrical 

distribution of lbrl is consistent with the peaks of lbrl found in both the time-averaged 

transitional field models and the time- averaged field models of the past 5 Myr. 

The mean-squared-intensity 

The mean-squared-intensity for the three reversals are calculated from eqn.(3.2) for 

the dipole, the quadrupole and the Octupole terms. The results are plotted in figures 3.59-

3.61 for the Matuyama-Brunhes reversal, the Lower Jaramillo reversal and the Upper 

Olduvai reversal respectively. The mean-squared-intensity of the dipole terms decreases to 

a minimum and then increases during the reversals. The changes in the dipole term are 

accompanied by the relative increasing and then decreasing in the quadrupole and the 

octupole terms. The fluctuations in the mean-squared-intensity are also observed. The 

largest fluctuations in the amplitudes and the frequencies for the dipole, quadrupole and 

octupole terms occur in the middle of the reversals. 
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(a) Solution bounded by U(O),L(1) 

(b) Solution bounded by U(O),U(1 ),L(1) 

Figure 3.53. The dipole path for the Matuyama-Brunhes reversal 
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(a) Solution bounded by U(O),L(1) 
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Figure 3.54. The dipole path for the Lower Jaramillo reversal 
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(a) Solution bounded by U(O),L(1) 

(b) Solution bounded by U(O),U(1 ),L(1) 

Figure 3.55. The dipole path for the Upper Olduvai reversal 
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Figure 3.56. The longitudinal distribution of lbrl for the Matuyama-Brunhes rev~rsal 
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Figure 3.57. The longitudinal distribution of lb,I for the Lower Jaramillo reversal 
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Figure 3.58. The longitudinal distribution of lbrl for the Upper Olduvai reversal 
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Figure 3.59. The mean-squared-intensity for the Matuyama-Brunhes reversal 
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Figure 3.60. The mean-squared-intensity for the Lower Jaramillo reversal 
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Figure 3.61. The mean-squared-intensity for the Upper Olduvai reversal . 
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3.3 Summary 

In this chapter, I have applied the theory and the methods described in chapter 2 to 

obtain the morphologies of the geomagnetic field: ( 1) the time-averaged field models of the 

past 5 Myr (a) TA-I of both the normal and the reversed polarities (b) TA-2 of the normal 

polarity (c) TA-3 of the reversed polarity (d) TA-4 of the Brunhes chron normal polarity, 

(2) the time-averaged field models during the reversal: (a) MB-1,2,3,4 of the normal 

polarity, the reversed reversed polarity, the transitional field and the entire reversal period 

for the Matuyama-Brunhes reversal respectively, (b) LJ-1,2,3,4 of the normal polarity, the 

reversed reversed, the transitional field and the . entire reversal period for the Lower 

Jaramillo reversal; (c) U0-1,2,3,4 of the normal polarity, the reversed polarity, the 

transitional field and the entire reversal period for the Upper Olduvai reversal and (3) the 

time-sequential models for the Matuyama-Brunhes, the Lower Jaramillo and the Uppe! 

Olduvai reversals. 

The best Gauss coefficients for a time averaged field model are selected based upon 

the following selection criteria: (1) the inverted model has the simplest structure (2) the 

Gauss coefficients are reasonably stable in different inversions (3) the magnetic field 

structures are stable after removing a particular site. These selected models are not entirely 

free from being unaffected by biased distribution of the sites. However, they are supported 

by all of the data presently available. The effects ?f random noise are insignificant since 

they are effectively filtered out by the VGP functional. 

The characteristics shared by the time-averaged models are two longitudinal bands 

of higher lb.I, one approximately along American continent and the other along East Asia. 

These two longitudinal bands coincide with the preferred VGP path previous reported. The 

hemisphere centered roughly on the prime meridian also has higher lbJ From these 

persistent patterns of the longitudinal distributions of lb.I ov~r different time scales (i.e., 5 
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Myr, 0.8 Myr and the transitional period), I conclude that the hemispherical asymmetry 

appears to be an essential character of the geomagnetic field behavior. 

Although the errors in the time-sequential models are expected to be large because 

of the inadequate data. However many characteristics of transitional fields appear to be 

consistent in three reversals and also agree with those found in the time-averaged models. 

For example, ( 1) The morphologies show that the reversal occurs when the two flux 

bundles of the opposite polarity move with respect to each other; (2) the geomagnetic 
I 

activity is roughly centered in the hemisphere of the prime meridian; (3) the strength of the 

dipole reduces the strength to almost minimum at the middle of the reversal and then 

recovers. The strength the quadrupole and the octupole increase and then decrease; (4) The 

magnitudes of the dipole, the quadrupole and the octupole rapidly fluctuate during the entire 

reversal; (5) the tracks of the dipole for three reversals show that the south magnetic pole~ 

are always distributed in the hemisphere of the prime meridian; (6) the longitudinal 

distribution of lbrl again identify the two longitudinal bands similar to tho~e identified in the 

time averaged models. 

Although it is tempting to establish immediate links between the characteristics of 

the geomagnetic field obtained above with the theoretical works on the dynamics of the 

. core, I must admit this can not be done at present because of ( 1) at present there is no 

testable theory of the dynamo which can utilize the analyses given in the thesis (2) in order 

to improve the precision of the models, more reliable paleomagnetic data are needed. 

However, the hemispherical asymmetry of the geomagnetic field suggests the need to 

revise the present theory on the dynamics of the core. I shall briefly discuss the possibilities 

of the theoretica'.I undertakings on this hemispherical asymmetry. 
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3.4 Concluding remarks 

The objective of this thesis is to establish the theory and the methods for inverting 

the Gauss coefficients from the directional only data. The methods are applied to obtain the 

time-averaged geomagnetic field models and the time-sequential models for the polarity 

reversals. These tasks, I hope, have been accomplished in the last three chapters. 

Following discussions are on the general comments on ( 1) the VGP functional and its 2-

norm and (2) the hemispherical asymmetry of the geomagnetic field 

The VGP functional and its 2-norro 

Since the recognition of the non-uniqueness in the geophysical inverse problems 

(e.g., Backus and Gilbert, 1970), the solutions of an inversion are often bounded by a 

universal constraint, i.e., the smallest of llmll, the positivity m>O, the smoothness U(l). 

The purpose of introducing these constraints is to find a particular class of solution from 

infinite number of solutions that can fit the data equally well. These universal constraints 

have the following characters in common (a) they are indifferent to the forms and the 

qualities of the data and to the type of analyses. They also assume that the data are the 

random variables. Therefore they give more of a mathematical objective than a physical 

meaning to the inverse problem. The VGP functional belongs to entirely different class of 

the constraints. I shall call it the localized constraints. The differences between the universal 

constraints and the localized constraints are both in the forms and in the underlying 

philosophy. The localized constraint is given by the physical properties shared by the entire 

data, such as the foci of the distribution of the VGPs which represents the global structure 

of the earth's magnetic field. The localized constraint is also determined entirely from the 

physical conception of the problem. For example, Maxwell's multiple poles theory 

transforms the pure mathematical forms of the spherical harmonics into a physical 

representation by introducing the source concept. The localized constraint can, in some 

case, provide the information about the characteristics of the data distribution that can not 
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be obtained from the individual data. For example, if only the directional data are given the 

geomagnetic field model can not be uniquely inverted by fitting the individual data only. 

The VGP functional provides an additional character for a given data distribution. This 

character is the convergence of the magnetic field lines at the foci of the distribution of the 

VGPs. By minimizing the 2-norm of the VGP functional, a unique set of the Gauss 

coefficients can be obtained. Obtaining the localized constraints requires in depth look at the 

physical nature of the problem. It can only be dealt with in case by case bases. 

The hemispherical asymmeny and two lon&itudinal bands of hi&h !bJcpll 

The particular symmetry of earth's magnetic field has been noticed by various studies 

(Courtillot, et. al., 1992, McFadden, et. al., 1988). The implications of the symmetry of 

the earth's magnetic field have also been suggested (Gubbins, 1994, Hoffman, 1992, 

Merill, et. al., 1977, 1995, Quidelleur, et. al., 1994), Some theoretical considerations are 
also given (e.g., Roberts, 1974, Stix and Roberts, 1984). The models given in this thesis 

show the persistence of the hemispherical asymmetry of the earth's magnetic field over a 

wide range of the time scales. One can dismiss these asymmetrical properties the grounds 

of inadequate measurements, etc. This does not help to establish more realistic dynamic 

theory of the core which seems most certainly would be an asymmetrical one. It may be 

that this particular asymmetry opens up a realistic possibility that the magnetic field and 

electronic conductivity distribution in the core can be detected from the surface observations 

such as the normal modes of the free oscillations. 
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