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ABSTRACT 

The reflectivity method computes an exact and a complete seismic response for 

a stratified earth. Over the past decade, the reflectivity method has undergone a 

very extensive theoretical development. However, in spite of all this development, 

the method is still not routinely used for the interpretation of seismic data, because 

it is very expensive to run on the computer. For modelling teleseismic phases such 

as Po/So , the reflectivity method is well suited, but it requires prohibitively large 

amounts of computer time. Moreover, the reflectivity method in its present form 

can accommodate multiple receivers only if they are at the same depth. 

This dissertation deals with practical aspects of the reflectivity method and 

shows how its speed of computation can be enhanced and how it can be vectorized on 

vectorizing computers such as the CRAY. It also shows how to extend the reflectivity 

algorithm to include receivers at various depths, so that a multi- offset VSP response 

can efficiently be computed. The speed and efficiency of this improved reflectivity 

algorithm makes it feasible to use this method for the routine interpretation of 

seismic data. 

This improved reflectivity algorithm allows us to advance our understanding of 

the Po/So phases. Numerical modelling of Po/ So data, from the OSS IV seismic 

experiment suggests a small random vertical heterogenity in the upper mantle. The 

vertical scale length of the heterogenity is found to be 5 ± 1.5 km, and the standard 

deviation of the randomness in seismic velocities is found to be 2 ± 0.5 percent. 

Such randomness can easily be achieved by slightly varying the percentage of major 

constituents in either a peridotite or an eclogite mantle mineralogy. The numerical 

modelling also indicates that Qs is higher than Qp in the mantle and that if Qs is 

slightly lowered in a small zone of the upper mantle then So amplitudes are greatly 

reduced. It appears that this is why So is often missing from observed seismograms . 
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INTRODUCTION 

Over the past decade, synthetic seismograms have become an extremely use

ful tool for accurate modelling of seismic data. Among many available techniques 

of seismogram synthesis, the reflectivity method, in which an exact and complete 

response for a stratified earth is computed, is one of the most popular. The math

ematics of the reflectivity method for both isotropic and anisotropic visco-elastic 

earth models have now reached an advanced state of development. Basically, the 

method computes the seismic response due to a stratified earth in the frequency

wavenumber domain, and then transforms the computed response into the space

time domain. As the reflectivity function needs to be sampled adequately in 

both frequency and wavenumber to avoid aliasing problems, the method is usu

ally extremely expensive in computation time. In vectorizing computers such as 

the CRAY, reflectivity codes can be vectorized if one ignores the causal nature of 

the intrinsic attenuation of the medium, however, in many cases of practical interest 

this simplification is not possible. In practice, the expensive computer runs, which 

reflectivity codes usually require, prohibit the use of this method for the routine 

analysis of seismic data. For modelling teleseismic phases such as Po/So, the situ

ation becomes even worse as the rate at which the reflectivity function needs to be 

sampled increases with source- receiver distance. 

In this dissertation, I develop a vector reflectivity algorithm for use on a routine 

basis for the interpretation of seismic data and then apply it in modelling the Po/So 

phases. In the first chapter, I discuss various practical aspects of the reflectivity 

method and show how reflectivity codes can be made faster and can be vectorized 

on the CRAY, for the case of frequency dependent seismic velocities. In the second 

chapter, I extend the reflectivity method to include receivers at multiple depths, 

so that one can compute multi-offset VSP seismograms by the reflectivity method. 

Finally, in the third chapter, I use this improved reflectivity method to model the 

Po/So phase. The exact mechanism for the generation of these unusual phases has 

been debated by earth scientists for a long time. Satisfactory modelling of Po/So 

data reveals a possible new picture of the oceanic lithosphere. 
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CHAPTER I 

PRACTICAL ASPECTS OF REFLECTIVITY MODELLING 

Abstract 

This chapter is intended to help those not familiar with the "lore" of lay

ered earth modeling to avoid some common problems. In the computation of the 

reflectivity function an easily incorporated phase-integral approximation is used 

away from turning points when the velocity gradient is smaller than the frequency. 

Hanning windows, or segments thereof, work well for both the slowness integral 

and the frequency integral. For the quadrature of the slowness integral the Filon 

method of Frazer is easily coded and vedorizes well; Levin's Filan method and 

the Clenshaw-Curtis-Filon method of Xu and Mal are more difficult to vectorize, 

but more powerful because they require fewer evaluations of the reflectivity func

tion . A modification of Strick's power law is a convenient way to calculate complex 

frequency-dependent seismic velocities. The complex frequency technique for avoid

ing time aliasing is explained by use of the Poisson sum formula . In writing code 

for vector computers, such as the CRAY, if frequency-independent velocities are 

used then the frequency loop should be deepest, whereas if frequency-dependent 

velocities are used then the p-loop(s) should be deepest . 

Introduct io n 

The reflectivity method for the computation of synthetic seismograms in 

layered media is widely used. Its main advantage is its capacity to compute a 

total solution of the wave field for a given model. In the reflectivity method the 

response of the model in frequency-wavenumber space is generally computed by 

a matrix method (Kennett, 1974; Kind, 1976; Kennett, 1983) that automatically 

includes contributions from all possible generalized rays within the reflecting zone . 

Following the pioneering work of Fuchs and Muller (1971), the method was devel

oped extensively by Kennett (1974, 1975, 1979, 1980), Kind (1976), Stephen (1977), 
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Kennett and Kerry (1979), Kennett and Illingworth (1981), Fryer (1981), Kennett 

and Clarke (1983), and others. A more detailed account of these developments is 

given in the book by Kennett (1983). The original reflectivity version of Fuchs and 

Muller (1971) required the source and receiver to be above the reflecting zone, but 

it was subsequently modified by Stephen (1977) to accommodate a receiver buried 

within the reflecting zone. Kennett (1975) has modified the method for differing 

structures at the source and receiver. The effects of intrinsic attenuation were incor-

porated into the method by Kennett (1975), Sipkin et al. (1978), and O'Neill and 

Hill (1979). The reflectivity method has also been .used to synthesize surface waves 

by Kerry (1981 ), Kennett and Clarke (1983), and Spudich and Ascher (1983). Fryer 

(1981) introduced the slowness method in reflectivity computations by integrating 

first over frequency and then over slowness, in contrast to the conventional spectral 

method of integrating first over slowness and then over frequency. The slowness 

method has an advantage in that the intermediate result is a slant stack . Spudich 

and Ascher (1983) showed that the collocation method has some advantages over 

matrix algorithms in the evanescent regime. Franssens (1983) has modified the 

Haskell propagator matrix algorithm (Haskell, 1953) to reduce the numerical loss of 

precision. More recently Schmidt and Tango (1986) introduced a stable form of the 

global matrix approach which is highly efficient for the case of multiple receivers at 

different depths. The mathematics of the different matrix methods for computing 

synthetic seismograms have been reviewed and compared by Chin et al. (1984) . 

The reflectivity method has been used extensively by many authors to model 

seismic data. In fact, the development and effective usage of this method have 

given us a much better understanding of the earth's structure, both on continents 

and beneath the oceans. In this context we refer to the works by Braille and 

Smith (1975), Spudich and Orcutt (1980a,b ), and Kempner and Gettrust (1982a,b) 

which may serve as an effective guide to the interpretation of seismic data through 

reflectivity modelling. 

The reflectivity method still has some practical disadvantages . The major dis

advantage is the long computation time that reflectivity codes usually require. This 

often precludes their use in seismic interpretation on a routine basis . Major factors 
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which limit the speed of computation are 

1. The reflectivity function must be adequately sampled in wavenumber 

space to avoid distance aliasing on transformation. 

2. Often a very long frequency series must be computed to avoid wraparound 

in the time domain. 

3. Zones of velocity gradient are usually approximated by many thin 

layers . 

The reflectivity function is computed first in the frequency-wavenumber domain and 

is then transformed into the time-distance domain using a Fourier-Hankel transfor

mation. When these transformations are band limited, adequate care must be taken 

to avoid truncation effects on the seismograms. The use of realistic earth models, in 

which the Lame parameters .A and µ are functions of frequency, reduces the speed 

of computation even further. 

Thus, in spite of extensive development in the theory of the reflectivity method, 

there can be great variations in the speed and accuracy of the method depending on 

how the theory is implemented. Since reflectivity computations are always expensive 

in computer time, even when the code in use is efficient, these practical aspects have 

a great effect on our ability to model and interpret seismic data. 

The Basic Reflectivity Algorithm 

The basic reflectivity algorithm deals with propagation in a layered medium 

bounded above by either a half space or a free surface and below by a half space 

(see Figure 1.1 ). We restrict ourselves to a cylindrical coordinate system and take 

the x (radial) and the z (depth) axes as shown. The source and the receiver may 

be placed anywhere within the earth model of Figure 1.1. 

The reflectivity method, like all other methods of computing synthetic seismo

grams, is a method of integrating the momentum equation 

(1) 
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Free Surf ace 

Medium 1 

Medium 2 

Medium (N-1) 

Medium N (half space) 
~ 
z 

Figure 1.1: The basic setup for the reflectivity method . 
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and the constitutive relation 

T = C: € 
= = =' (2) 

where ;r,_ and ~ are the infinitesimal stress and strain tensors, respectively, p is the 

density,'.!! is the elastic displacement, [is the body force density and~ is the fourth

order elastic tensor. In a cylindrical coordinate system the most general form of 

anisotropy that we can treat is transverse isotropy with a vertical axis of symmetry. 

Thus, £ has at most five independent parameters. An often overlooked fact is that 

the relation defined in equation (2) is fundamentally a frequency domain relation 

since the components of£ are, in general, complex frequency-dependent quantities. 

Here we assume a time dependence of the form e-iwt corresponding to a forward 

temporal Fourier transform F = J dteiwt. Since our elastic medium is stratified 

we can transform out the dependence of l! and ;r,_ on radius x, and azimuth, ¢, by 

expanding them as series of cylindrical harmonics via the Fourier-Hankel transform 

(Takeuchi and Saito, 1972). The details of this procedure are given in many papers 

and books (e.g., Kennett, 1983; Aki and Richards, 1980). The resulting systems of 

equations have the form 

Ozb = -iwAb + g . (3) 

The system matrix A is 2x2 for the SH system, governing motion in the az

imuthal direction, while for the PSV system, governing motion in the radial and 

vertical directions, the system matrix is 4x4. Each component of the vector of 

physical variables, b, is a function of horizontal wavenumber k and azimuthal or

der n, and can be recovered by inverting the Fourier-Hankel transform. Here it 

will be enough to consider only the term n = 0 so that our inverse Fourier-Hankel 

transform reduces to 

u(x,w) = 1o= w2 p dp u(w,p) Jo(wpx), (4) 

in which J0 is Bessel's function of order zero, and u(w,p), one of the components of 

b, will be referred to here as the reflectivity function. In equation ( 4) pis horizontal 

slowness, w is radian temporal frequency and x is the distance of the receiver from 
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the source. When the integral of equation ( 4) has been computed for a range of 

frequencies we recover the time domain version of u by an inverse Fourier transform 

u(x,t) = 2-j00 

dw e - iwt u(x,w). 
271' -00 

(5) 

The numerical implementation of equation (5) is usually in the form of a fast Fourier 

transform (FFT). 

Computation of The Reflectivity Function 

The most expensive part of seismogram synthesis by the reflectivity method 

is the computation of the reflectivity function u(w,p), as this function must be 

adequately sampled to avoid aliasing problems. In most matrix methods of com

puting u(w,p) the earth is modeled as a stack of homogeneous layers and the time 

of computation of u(w,p) is proportional to the number of these layers. To ade

quately model a smooth velocity gradient many layers are needed, especially when 

the signal frequency is high. It is possible to model velocity gradients by the use of 

vertically inhomogeneous layers and this has been done by Frazer (1977), Cormier 

(1980), and Chapman (1981). However when inhomogeneous layers are used the 

calculations in each layer become considerably more complicated, and the numer

ical errors are difficult to estimate (Chapman, 1981 ). In this section we outline a 

procedure which retains the simplicity of the homogeneous layer approach and yet 

gives an increase in speed in gradient zones. First we derive simple criteria for the 

use of non-uniform WKBJ formulae. When these criteria are satisfied we propa

gate through a gradient zone by accumulating phase only, neglecting the reflection 

and transmission coefficients at the interfaces between the thin layers of the gradi

ent zone. This procedure is straightforward to implement, and one can check the 

accuracy of the results simply by rerunning with more conservative criteria. 

The WKBJ or phase integral method is well known in seismology. It is use

ful for computing responses where velocity varies smoothly with depth. Except 

at zeroth-order discontinuities, coupling between P and S waves and between up 

and downgoing waves is neglected. Essentially this method is concerned with an 
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approximate solution of the equation 

a;u + w 2 q2u = 0, (6) 

where az = a; a z is the derivative with respect to the depth variable z, w is the 

angular frequency, p is the ray parameter, u is some physical variable, e.g. vertical 

displacement, and q is the vertical component of slowness given by 

2 1 2 

q = [v(z)]2 -p' (7) 

where v(z) is the velocity. For a given velocity profile v(z), the depth z = Zp at 

which v(z) = l/p, and q = 0 is called the turning point. When more than one 

turning point exists, the velocity profile is said to have low velocity zones (LVZ). 

The solution to this problem is an iterative approximation process which gives a 

propagating solution above the turning point and an exponentially decaying solution 

below it, and no solution at the turning point where the approximation is invalid. 

"Connecting" these two solutions is done by use of the Airy functions and Langer 

approximation; thus, a uniform solution to the problem is obtained with u as a 

function of p and w. 

The WKBJ method has been used in seismology by Chapman and Phinney 

(1970, 1972), Richards (1973), Wiggins and Madrid (1974), Wiggins (1975, 1976), 

Chapman (1974, 1975, 1976a,b, 1978, 1981), Richards (1976), Choy (1977), Cormier 

and Richards (1977), Frazer (1978, 1983), Thomson and Chapman (1984), and oth

ers. Our application of WKBJ theory will be seen to be much more straightforward 

than that in any of these references since we will have no connection problem . 

Referring to equation (3), we re-write A as 

A= n- 1A D , (8) 

where A is the eigenvalue matrix of A and columns of D are the eigenvectors of A, 

and define the wave vector u by 

(9) 

We can show that each component u of u satisfies equation (6) with q defined 

by equation (7). In order to obtain a solution we see that it is of the type e±iwqz for 
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constant q. This suggests that we try the form eiwT(z) as the solution. Substituting 

this in equation ( 6) we get 

. 32 2 (8 )2 2 2 0 ZW z T - W z T + W q = . (10) 

For a first approximation we neglect wa;r and get az T = ±q( z); or T = ± J q( z )dz 

and a;r = ±8zq(z). The second approximation gives (8zr) 2 = q2 (l±i~) or, 

82 T = ±q + i~, provided 

1:~;[<<1. (11) 

Thus r( z) = ±J q(z)dz + (i/2w)ln(q). This gives the basic phase integral form of 

the solution as 

A -l/2 u = q exp [iw j q(z) dz]+ Bq-112 exp [-iw j q(z) dz], (12) 

where A and B are constants. A and B can be evaluated by "connecting" the 

solutions above and below the turning point as discussed in Aki and Richards (1980) . 

Now, in deriving equation (12) we made the assumption that l~I << 1, so 

this inequality must be satisfied for the WKBJ approximation or any further form 

thereof to be valid. The inequality will fail to hold, either if the velocity gradient 

is large, or if we are near a turning point so that q is small. Let us consider these 

two conditions separately. To examine the effect of a velocity gradient suppose that 

p ~ 0 in (3.2) so that q ~ l/v. The inequality of equation (11) then becomes 

18v/8zl << w. Now we consider the turning poi_nt problem. For this we refer to 

Figure 1.2. In this Figure the depth 5z to the point zp , the turning point in the 

analytically continued velocity function from z2 is given by 

(13) 

where Vmax stands for the maximum of v1 and v 2 in Figure 1.2. Clearly, the turning 

point is far from the interval if >. < < 5z or o>..z < < 1, where >. is the wavelength. 

For a given frequency, f, the highest value of >. that is expected over the interval is 

Vmax/ f. Thus we set Vmax/ f5z < < 1 for the turning point criterion to be fulfilled. 
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Figure 1.2: The turning point criterion for the WKBJ approximation over the 

gradient zones. The depth Zp is the turning point in the analytically 

continued velocity function for the specific ray parameter p . 
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wave velocity (CL), compressional Q (QL), shear wave velocity (CT), 

shear Q (QT) and density (RHO) as a function of depth for the model 

for which the synthetics in Figs (b) - (e) are computed. (b) Synthetic 

seismograms where no WKBJ has been used, ( c) WKBJ has been used 

with t 1 = t 2 = 0.25. {d) WKBJ has been used with E1 = E2 = 0.5. (e) 

WKBJ has been used with E1 = E2 = 0.9. 
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Thus we proceed as follows in the computer code: We choose two numbers E1 , 

€ 2 < 1, and then use WKBJ only in depth ranges for which both the conditions 

I 
6.v/ !J.z I f < €1 and (14) 

are fulfilled: otherwise we use the normal reflectivity algorithm of layer-by-layer 

iteration over such zones. 

In Figure 1.3, we present the results of including the WKBJ method in the 

reflectivity scheme. Figure 1.3(a) shows the model for which we computed the 

responses given in the Figures 1.3(b) to ( e). The response given in Figure 1.3(b) 

is computed without any WKBJ option, whereas the responses shown in Figures 

1.3( c) to ( e) were computed with E1 = E2 = 0.25, E1 = E2 = 0.50, and E1 = E2 = 0.90, 

respectively. There is no detectable difference between Figure 1.3(b) (no WKBJ) 

and Figure 1.3( c) (WKBJ) and yet the latter required 253 less time to compute. 

This difference in computation time would be even greater if the upper limit of the 

ray parameter window, discussed below, were decreased to exclude the direct water 

wave arrival. 

Computation of The Slowness Integral 

Here we discuss the numerical evaluation of the slowness integral, in the 

form 

u(x,w) = fo00 

w
2 p dp J0 (wpx) u (w,p), (15) 

where J 0 denotes Bessel's function of order zero. This integral is oscillatory in 

nature and when wx is large, a large number of steps is necessary for computing 

it accurately, as the step size required is approximately inversely proportional to 

wx. Therefore, computing the integral of equation (15) by any standard quadrature 

scheme would be cumbersome and time consuming for large w and/ or x. In order to 

overcome this difficulty, we make use of the generalized Filon method ( G FM) given 

by Frazer (1978) and Frazer and Gettrust (1984). Their method allows the step 

size to be roughly proportional to ( wx t 112
, thus allowing us to go to much higher 

wx, for a given step size and a given error in computation. In ~rder to make use of 
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the simplest form of the GFM, we transform the integral of equation (15) into 

fr 
w2 
-p dp H61

)(wpx) u(w,p) 
r 2 

(16) 

where r, the contour of integration, is shown in Figure 2 of Frazer and Gettrust 

(1984). Here H~1 ) stands for a Hankel function of type 1 and order zero. An 

outline of the steps in the transformation of equation (15) to equation (16) was 

given by Chapman (1978). Some care is required in the derivation as H~1)(wpx) is 

singular when wpx is zero . The details are not of much practical interest because 

(1) the transformation is not valid when x = 0 and (2) in most applications only the 

part of r near the Re(p )-axis is significant . Transforming from equation (15) to 

equation (16) also has the advantage of suppressing acausal ,arrivals, if any, caused 

by mistakes in computation . 

We now rewrite equation (16) as: 

(17) 

where 

S = iwx, 

and 

g(p) = p . 

Application of the standard trapezoidal rule to the integral in equation (17), 

between the limits a and b, gives the quadrature formula 

(18) 

This formula doesn't work very well when Im(s(g(b) - g(a))) 2:. tr/4 because it 

assumes that f (p )e 3 9(P) is well approximated by a linear function over the interval 
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( a,b ). If, instead, we assume that both f (p) and g(p) are well approximated by 

different linear functions on (a, b) then we get the G FM analogue of the trapezoidal 

rule (Frazer, 1978): 

_§E_ [8 [! eSg] - o(f)o[esg]] 
Sog so(g) 8(g) =I 0 

(19) 

¥ [f(a)eSg(a) + f(b)eSg(b)] 8g = 0 

where, for any function h(p), 8(h) means h(b)-h(a). We will refer to the integration 

in the form of equation (19) as the first-order Filon scheme since a first order 

polynomial was used to approximate f(p) in order to derive equation (19) above. 

Note that equation (19) corrects equation (61) of Frazer and Gettrust (1984) which 

has a typographical error in the expression for 8g = 0 

Integrating by a first-order Filon scheme, instead of the trapezoidal rule, greatly 

improves the quality of the synthetic result. For the same step size, computation 

time with equation (19) is about 15% more than with equation (18). However (19) 

allows us to .use a much larger step size for the same accuracy. This larger step size 

means that the reflectivity function u(w,p) needs to be computed far less often, so 

the net saving, depending on wx, can be as high as 80%. A comparison between 

the trapezoidal and Filon quadratures is given in Figure 1.4 . 

One· might think that higher order Filon schemes would give results superior to 

equation (19); however, we have not found this to be the case. For example, the fifth

order Filon scheme outlined in Frazer and Gettrust (1984) is much more awkward to 

code than equation (19) and is less accurate. This is probably because the Lagrange 

polynomial, used to derive the fifth-order formula, is not a good approximation to 

the reflectivity function. More recent work (see below) indicates that the reflectivity 

function is better approximated by a series of Chebyshev polynomials . 

There is another scheme, given by Levin (1982), which we believe to be as 

efficient as the GFM. Like the GFM, Levin's method deals with integrals of the 

type 
f P2 

},, f (p )eSg(p) dp. 
P1 

(20) 
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Figure 1.4: A qualitative comparison of different quadrature schemes. (a) Filon 

(first order). (b) Trapezoidal rule. The model is given in Figure 

1.3(a) . 
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We see that, for such integrals, if there exists a q(p) such that: 

Sg'q + q' = f, (21) 

where a pnme indicates a derivative with respect to argument, we can readily 

integrate as 

(22) 

We thus approximate q by a polynomial in p with unknown coefficients, find the 

coefficients from equation (21 ), and then use equation (22) to evaluate the integral. 

If it is assumed that f, g and q are all linear functions of p then equations (21) 

and (22) are equivalent to the first-order GFM rule of equation (19). The only 

disadvantage to Levin's method is that it requires the solution of a system of linear 

equations at each step. In order to keep the size of this system small, and to avoid 

making assumptions about the global characters of q(p), it is best to divide the 

interval of integration into subintervals and to apply the method separately to each 

subinterval. 

Another alternative to the GFM of equation (19) is the adaptive Clenshaw

Curtis quadrature scheme of Xu and Mal (1985). Their method is in the spirit of 

Filon's (1928) method. Filon derived a quadrature formula for the integral 

[P2 
}"' f(p) cos( xp )dp 

P1 
(23) 

by taking f(p) to be a polynomial in p. Xu and Mal (1985) take f(p) to be a series 

of Chebyshev polynomials in p. The number of terms in the series is increased, 

with a concomitant increase in the number of evaluations of f(p ), until equation 

(23) converges. This is done in such a way that no earlier evaluations of f(p) are 

wasted. Although the scheme of Xu and Mal (1985) is more difficult to code than 

equation (19), and does not vectorize as well because of its adaptive nature, it is 

certain to be more efficient than equation (19) on serial computers. 

Windowing 

Once the reflectivity function u(w,p) is computed, it has to be transformed 

into x-t space by an integral transform, given by equation (5). However, for all 
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Figure 1.5: (a) Frequency and (b} ray parameter Hanning windows . 
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practical purposes, our computations are band limited, i.e. we truncate the integral 

of equation ( 5) into the form: 

1 Jo lop - e-iwt w2 p dp u(w,p) Jo(wpx). 
27r -fl 0 

(24) 

The effect of such a truncation is to convolve the desired function with a certain 

kernel, which distorts the signal and gives rise to truncation phases. As a result 

our desired impulse response is distorted. To improve this, we must use a Hanning 

window to gently taper the signal at its limits . 

In the frequency domain, we multiply our signal by the Hanning window, given 

by (see Figure l.5a) 

lwl < n 
lwl > IDI 

For the slowness integration, we first transform the integral into the form given 

in equation (16). Since a Bessel's function has both incoming and outgoing wave 

parts, whereas a Hankel function of type one consists of only the outgoing part, 

the Hankel transformation ensures that any acausal arrival, due to mistakes in the 

computation, will not be incorporated into our final results. To this integral we now 

apply a two-sided Hanning window, from p 1 to p2 and from p3 to p4 , where p1 and 

p4 are the minimum and maximum values of slowness, respectively and p 2 and p3 

are intermediate values between p1 and p4 (see Figure l.5b ). Generally p2 should 

be a little less than the slowness corresponding to the highest model velocity and 

p3 should be a little higher than the slowness corresponding to the lowest model 

velocity. A mathematical description for such a window would be: 

{ 

~ ( 1 + COS1f :;2~P~) P1 ::; P ::; P2 
PH(P) = 1 P2 < p < p3 . 

. ~ ( 1 + COS1f t4~p3 ) p3 ::; p ::; p4 

(25) 

Use of Frequency Dependent Velocities 

The best way to incorporate realistic attenuation into an earth model is to make 

the seismic velocities complex. However, if the velocities are made complex, but 
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frequency independent, the results are similar to those obtained by filtering unat

tenuated synthetics with a zero phase filter, for the synthetics will have lost their 

causal appearance. Therefore, the velocities must be made frequency dependent. 

In practice, this is done by introducing seismic Q. There are various ways in which 

Q can be defined, all of which are based on wave propagation in a linear viscoelastic 

medium. Most definitions result in numerical values that are nearly the same. The 

definitions given by O'Connell and Budiansky (1978) are 

Q_1 = -Im(µ); and Q_1 = -Im(K + 4µ/3) 
f3 Re(µ) a Re(K+4µ/3) 

(26) 

in whichµ and Kare rigidity and bulk modulus, respectively, and Qf3 and Q0 stand 

for the Q of shear and compressional waves, respectively. Here we are assuming a 

forward temporal Fourier transform :F = J dt eiwt as is usual in wave propagation . 

If we had chosen the opposite sign for w in our definition of :F then the minus 

signs would be omitted from the numerators in equation (26). In computing syn

thetic seismograms it is usually more convenient to work directly with the velocities . 

rather than the elastic moduli. Definitions more useful for computing synthetic 

se1smograms are: 

Q
_1 _ Im(l/a). .d Q_ 1 Im(l/{3) 
a -

2Re(l/a)' an f3 =
2 Re(l/f3)" (27) 

For the values of .Q encountered in practice these definitions are numerically nearly 

equivalent to equation (26). 

For actual construction of a( w) or f3( w) we prefer to use a modified version of 

Strick's power law (Strick, 1967, 1970) 

where 

c(w) 

1 

c(w) 
1 k0 1 

c00 + sin( 0"71" /2) ( E - iw )u' 
- 7r/2 < arg(w +it:) < 371"/2 

complex velocity, as a function of frequency (w ). 

c00 velocity at infinite frequency 
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er first attenuation parameter (0 < er < 1), equal to about 0.1 for most 
earth materials 

k 0 second attenuation parameter. If Q is specified at the reference fre
quency w0 , then k0 ~ w~/(2c=Q(w0 )) 

third attenuation parameter. Set E = 0.001. 

The frequency dependence of the velocity given by equation (28) is seen to 

be causal because 1/ c( w) has no singularities in the upper half of the complex 

w-plane. The relation of equation (28) is useful because it has, effectively, only 

two free parameters. The third attenuation parameter, E, is included to make l/c 

finite as w --7 0 and to make certain that FORTRAN supplied complex functions 

automatically return the correct branch when Im( w) 2:: 0 . 

An alternative rule for complex velocity is the absorption band rule of Liu et al. 

(1976): 

{ 
2 

[ 
( . )]}1/2 W2 W1 - ZW 

c( w) = c0 1 + -Q ln ( . ) 
7r m W1 W2 - iw 

(29) 

With this i:ule, Q(w) is nearly constant in the band (w1 ,w2 ), having a value there 

slightly less than the parameter Qm, and it rapidly goes to infinity outside this 

band. The branch points of the function defined in equation (29) are in the lower 

half w-plane at w = -iw1 and w = -iw2 , and the FORTRAN supplied complex 

functions will return the correct branch when Im( w) ~ 0. 

It is straightforward to show that if w1 <: < w < < w2 then equation ( 29) can be 

replaced by the simpler expression 

c(w) ~ c0 { 1 + 7r~m ln (:J} e-i/
2
Q=, (30) 

which is useful for reconciling the differences between velocities inferred from surface 

wave or free oscillation data and velocities inferred from body wave data (Kanamori 

and Anderson, 1977). In computing body wave synthetic seismograms we prefer 

equation (28) to equation (29) simply because it is less susceptible to trouble when 

one wants to compute an impulse response. The time spent in computing velocities 

is a small fraction of the total computation time since, when frequency dependent 
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velocities are used, the frequency loop is the outermost loop. If the frequency 

dependence of velocity is neglected, the frequency loop can be made the deepest 

loop in the computation of u(w,p); then the recycling of quantities derived from 

the velocities results in a much more rapid code. This is especially true on array 

processors (Phinney et al., submitted) and on vectorizing computers such as the 

CRAY (M. E. Odegard, personal communication). When the frequency dependence 

of velocity is not neglected, a code that vectorizes on the CRAY can be obtained by 

making the p-loop(s) the deepest (Mallick and Frazer, 1986); then the p-loop(s) are 

inside the layer loop which is inside the frequency loop. The resulting code is about 

seven times faster, on a CRAY X-MP, than a code whose layer loop is deepest. 

Aliasing 

Aliasing is a significant problem in any frequency domain seismogram synthe

sis technique. The reflectivity function is computed in the frequency-wavenumber 

domain and is transformed into the time-distance domain using the integral trans

form of equation (5). Unless the reflectivity function is adequately sampled in p 

and w, such a transformation will give rise to aliasing, in space as well as in time. 

We discuss each of these separately. 

In order to avoid spatial aliasing the integrand in the inverse Hankel transform 

of equation (16) must be adequately sampled in p. If x is a few wavelengths or 

less then asp varies u(w,p) will vary more rapidly than H61 )(wpx); however, if xis 

more than a few wavelengths then H~1 ) ( wpx) will vary more rapidly than u( w, p) . 

In this latter case, consideration of the asymptotic expansion for H~1 
\ wpx) shows 

that with a non-Filon quadrature we should choose 5p ::; (2n )/(lOwxmax) where 

Xmax is the largest offset of interest. The Filon quadrature outlined in the previous 

section permits us to make 5p considerably larger, but we must never make it so 

large that we fail to track the variations of u( w, p) . If we do, the consequences of 

this wavenumber undersampling will be "distance aliasing" - energy meant to arrive 

at one distance will appear in the synthetics at other distances, as shown in Figure 

1.4. 

In order to avoid time aliasing the integrand of equation ( 5) must be adequately 
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sampled in w. To understand the consequences of undersampling consider the inte-

gr al 

1 100 f(t) = - dw e-iwtF(w) . 
27r -oo 

(31) 

Suppose that F(w) is band~limited, i.e. that F(w) vanishes for lwl > Wmax· When 

we use an FFT to compute the right hand side of equation (31) we get not f(t) 

but 'E';'=_ 00 f(t + nT) where T = 27r/D..w and D..w is the step size in w. This result 

follows immediately from the Poisson sum formula (e.g., Papoulis, 1962, p. 47) 

00 D..w oo 
f(t + nT) = - L e-intilw F(nD..w). 

27f n=-oo 
(32) 

n=-oo 

If D..w is greater than Wmin, the lowest frequency at which our signal is non-zero, then 

time aliasing (sometimes called wrap-around) will result. In order to prevent this 

we can choose D..w very small, but then F( w) must be computed at many points, 

which can require a great deal of computer time. An alternative to small D..w is 

the complex frequency technique (Phinney, 1965; Bouchon and Aki, 1977; Spudich 

and Ascher, 1983) in which we use our frequency domain algorithm to compute 

not F(w) but F(w + ia) where a is a small positive constant. Equation (31) then 

becomes 

1 /00 f(t)e-at = - dw e-iwt F(w + ia), 
27r -00 (33) 

and our FFT will return 

oo D..w oo L f(t + nT)e-a(t+nT) = - L e-intAw F(nD..w + ia). (34) 
n=-= 27f n=-oo 

If we then apply a factor eat to the output from our FFT we get 

00 
L f(t + nT)e-anT = f(t) + L f(t + nT)e-anT (35) 

n=-oo 

in which all energy that is wrapped around from times greater than T has been 

attenuated by at least e-aT. This complex frequency technique can be used to 

suppress wrap-around with any frequency domain method. Our experience with 
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the reflectivity method is that numerical problems will arise if one attempts to 

attenuate wrap-around by more than a factor of about fifty. Thus a = ln(50)/T is 

a good choice for a. These numerical problems are due to the numerical analytic 

continuation implicit in obtaining f(t) from F(w + ia). Numerical problems will 

also arise if our computed version of F( w + ia) contains acausal noise, for such noise 

will be exponentially amplified by the n ::; 0 terms in equation (35). Numerically, 

it is also desirable to have real values of the product wp in the integral of equation 

(5) and this is achieved by giving the p-step a phase opposite to that of w. Thus 

in evaluating equation (15) for frequency w = nflw + ia we use a p-step given by 

D.p = JD.pJw* / llwll· Some computations with, and without, the complex frequency 

technique are shown in Figure 1.6 . 
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Figure 1.6: Effect of using complex frequency. (a) Reflectivity synthetics com

puted with real frequencies for the model given in Figure 1.3(a). (b) 

Same as (a) but now computed with complex frequencies having an 

exponential decay factor of 1/50. Notice the events such as A, B and 

C, marked on (b) are obscured on (a), due to the wraparound effect . 
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CHAPTER II 

RAPID COMPUTATION OF MULTI-OFFSET 

VSP SYNTHETIC SEISMOGRAMS 

FOR LAYERED MEDIA 

Abstract 

By rearranging the formulas for the response of buried sources and receivers in 

the Kennett reflectivity algorithm we have obtained a new <;1.lgorithm that is very 

efficient for computing multi-offset VSP synthetic seismograms. The rearrangement 

of the response formulas is quite general inasmuch as it applies to both isotropic 

and anisotropic Kennett codes. Our new algorithm and the original single receiver 

algorithm can both be made to run much faster on vector machines by taking 

the layer loop out of the p-loop, but leaving it inside the frequency loop. The 

resulting vector codes are still able to compute the response of media with frequency

dependent velocities . 

Introduction 

Over the past decade vertical seismic profiling (VSP) has become a widely 

used tool in seismic exploration . The main reason for its popularity is the fact 

that it allows one to observe the passage of seismic waves through the earth as they 

undergo reflections and mode conversions at various interfaces. Even though VSP 

has gained popularity in the past few years, its basic ideas are relatively old. Dix 

(1939) used borehole seismometry to determine subweathering velocity from check 

shots. This application was followed by studies of the propagation of seismic waves 

from measurements obtained in boreholes (Jolly, 1953; Khalyevich, 1955; Riggs, 

1955). Soviet geophysicists, especially, have contributed greatly to the development 

of VSP (Gal'perin, 1974). A comprehensive review_ of the different aspects of VSP 

is given in Balch and Lee (1984) . 
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With the increased popularity of VSP, there is now a growing need for computing 

theoretical VSP seismograms as an aid to interpretation. Considerable progress has 

already been made in this regard: Wyatt (1981 ), Kelly et al. (1982), Temme 

and Muller (1982), Ursin and Arnsten (1983), Thybo (1983), Cormier and Mellen 

(1984), Stephen (1984) and Sullivan (1984), are a few examples. Most of these 

papers restrict the computation of synthetic VSP seismograms to the case of normal 

incidence. Dietrich et al. (1984) gave a method which allows offset VSP, but 

it encountered difficulties with high frequencies . McMechan (1985) gave a finite 

difference algorithm to compute offset v·sp for laterally varying acoustic media . 

Aminzadeh and Mendel (1985) gave a state space algorithm and showed how non

normal incidence VSP can be obtained by computing the surface synthetic response 

first and then continuing it downward to the given VSP depth points. Even though 

their method gives a way to compute offset VSP for a layered elastic medium, it 

has some practical drawbacks. It does not include surface waves. Also, it assumes 

the medium to be lossless. The frequency domain approach discussed here includes 

surface waves and lossy media. 

There are many methods for generating theoretical seismograms for a layered 

elastic medium, of which the reflectivity method, originally proposed by Fuchs and 

Muller (1971) and eventually modified by Kennett (1974, 1975, 1979, 1980), Kind 

(1976), Stephen (1977), Kennett and Kerry (1979), Kennett and Illingworth (1981 ), 

Kennett and Clarke (1983), and Mallick and Frazer (1986) seems most popular. 

A detailed review of this method may be found in Kennett (1983). Suprajitno 

and Greenhalgh (1986) used this reflectivity technique to generate offset VSPs for 

layered media. Their method has the basic advantage of the reflectivity method: a 

complete response, including all free surface and internal multiples, is computed at 

once. Moreover, they give a way to accommodate deviated holes and approximate 

solutions for some special classes of laterally varying structures such as faults and 

pinchouts. Their method, however, requires computing the entire reflectivity matrix 

for each receiver depth. Because the computation of this matrix is the most time 

consuming part of the reflectivity method Suprajitno's and Greenhalgh's procedure 

can only be applied to relatively simple models involving very few layers. With 
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the increasing application of synthetic seismograms to the interpretation of seismic 

data, it is now well known that exact travel time and amplitude modelling can 

only be achieved by allowing velocity gradients within various geologic formations 

of the earth (for example, see Braille and Smith, 1975). A model with few layers 

having constant velocities and densities in each layer may satisfy the travel times 

of the data, but to match the amplitudes correctly, one must allow the velocities 

and densities to vary within each layer as well. Doing so requires subdividing each 

constant velocity and density layer into many thin layers; computing a multi-offset 

VSP response for such a multi-layered medium places a great premium on speed 

and efficiency. 

Schmidt and Tango (1986) gave a stable form of the global matrix approach 

(Chin et al. 1984) that is highly efficient for computing the response for multiple 

receiver and source locations. In this paper, we present a reflectivity approach for 

computing multi-offset VSP which we believe to be at least as efficient as that of 

Schmidt and Tango especially in vector computers. The interesting features of our 

method are as follows 

1) 

2) 

3) 

4) 

5) 

It is based on the reflectivity algorithm, which allows a complete re

sponse, including all the free surface and the inter-layer multiples to 

be computed at once, 

Intrinsic attenuation may be easily accommodated by making the seis

mic velocities complex and frequency dependent, 

The reflectivity matrix need not be computed repeatedly for each 

receiver depth, 

The algorithm can be applied to a general anisotropic model (Fryer 

and Frazer, 1984), and 

The algorithm vectorizes efficiently in computers such as the CRAY, 

resulting in a very rapid computation. 
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Theory 

We consider a multi-layered earth, bounded above by a free surface and below 

by a half space. The receivers are located at different depths inside a well (arbitrarily 

spaced) and the sources are located at a single depth but at different offsets (Figure 

2.1 ). Our object is to find the seismic response from each source at each receiver 

level. The basic method for the case of a single receiver is thoroughly discussed in 

Kennett (1983), and the modifications needed for anisotropic media have been given 

by Fryer and Frazer (1984). We assume a cartesian coordinate system x, y, z where 

x and y denote the two horizontal (range) coordinates and z denotes the depth coor

dinate. After transforming the horizontal coordinates and time variations out, using 

a triple Fourier transform of the form;_: l: l: f(x, y, z, t)ei(wt-k.,x-kyy)dx dy dt, 

all the variables become functions of frequency ( w), horizontal wavenumbers ( kx, ky) 

and depth z, and the subsequent derivations are in this transformed domain. The 

derivations are valid in general for an anisotropic visco-elastic medium; however, 

in the case of media exhibiting azimuthal symmetry, e.g., the isotropic or trans

versely isotropic case, the variables kx and ky appear in the equations of motion 

in a symmetrical fashion. The first step in this method consists of layer-by-layer 

iteration and forming the reflection/transmission coefficient matrix for the entire 

stack of layers. If in Figure 2.2, Rd and Td are the downward looking reflection 

and transmission coefficient matrices and Ru and Tu are the upward looking re

flection and transmission coefficient matrices to depth z = zt._1 and if rd and td 

are downward looking reflection coefficient matrices and ru and tu are the upward 

looking reflection and transmission coefficient matrices for the interface at z = Zi, 

then the new reflection and transmission coefficients to depth z = zt are given by 

the iteration relations 

(Ru)new 

Tu(I - E;:-1rdEdRut 1 E;:-1tu, 

Rd+ TuE;:-1 rdEd(I - RuE;:- 1rdEdt 1 Td, 

ru + tdEdRu(I - E;:-1rdEdRut 1 E;:-1 tu, 

tdEd(I - RuE;:- 1 rdEdt1 Td, 
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where I is the identity matrix and Eu and Ed are the diagonal matrices which 

downward propagate the upgoing and downgoing waves, respectively, in layer i. In 

an isotropic or transversely isotropic medium E:1 = Ed. In general, the system 

of matrices in equation (1) are 3 x 3 and the (reflection/transmission) coefficient 

matrices have the following form, for example 

Here for example R~1 is the reflection coefficient for a quasi S 2 wave from a 

downward incident quasi S1 wave, R~2 is the reflection coefficient for a quasi P wave 

from a downward incident quasi S2 wave and so on. For any layer k of thickness 

tk = zk - Zk-l (see Figure 2.2), the matrices Eu and Ed are given by 

( 
ei>-1 tk 0 0 ) ' Eu 0 ei>-2 tk 0 

0 0 ei:\3 tk 

and 

( e'~'· 0 0 

) Ed ei>-stk 0 ' 
(2) 

0 ei>.s tk 

where >. 1 , ••. , >. 6 are the eigenvalues for the 6 x 6 elastic system matrix A, computed 

in such a way that its eigenvector matrix D has the upgoing waves in its first three 

columns and downgoing waves in its last three columns. Then >. 1 , >. 2 , >. 3 are the 

eigenvalues for the upgoing waves and >.4 , >. 5 , >.6 are those for the downgoing waves, 

respectively. A detailed explanation of these may be found in Fryer and Frazer 

(1984). In special cases, where the medium exhibits azimuthal symmetry, such 

as the isotropic or the transversely istropic case, the whole 6 x 6 elastic system 

decouples into a 4 x 4 P-SV (or, to be exact, quasi P-quasi S1 ) and 2 x 2 SH (or 

quasi S 2 ) system. For the P-SV system the matrix equation (1) becomes 2 x 2, and 

for the SH system it becomes a scalar equation and there are simple and explicit 

forms for the reflection/transmission coefficients and the transmission matrices for 

such cases (For example, see Aki and Richards, 1980; Kennett, 1983, Chapter 5). 
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A point source located at r = (0, 0, z.), can be represented in terms of a force h 

and a symmetric moment tensor M, with body force equivalent given by (Burridge 

and Knop off 1964) 

f(w) = h(w)8(r - r.) - M(w) · \78(r - r.), (3) 

where 8 is the delta function and \7 denotes the gradient · operator. (For an ex

plosive source, h( w) = 0 and M( w) is proportional to the identity matrix.) The 

discontinuity, S, in the displacements and vertical components of stress leads to a 

discontinuity in the amplitudes of the up- and downgoing waves given by 

F = ( ~· ) = D- 1 (z,)S(z,) . (4) 

n- 1 (z.) in ( 4) is the inverse of the eigenvector matrix D(z.) of the elastic system 

matrix A(z.). Once Dis found, it is straightforward to find n- 1 (Fryer and Frazer, 

1984). For the general case D must be found numerically; however, for the isotropic 

and for the transversely isotropic case, the 4 x 4 D matrix for P-SV and 2 x 2 D 

matrix for SH can be explicity found (see Kennett, 1983, equation 3.37, for example, 

for the isotropic case). The vector S(z.) in (4) is obtained from (3), by Fourier 

transformation over x and y, in the form 

S(z.) = 

0 
0 
0 

ihx + kxlvf xx + kylvf ;y 

ihy + kylvf xy + kylvf yy 

ihz + kxlvfzx + kylvfzy 

0 
0 
0 

(5) 

Finally, in order to get the motion u( Zr) at the arbitrary receiver location z = Zri 

the matrix D( Zr) is first written in terms of submatrices as 

M~ M:i 

D = 

N~ N:i 
Then, for the receiver above the source (Figure 2.3a) the motion is 

u(zr) = (M~ + M:fR~f)(I - R:f"R~ft 1 

T~r(I - R;tR~1t1 (RdnF d +Fu), 
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Figure 2.8: Layered earth problem when a receiver is (a) above the source and (b) 

below the source 
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and for the receiver below the source (Figure 2.3b ): 

(7b) 

The notations used in (7a) and (7b) are explicit, for example R;t denotes the 

downward looking reflection coefficient matrix between Zn (bottom of the stack) and 

Zr (receiver depth). Similarly, R~f denotes the upward looking reflection coefficient 

matrix for the stack between z! and the free surface and so on. 

Finally, by applying the triple Fourier transform 

1 j°" j°" j°" i( k.,x+kyy-wt) ~( ) 3 u(k,,,ky,z,w)e dk,,dkydw 
27r -oo -oo -oo 

(8) 

we get the synthetic seismogram for a point -source. In the case of an isotropic or 

transversely istropic system, the point source synthetics are obtained through the 

Fourier-Hankel transform over the frequency and wavenumber (see Kennett, 1983, 

Chapter 7, for details). 

Equations (7a) and (7b) also give a very convenient way to compute the upgoing 

and downgoing wave responses separately. To see why this is so, recall that the 

matrices M~ and M:i are the submatrices of the eigenvector matrix D at each 

receiver location. The columns of M~ give the upgoing wave displacement and 

the columns M:i give the downgoing wave displacement. Thus, if we set M~ = O, 

equations (7a) and (7b) give the downgoing wave only. Similarly setting M:i = 0 in 

equations (7a) and (7b ), gives the upgoing wave only. Each column of the matrices 

M~ and M:i represents a different wave type. For an isotropic P-SV system for 

example, the first column gives the P wave motion and the second column gives the 

SV wave motion. Thus, setting the second column of M~ to zero and also setting 

M:i to zero makes equations (7a) and (7b) give the upgoing P wave motion only. 

Upgoing S, downgoing P and downgoing S wave motions are obtained in a similar 

manner. Once the entire reflectivity matrix is computed, these separate motions 

can be obtained at very little additional expense. 

In order to extend this procedure to the VSP case, we examine equations (7a) 

and (b) to see how they are used to compute the response in case of a single re

ceiver depth. The computation is performed through layer-by-layer iteration, using 
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equations (1), so that at the ith stage of interation Ru, Tu, Rd, and Td denote the 

upward and downward looking reflection/transmission coefficient matrices down to 

layer i. From the top of the stack until the source or the receiver layer is encountered 

we compute Ru only. At the source or the receiver layer (whichever is shallowest) 

we store this value of Ru, reset Ru to zero and start computing Ru, Rd, Tu and Td . 

When the source or receiver layer (whichever is deepest) is encountered, we store 

the values of Ru, Rd, Tu and Td, and reset Ru, Rd to zero, and Tu, Td to unity, and 

keep computing these reflection/transmission coefficient matrices using equations 

(1). Finally when the bottom of the stack is encountered, we store Rd. Also we 

store the M~ and M:i matrices at the receiver depth. Thus, when the layer iteration 

is complete, we have, for the receiver above the source 

(1) 

(2) 

(3) 

R rf Mr Mr 
u ' u' dl 

R sn 
d . 

Now, looking at equation (7a), we have all the matrices to compute u(zr ), except 

R~f. To find R~f , we make use of Kennett's iteration equations (see Kennett, 1983, 

equation 6.4) to write 

(9) 

Thus, we can now compute u( Zr) for the case when the receiver is located above 

the source. 

Similarly, for tlie receiver below the source, when we come out of the layer loop, 

we have 

(1) 

(2) 

(3) 
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Now, looking at (7b), we see that we need Rdn to compute u(zr)· For this we 

again follow Kennett (1983, equation 6.3) to write 

(10) 

Thus we get the motion u(zr), when the receiver is located below the source. 

Now, for the VSP case, when receivers are located at many depths, some above 

and some below the source, the above procedure is inconvenient as one cannot 

get all the matrices present in (7a) and (b) in a single pass through the layer 

loop. Therefore, we need to modify (7a) and (b) into a form convenient for VSP 

computation. As shown in Figure 2.3a, for the receiver above the source we may 

write (Kennett, 1983, equation 6.4) 

(11) 

If this expression is solved for T:$ and substituted into (7a) the result is 

(12) 

Similarly, for the receiver below the source (Figure 2.3b ), we have from Kennett 

(1983, equation 6.3) 

Solving this relation for R;t and substituting into (7b) yields 

u(zr) = [M:(TdrR-1 T:$ + R:$t1 + M:i] 

(13) 

[I - R:$(TdrR-1 T:$ + R:$)-1J-1Tdr(I- R~fRdn)- 1 (Fd + R~fFu) , 

(14) 

where 

Equations (12) and (14) give a convenient form to compute the response in a 

separate receiver loop after passage through the layer loop. To see why this is so, 

we refer to Figure 2.4. In the layer loop, as we go on forming Ru, Tu, Rd, and Td 

using equations (1 ), when the source layer is encountered, we store these matrices 

up to this point and reset the reflection matrices to zero and the transmission mat-
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end if 
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comput.e uing eqn. (12) 
end p loop 
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Figure 2.4: The basic flowchart for computing synthetic VSP's for different offsets . 
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rices to unity. However, when a receiver layer is encountered we simply store these 

matrices up to this point, but do not reset them. Also, we store the M: and M:i 

matrices for each receiver location. Thus, after exiting the layer loop we have 

(1) R~f, T~f, for the receivers which are above the source, 

(2) 

(3) R~", T~", Tdr for the receivers which are below the source, 

(4) 

(5) M:,M;t for each receiver depth. 

Now, looking at equations (12) and (14), it is evident that we have everything 

necessary to compute the displacement response for each receiver location in a 

separate receiver loop, shown in Figure 2.4. 

Equations (12) and (14) thus give a complete VSP response for the receivers 

above and below the source, respectively. However they are not the only possible 

arrangement for a VSP computation by the reflectivity method. The reflectivity 

formulation is very flexible and many different but equivalent forms exist. We prefer 

equations (12) and (14) because they result in a computer code that has proved to 

be stable under a variety of conditions for many different models. To see why this 

is so, note that equation (12) requires computation of the inverse of the matrix 

T:f. When this matrix tends to zero, computing its inverse will cause numerical 

instability. However, at the large values of slowness for which T:f tends to zero, 

the matrix T~f tends to zero faster than T~f. Thus for very large slowness the 

product (T:'t 1 T~f is always small and the contribution to the integral in equation 

(8) is also very small. We never need to compute 'our synthetics to such high values 

of slowness. Therefore, in all practical cases of seismogram synthesis, we never 

encounter numerical instability in using equation (12). 

Similarly, equation (14) requires computation of the inverse of the matrix R = 

R;t - Rdr. When Rdn and Rdr are very close to each other, computing R- 1 will 

cause numerical instability. However, when Rdr -t Rdn, then R:in = (TdrR- 1 T:" + 
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R~·t1 
---t 0. Therefore in our computer code, whenever R is small, instead of 

computing R- 1
, we replace the entire matrix (TdrR- 1 T~· + R~·t1 in equation (14) 

by zero and thus avoid the instability. 

In our computer code we have put the layer loop outside the ray parameter (p) 

loop (see Figure 2.4). The original p-loop becomes a long chain of p-loops, each 

of which vectorizes. The receiver loop, which follows the p-loop and performs the 

transformation back to space coordinates, also contain p-loops which vectorize. We 

found that this unconventional architecture increased the speed of our code by a 

factor of seven on a CRAY X-MP . 

Examples 

In this section we present two sets of examples. The first set consists of relatively 

simple models involving only a few layers. These .examples are meant to show the 

correctness of our computation. The second set of examples is for models with 

complicated velocity structures. These examples are meant to show the efficiency 

of our method in computing multi-offset synthetic VSP for various complicated 

geological models. In all the examples shown the source was an explosion. The 

source time-function was an impulse response, band limited by means of a frequency 

domain Hanning window up to a maximum frequency of 51.2 Hz. Time series 

wraparound was avoided by making use of complex frequencies (e.g. Mallick and 

Frazer, 1986). The Q~models shown in all the examples are for a reference frequency 

of 1 Hz. Complex P- and S-velocities were recomputed for each frequency using the 

modified Strick power law formula (Mallick and Frazer 1986, equation (28)) with 

CT = 0.1 and E = 0.001; however, the absorption band model of Liu et al. (1976) 

could equally well have been used. 

The first set of computations consists of three examples. The first example is 

an acoustic half space, bounded above by a free surface. We used a water velocity 

of 1510 m/sec, a Q of 5000 and a density of 1 g/cm3
• The source is located 220 

m below the free surface and receivers are located at 20-m intervals, above and 

below the source. The synthetic VSP responses for pressure at different receiver 

levels and for source offsets of 100, 500, and 1000 meters are shown in Figure 2.5. 
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The second example is an acoustic/ elastic example. The model is shown in Figure 

2.6( a) and the VSP synthetics for the pressure response for different source offsets 

are presented in Figures 2.6(b ), ( c ), ( d), and ( e ). The third and last example in this 

set is a four-layer all-elastic model with a low velocity zone. This model is presented 

in Figure 2. 7( a) and the VSP synthetics for the horizontal and vertical displacement 

response at different source offsets are shown in Figure 2.7(b), (c), (cl), (e), (f), and 

(g). Figure 2.8 shows downgoing P waves, upgoing P waves, downgoing S waves, 

and upgoing S waves, respectively, at 1500 km offset for the same model presented 

in Figure 2.7(a). The separate waves for the 500 m and 1000 m offsets are omitted 

here to save space. As noted earlier, these separate synthetics are obtained with 

very little extra expense. 

The second set of computations consists of three examples. The first example 

is a simulation of a land VSP using a complex 142-layer model with low velocity 

zones and velocity gradients. The source was placed 50 m below the free surface and 

48 receivers were placed below the source at 50-m intervals. The model is shown 

in Figure 2.9( a) and the computed VSP synthetics at different source offsets are 

shown in Figures 2.9(b), (c), (d), (e), (f), and (g). The last two examples are for 

the oceanic model shown in Figure 2.lO(a). It consists of a 3500-m-thick ocean that 

underlies a 200-m ice cap and overlies a typical section of oceanic crust and upper 

mantle. One hundred seventy-two layers were needed to get the smooth gradient 

zones in this model. In the first example with this model, a pressure source was 

placed 25 m below the bottom of the ice, and 48 receivers at 25-m intervals were 

placed in the sediment and the basement. The computed synthetics are presented 

in Figures 2.lO(b), (c), (d), (e), (f), and (g). For the second example, the ice cap 

was replaced by water and the VSP synthetics for the same source and receiver 

geometry are presented in Figures 2.ll(a), (b), (c), (d), (e), and (f) . 

Discussion 

We outlined a method by which multi-offset VSP seismograms can be gener

ated for layered media with frequency dependent complex velocities. This method is 
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Figure 2.5: Synthetic VSP seismograms for pressure response obtained at (a) 100-, 

(b} 500- and (c) 1000 m offsets for an acoustic halfspace, with velocity 

= 1510 m/s, and Q = 5000. The source is located 220 m below the 

free surface and receivers are located at 20 m intervals above and 

below the source. 
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Figure 2.6: (a) Longitudinal wave velocity (CL), longitudinal Q (QL), shear wave 

velocity (CT), shear Q (QT) and density (RHO) as a function of 

depth for the model with which the synthetics in Figure 2.6 (b) -

( e) were computed. The source was located at a depth of 220 m 

within the first layer and 45 receivers were placed at 20 m intervals 

above and below the source. (b) computed synthetic VSP seismogram 

for pressure response using the model shown in Figure 2.6(a) at 100 

m offset. ( c )-( e) same as (b) but at 500-, 1000- and 2000 m offsets 

respectively. 
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but showing vertical displacement. 
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Plots (b), (d), (f) and (h) sum to give Figure 2.7 (g). 
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based on the reflectivity approach and is vectorizable on the computers such as the 

CRAY. Examples for a variety of simple and complex models show that this method 

is extremely fast and efficient. Computation of all the synthetics in Figures_ 2. 7 & 8 

took less than three minutes of CPU time, and computation of all the synthetics in 

Figure 2.10 took thirty minutes of CPU time on a CRAY X-MP. In practice, it is 

therefore possible to compute the offset VSP with this method for realistic geological 

models. Examples given for the oceanic model (see Figures 2.10 and 2.11) suggest 

that even though VSP is not a very commonly used technique in the exploration 

of the deep ocean basins, its application in conjunction with standard refraction 

experiments could become useful. For example, the VSP synthetics clearly show a 

strong P to P reflection and relatively weak P to S reflection at the sediment base

ment interface on the vertical displacement response. On the horizontals however, 

the effect is opposite (see Figure 2.11 where these events are marked as · PP and 

PS, respectively). Such observations can be used to restrict the elastic properties 

at these zones. Since the reflections are not as clear on the refraction data as they 

are on the VSP, a combination of the two techniques could be used to expand our 

knowledge of upper crustal structure in the oceans . 
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CHAPTER III 

Po/So SYNTHETICS FOR A VARIETY OF OCEANIC 

MODELS AND THEIR IMPLICATIONS FOR THE STRUCTURE OF 

THE OCEANIC LITHOSPHERE 

Abstract 

We computed Po/ So synthetic seismograms for a variety of oceanic structures 

in order to model data from an mb = 5. 7 earthquake, recorded during the OSS 

IV seismic experiment. Satisfactory modeling of Po/ So waveshapes and frequency 

content was achieved with no lateral heterogeneity, but with a small random vertical 

heterogeneity in the mantle, superimposed on a mean velocity structure that is 

consistent with seismic refraction data. The random heterogeneity in the P and 

S velocities appears to be about 23 with a scale length of 5 km. This kind of 

heterogeneity is easily achieved by slightly varying the major mineral components 

in either the peridotite or eclogite mantle mineralogy . 

The numerical modeling also indicates that in the upper mantle, Qp is roughly 

proportional to j°·22
, rising from about 450 at f = 1 Hz to about 900 at f = 22 Hz, 

and that Q s is roughly proportional to j°·25
, rising from about 900 at f = 1 Hz to 

about 2000 at f = 22 Hz . A slight decrease in Q s from these values in any small 

zone of the upper mantle reduces So amplitudes drastically and we believe this is 

why So is often missing from observed seismograms . 

Introduction 

Po and So are the high frequency guided waves with extremely long coda 

that travel with great efficiency in the crust and the uppermost mantle underlying 

the world's oceans. They have fairly constant first arrival velocities of about 8.0 
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and 4.6 km/s, respectively. These phases, which were observed as early as 1935 and 

whose exact mode of propagation have not been well understood, have been called 

Pn/Sn, oceanic Pn/Sn, or long range Pn/Sn by many workers over the past fifty 

years. In order to avoid ambiguity between these well defined arrivals observed in 

the oceans and the well known Pn/ Sn phases observed in the . continents, Walker 

(1982) proposed the name ocean P / ocean Sor simply Po/So . 

Recognition and analysis of Po/ So played an important role in understanding 

plate tectonics in the sixties. An excellent account of this can be found in Molnar 

and Oliver(1969). In fact, the anomalous propagation of Po/So across the mid

oceanic ridges and across the trenches was one of the pieces of evidence suggesting 

that the uppermost mantle is weaker at the ridge crests and at the trenches, and that 

the relatively stronger lithospheric plates originating from the ridge crests spread 

away from each other and ultimately subduct into the deep mantle at the trenches 

(Oliver and !sacks, 1967 ; Molnar and Oliver, 1969). 

Since the first reported observations by Linehan (1940), in the North Atlantic, 

Po/So have been found in the north, western and central Pacific, the Gulf of Mex

ico, the Philippine Sea and many other parts of the deep ocean basins. References 

to most of these studies may be found in Molnar and Oliver (1969), Walker (1977), 

Talandier and Bouchon (1979), McCreery (1981), Ouchi (1981), Ouchi et al. (1981) 

and Bibee (1983). It is now generally believed that these phases travel very ef

ficiently throughout the laterally homogeneous geophysical provinces of the world 

oceans, such as the deep ocean basins. However, their propagation is quite ineffi

cient across ocean ridge systems, trenches and is~and arcs. So far Po and So have 

been recorded at least to distances of 3680 and 3660 km respectively (Walker and 

Sutton, 1971). 

Po/So phases are unusual in comparison to other seismic phases. First, they are 

much more prominent, and have much higher signal-to-noise ratios, than the direct 

P or S phases. Second, their frequency content is much higher than that of other 

phases. At 2000 km distance the observed frequencies of Po and So are as high 

as 30 and 35 Hz, respectively, and at 3300 km, they are as high as 15 and 20 Hz, 

respectively. Third, though So has a slightly higher frequency content than Po , the 
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former is often completely absent and the Po wavetrain is usually much longer than 

the So wavetrain. Fourth, observations suggest that Po/So velocities depend on 

lithospheric age. An account of these observations may be found in Walker (1977, 

1981, 1982, 1984), Sutton and Walker (1972), Walker et al. (1978, 1983), Walker 

and McCreery (1985, 1987) and McCreery (1981) . 

Some attempts to explain the generation and propagation of Po/So have been 

made through qualitative studies and quantitative computer modeling. The nearly 

constant propagation velocity and low attenuation of these phases led scientists to 

regard Po/So as guided waves in the high- Q lithosphere, overlying the low-Q and 

low velocity asthenosphere (Shurbet , 1962, 1964; Bath, 1966; Oliver and !sacks, 

1967; Molnar and Oliver, 1969; Mitronovas et al., 1969; Walker and Sutton, 1971; 

Sutton and Walker, 1972; Barazangi et al., 1972; Hart and Press, 1973; Talandier 

and Bouchon, 1979). Kind (1974) used the reflectivity method of Fuchs and Muller 

(1971) to generate phases similar to Po/ So, simply by assuming the lower part of the 

lithosphere to consist of alternating high and low velocity layers. Fuchs and Schultz 

(1976) used the same technique to explain that such phases cc:mld be generated if 

the lower part of the lithosphere consists of thin high velocity layers and overlies 

a low velocity asthenosphere. Stephens and !sacks (1977) showed that the earth's 

sphericity creates an effective waveguide for SH above the low-velocity zone of the 

upper mantle. They also showed that modes with group velocity maxima greater 

than 4.7 km/s (the group speed of So ) have substantial displacements in the low

velocity zone for periods above 1.5 seconds, but not for periods less than this. They 

suggested that this sphericity waveguide permits high frequency propagation up to 

a distance of 4500 km. Mantovani et al. (1977) carried out similar computations to 

show that So could be generated both with or without low velocity zones and that 

in the case of models without low velocity zones, the later part of the So wavetrain 

samples structure as deep as the 420-km discontinuity. Menke and Richards (1980) 

interpreted Po as a sum of whispering gallery waves for models similar to those 

of Stephens and !sacks (1977). All these efforts explained some of the features 

exhibited by Po/ So in terms of their velocities and arrival times. However none 

could successfully model the long coda duration that characterizes these phases. 
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Gettrust and Frazer (1981) first used the reflectivity technique to correctly model 

the travel time as well as the first 15-20 seconds of the Po wavetrain up to a distance 

of 900 km, for a typical oceanic model obtained from seismic refraction studies in 

the Pacific. Though their computation was oversimplified, as they included only 

one free surface multiple, it matched the data well. Menke and Chen (1984), from 

their studies of acoustic wave propagation in a randomly layered medium, suggested 

that Po/So might consist predominantly of forward scattered coda off a randomly 

layered mantle. Sereno and Orcutt (1985) used a model similar to the one used 

by Gettrust and Frazer (1981) and computed synthetics for both Po and So up to 

a distance of 1000 km and a frequency of 6.4 Hz. Their analysis of both real and 

synthetic Po/So signals showed that multiple reverberations within the sediment 

and the water column can explain many features of the Po/So spectra; However, all 

the conclusions of Sereno and Orcutt (1985) were based on a single velocity model, 

the same model used by Gettrust and Frazer (1981). Moreover, Sereno and Orcutt 

(1985) did not really try to match their synthetics with any real Po/So data. A 

comparison of synthetics with actual Po/So data (Figure 3.8, below) shows that the 

Get trust and Frazer (1981) model does not give the very long codas so characteristic 

of Po/ So. 

Thus, in spite of all the attempts made so far, there has been no oceanic veloc

ity model that is able to fit the observed Po/So wavetrain. Computer runs using 

more realistic models than the one used by Gettrust and Frazer (1981) and Sereno 

and Orcutt (1985) up to much higher frequencies and greater distances are required 

for this purpose. Unfortunately, the cost involved in computing such synthetics is 

very large, partly because of the large source-receiver distances, measured in wave

lengths, and partly because of the observed frequency dependence of Po and So 

Q's. It is known that reflectivity codes can be vectorized if one neglects the fre

quency dependence of velocities (Phinney et al., 1985, M . E. Odegard, personal 

communication). But, as the Q and the fall-off rate, of Po/So appear to vary with 

frequency (Brandsdottir, 1986) it seems desirable not to neglect the frequency de

pendence of seismic velocities. Recently, Mallick and Frazer (1986, 1987b) showed 

how reflectivity codes can be be made to vectorize even when the seismic velocities 

61 



• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

are frequency-dependent. Applications of their method to the modeling of marine 

seismic refraction data were given in Duennebier and Mallick (1985), Duennebier 

et al. (1987), and Sen et al. (1987). In this paper we present Po/So synthetic 

seismograms computed with a variety of oceanic models for comparison with Po/So 

data recorded during the OSS IV experiment (Cessaro and Duennebier, 1987) . 

A Reflectivity Code For Modeling Po/So 

Computation of Po/So synthetic seismograms with present hardware re

quires a relatively efficient reflectivity code. The factors which affect the speed of 

computation are: 

(1) 

(2) 

(3) 

The reflectivity function must be adequately sampled in wavenumber, 

in order to avoid distance aliasing on transformation into the offset 

domain. 

Often a time series much longer than the signal of interest must be 

computed in order to avoid time aliasing. 

Velocity gradient zones are often approximated by many thin layers. 

The experience of many workers, reviewed and summarized by Mallick and 

Frazer (1985, 1987a), has shown that: 

(1) 

(2) 

(3) 

The use of a generalized Filon's method (e.g. Frazer, 1978; Frazer 

and Gettrust, 1984) for wavenumber integration allows a larger step 

size in wavenumber. 

The use of complex frequencies (Phinney, 1965) avoids computing a 

time-series longer than the signal of interest. 

The careful use of phase-integrals in gradient zones enhances the com

putation speed without loss of accuracy . 

Mallick and Frazer (1986, 1987b) have also shown that if the wavenumber loop 

is made the innermost loop and the frequency loop is made the outermost loop, 
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Frequency loop 
Compute Final p (FP}, * of p (NP), delta p (DP} 

Layer Loop 
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reftection/transmiuion coefficient& 

end p loop 
Ir eource layer then 

ploop 
1tore reflection/transmission coefficients to this point and 
reset reflection coefficients to aero and transmission 
coefficients to unity. 

end p loop 
else if receiver layer then 

p loop 

end if 
end layer loop 
Receiver loop 

store reflection transmission coefficients 
up to this point 

end p loop 

Ir receiver above aource then 
p loop 

else 

end if 
:x loop 

p loop 

compute displacement response using receiver above the 
10urce formula 

end p loop 

p loop 
compute displacement response using receiver below 
the 10urce formula 

end p loop 

integrate over p to transform p to :x 
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end :x loop 
end receiver loop 
write out response for this frequency 

end frequency loop 

Figure 3.1: Flowchart for reflectivity computations . 
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with the layer loop intermediate to these two loops, then reflectivity codes can be 

efficiently vectorized on a CRAY X-MP system, even when frequency dependent 

velocities are used. Figure 3.1 gives a schematic flow-chart of such a reflectivity 

code. The speed and efficiency of this type of code make it suitable for modeling 

Po/So wavetrains . 

modeling of Po/So Data Recorded at OSS IV 

In this section, we present a series of numerical experiments using the 

reflectivity code described above. Our objective was to model one Po/So signal 

recorded from an earthquake during the OSS IV seismic experiment. The details of 

this seismic experiment have been reported elsewhere (see Duennebier et al., 1987; 

Cessaro and Duennebier, 1987) but are briefly summarized here for completeness. 

The ocean sub-bottom seismometer (OSS IV) was emplaced by HIG scientists 

at hole 581C, following DSDP Leg 88. The hole drilled through 356 m of sediment 

and about 22 m of basalt. The instrument package, consisting of a vertical 4.5 Hz 

geophone stack and two orthogonal horizontal 4.5 Hz geophone pairs, was clamped 

about 20m above the basalt. During a period of 64 days from September 11, 1982 

to November 17, 1982, OSS IV recorded 660 earthquakes, out of which 59 were 

reported by the National Earthquake Information Service (NEIS). Many of these 

earthquakes generated distinct Po/So arrivals. Figure 3.2 shows a location map 

of the OSS IV site. The data, originally recorded on analog magnetic tapes, were 

later digitized at a rate of 80 samples/sec. Figure 3.3 shows the vertical response 

recorded by OSS IV from one of the earthquake events stated above. This event 

was reported by NEIS: mb = 5.7, latitude: 44.045°N, longitude: 148.04°E, depth: 

39 km, best double couple: M 0 = 9.3 x ~023 ; NPl: strike = 204° dip = 19°, slip 

= 50°; NP2: strike = 66°, dip = 76°, slip 103°. The reported epicenter lies at a 

distance of 8.4 7° ( ,..._, 941 km) and at an azimuth of 86. 7° from the OSS IV site. All 

the numerical experiments described below were made in an attempt to model this 

Po/So data. Since the the horizontal responses were clipped and relatively noisy 

for this earthquake, as well as for the other earthquakes whose 
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140°E 150° 1so0 170° 1ao0 

Figure 3.2: Location map for the OSS IV area, indicating the hole and the earth

quake locations . 
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focal mechanisms solutions are reliably known, we restricted our modeling to the 

vertical geophone response only. In Figure 3.4, this vertical response is replotted 

after :filtering with frequency domain Hanning windows of 0-25.6 Hz, 0-12.8 Hz, 

0-6.4 Hz, 0-3.2 Hz and 0-1.6 Hz (see Mallick and Frazer, 1987a, for the details of 

the Hanning window). This was done to determine approximately the maximum 

frequency content of the data and within what frequency window Po and So are 

clearly observed. A comparison of the raw data and the data :filtered with different 

windows shows that there is little energy above noise beyond 25 Hz and that one 

must include 6 Hz energy in order to see distinct So arrivals . We therefore computed 

our synthetics for all the trial models up to 6.4 Hz, convolved the computed response 

with the OSS IV instrument response function (Figure 3.5 shows the instrument 

response function with formula), :filtered with a 0-6.4 Hz Hanning window, and 

compared the results with the observed data :filtered the same way. For the model 

which best fits the data up to 6.4 Hz, we computed synthetics to higher frequencies. 

A more conventional way to match synthetics with the data in a certain frequency 

bandwidth is to use Butterworth windows on the synthetics as well as on the data. 

Our preference for a Hanning window over a Butterworth window is due to the 

fact that the former is non-zero only on a finite interval, whereas the latter is 

everywhere non-zero. Synthetic seismograms computed in the frequency domain 

must necessarily be computed on a finite interval. 

We now review some earlier seismic velOcity models for the area of the OSS IV 

site . The model used by Gettrust and Frazer (1981) to compute their Po synthetics 

was consistent with prior refraction studies in this area. As not much information 

about Q was available at that time, Get trust and Frazer (1981) used a constant Qp 

of 5000 and Q s of 2500 throughout the crust and lithosphere. Sereno and Orcutt 

(1985), for their computations, modified the model of Gettrust and Frazer (1981) to 

include different Q's for water, sediment, basement and upper mantle. Their model 

will be referred to here as the Gettrust and Frazer (Sereno and Orcutt Q) model, or 

simply GF(SOQ) model. Asada and Shimamura (1976), from the longshot seismic 

experiments, obtained a best fit model for the crust and the upper mantle of this 

area. This model is referred to here as the Asada and Shimamura model or the 
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Figure 3.5: OSS IV instrument response function with formula. (a) Response in 

time domain, filtered with a 0-15 Hz Hanning window, (b) response 

in frequency domain and ( c) response function formula . 
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AS model. Dziewonski and Anderson (1982), from the inversion of seismic data 

on a global scale, obtained a preliminary reference earth model (PREM), which is 

an average model for the whole earth. Finally, Duennebier et al. (1987), studied 

the OSS IV refraction data and nearby OBS data obtained from the Soviet airgun 

shots and obtained a crustal model for the OSS IV area (Figure 3.6) . Even the 

fine scale features of the OSS IV model of Duennebier et al. (1987) were very 

strongly constrained by the data, and so the OSS IV model shown in Figure 3.6 is 

thought to be an accurate model for the crust in this area. This model also used 

a frequency dependent Q structure, using a generalized Strick's power law with a 

reference frequency of 1 Hz, CT = 0.1 and E = 0.001. A detailed account of these 

parameters may be found in Strick (1967, 1970) and Mallick and Frazer (1987a). It 

was therefore thought reasonable to fix the OSS IV model for the crust and to vary 

the mantle structures, from GF(SOQ), PREM and AS models, in our preliminary 

trials . These three preliminary models are shown in Figure 3.7(a), (b) and (c) and 

a comparison of the observed data with the synthetics computed using these models 

is shown in Figure 3.8. It can be seen that none of these models generate enough So 

amplitude. Even though the velocity gradient in the PREM mantle was extended 

to great depth, there is not much difference between the Po coda obtained from the 

GF(SOQ) mantle and that from the PREM mantle, indicating that only the first 

few hundred kilometers of the mantle are involved in the propagation of Po/So. 

Neither the GF(SOQ) nor the PREM mantle gives a long enough Po coda. The AS 

model gives a longer Po coda, but its travel times are inconsistent with the data . 

The longer Po coda obtained from the AS model suggests that the upper mantle 

structure given by this model may be more correct, although the velocities must be 

changed in order to match the travel times correctly. The relatively low amplitude 

ratio of So to Po suggests that the ratio of Qs to Qp in the lithosphere may be too 

low in all three models. As shown in Figure 3.9, we assumed a frequency dependence 

of Q similar to that of the OSS IV crustal model with Qp and Qs set at 600 and 

300, respectively, at the reference frequency of 1 Hz. In the AS model, where there 

is a low velocity zone, we used a Qp and Qs of 200 and 100, respectively, with a 

similar frequency dependence. In our next modeling attempt we kept the frequency 

70 



• 

• 

·• .. 

• 

• 

• 

• 

• 

• 

• 

i: 
= 
z: ..... 
D.. ..... 
c 

5.0 

10.0 

CL IK"ISECI 
123•56789 

123•56789 

OSSIV CRUSTAL HODEL 

OL/IH CT IK"/SECI OT/118 llHD IG"/CCI l'Dl SSDN. RAT 
25 . 8 58 . 8 I 2 3 • 5 25.8 58.8 I 2 3 • II. 25 8 . 50 

25.8 58.1 I 2 3 • 5 25.1 SB.I I 2 3 • B.25 B.50 
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Q (QT), density (RHO) and Poisson ratio (POISSON RAT) as a 

function of depth for the OSS IV crustal model. Q values shown are 

at a reference frequency of 1 Hz . 
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dependence the same, but raised Qp and Qs at the reference frequency to 1000 

and 800, respectively, except in the LVZ, where we raised Qp and Qs to 600 and 

300, respectively. After a few trials we obtained model NM-1, shown in Figure 

3.10, which improved the quality of the Po and So coda, although the agreement of 

data and synthetic is far from perfect. The travel times of Po and So arrivals are 

reasonably good but the Po and So codas from this model are still far too small 

and too short in duration. 

In order to improve upon the coda, we began with the work of Menke and Chen 

(1984) who studied the propagation of acoustic waves in randomly layered media . 

Their studies suggested that Po and So coda contain more forward scattered energy 

rather than back scattered energy. We hypothesize that upper mantle velocities are 

random, with a certain standard deviation from mean velocity-depth functions; 

this randomness is due to a variable inter-mixing of two mineral assemblages with 

velocities at the upper and the lower limits of the randomness. This means that a 

uniform probability density function for velocity variations is more appropriate than 

a Gaussian distribution. Furthermore, because temperature and pressure gradients 

in the mantle are nearly vertical, the scale length of mantle heterogeneity is likely 

to be much larger in the horizontal direction than in the vertical direction. Thus 

our model of the mantle consists of many thin horizontal layers, thin lenses really, 

with aspect ratios greater than about fifty. Technically the seismic response of such 

a mantle cannot be modelled with a reflectivity code because the code assumes 

the layers to be infinite in length. However scattering studies using random layers 

(Menke 1983, Menke and Chen 1984, Menke personal communication) have shown 

that a surprisingly small number of layers is needed before one realization of a 

random velocity process gives the same seismic response as another realization. 

This being the case, we may safely use a reflectivity code to model the thin lens 

medium described above as long as the vertical scale length of the heterogeneity, i.e. 

the thickness of the lenses, does not change with x. To understand this point, think 

about the velocity function beneath the source and the velocity function beneath 

the receiver. In general their random components will be different, but, as both 

random components give the same seismic response, we may use just one of them 
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at both the source and the receiver and still get the same seismogram. 

The probability density function used here for the random component of velocity 

in each mantle layer is 

(1) 

in which v 1 is the variation of velocity in percent and d is the standard deviation 

of the distribution p(v1 ). For example , if Vp in a layer is 8.1 then a value of v1 is 

drawn from the distribution p(v1 ) and the value of Vp used in place of 8.1 is 

8.1(1 + vif 100) . 

As Vp and Vs are assumed to be correlated, the same value of v 1 is used for both . 

Therefore, we supply two parameters to the computer : (i) the standard deviation, 

d, from the mean velocity value (in percent) and (ii) the thickness of each layer 

having random velocities, i.e. the vertical scale length of the randomness. We .. 
generate a new random model from the given mantle velocity model with layer 

thicknesses given by the vertical scale length, and velocities randomly distributed, 

with the given standard deviation, about the mean given by the original model 

velocities. When P and S wave velocities are random, the density is also expected 

to be random. However, any such randomness in density is expected to be too small 

to affect the computed synthetics. Therefore, we did not randomize the density. 

We finally fixed the vertical scale length at 5 km, after trying various scale 

lengths and changed only the percentage of randomness. To the model NM-1 shown 

in Figure 3.10, we introduced d = 13 randomness in the mantle, and the result is 

shown in Figure 3.11. This gave only a small increase in the coda from that of 

the equivalent nonrandom model. Figure 3.12 shows the results of increasing the 

randomness to d = 23 in model NM-1. Although it still decays too rapidly, the 

Po coda of the synthetic now resembles the Po coda of the data much more. The 

So coda of the synthetic still contains far less energy than the So of the data . 

Earlier modeling experience, with non-random models , suggested that changing the 

behavior of Q as a function of frequency could be used to improve the So amplitude. 
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Figure 3.11: Same as Figure 3.10, but now using the model NM-1, whose mantle 

velocities have been randomized with a standard deviation of 1 percent 

and vertical scale length of 5 km. 
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Figure 3.12: Same as Figure 3.11, but now with 2 percent randomness . 
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Changes in Q that were uniform across the frequency band gave incorrect relative 

amplitudes of Po to So. Moreover, as mentioned earlier, model NM-1 does not give 

very accurate Po and So arrival times . Either model NM-1 must be modified or 

we must begin with a different model that gives better arrival times. Inspection of 

the GF(SOQ) model (Figure 3.7a) and the synthetics computed using this model 

(Figure 3.8), shows that even though this model does not generate good coda, it 

does gives fairly accurate arrival times. The result of randomizing GF(SOQ) is 

shown in Figure 3.13. The randomized GF(SOQ) has good codas and arrival times. 

However, a careful look at the record section plot, (Figure 3.13b ), reveals that the 

randomized GF(SOQ) mantle has a new phase, travelling with a velocity greater 

than 8.5 km/sec. As such high velocity phases have never been observed we rejected 

the GF(SOQ) mantle and continued work on NM-1. 

To improve the arrival times and amplitudes both the mantle velocities and the 

Q structure of NM-1 were modified. The resulting model is referred to as NM-2. The 

Q structure for NM-2 was taken from the recent observational work of Butler et al. 

(1987) who used Po/So data from the Wake Island array to estimate mantle Qp and 

Q s as a function of frequency. They found that mantle Q p is roughly proportional 

to f 0
·
7 (! = frequency) and rises from 300 at 2.5 Hz to 1500 at 17 .5 Hz. Mantle 

Q s on the other hand was reported to be roughly proportional to jl.l, rising from 

about 400 at 2.5 Hz to about 3000 at 22.5 Hz. In order to satisfy the conditions of 

causality, such a dependence of Q on frequency cannot be incorporated directly into 

our computations. Instead, it is necessary to make use of some attenuation law, 

such as the absorption band law (Liu et al., 1976) or Strick's power law (Strick 1967, 

1970), choosing parameters by trial and error such that Qp and Qs as a function of 

frequency come out as desired. As in our earlier computations, we used an extended 

Strick's power law and found that the choices O" = 0.7, E = 0.001, and Qp = 300 

(at fr= 2.5 Hz) for P waves and O" = 1.1, E = 0.001, and Qs = 400 (at fr= 2.5 

Hz) for S waves (see Mallick and Frazer, 1987a, for the details of these parameters), 

matched the observed attenuation curves of Butler et al. (1987). The synthetic 

seismograms for model NM-2 with d = 23 randomness are shown in Figure 3.14. 

The arrival times are now improved and the Po coda is fairly good, but the So 
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Figure 3.13: Synthetic seismograms using GF(SOQ) model with 2 percent ran

domness in mantle velocities, otherwise similar to Figure 3.11. 
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mantle from Butler et. al. (1986). Otherwise similar to Figure 3.11 
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coda has not improved at all. These results indicate that the Q values obtained by 

Butler et al. (1987) from Wake Island Po/So data, are not a good representation 

for the intrinsic Q values at the OSS IV area. After a series of trials we finally 

obtained the best fit model NM-3, shown in Figure 3.15( a) with randomness, and 

in Figure 3.18( a) without randomness. The synthetics in Figures 3.15(b) and ( c) 

were computed up to a maximum frequency of 15 Hz. The essential features of 

model NM-3 may be summarized as follows 

(1) 

(2) 

(3) 

(4) 

(5) 

The crustal velocities, densities, Q p and Q s are exactly the same as 

that of Duennebier et al. (1987) 

Mantle velocities are random with d = 23 randomness and a 5 km 

vertical scale length . 

From the Moho down to a depth of about 60 km, the mean velocities 

rise gently with depth. The mean Vp rises from 8.1564 km/sec to 

8.1807 km/sec over this depth range, whereas the mean Vs rises from 

4.7144 km/ sec to 4.7233 km/sec. Qp and Qs are frequency dependent 

in this zone. Qp is roughly proportional to f° ·22
, rising from about 

450 at f = 1 Hz to about 900 at f = 22 Hz. Qs on the other hand 

is roughly proportional to f°·25
, rising from about 900 at f = 1 Hz to 

about 2000 at f = 22 Hz. Figures 3.16( a) and (b) show the behavior 

of Qp and Qs as a function of frequency. 

This zone of the upper mantle can be regarded as equivalent to the 

LID of the low velocity zone and the mantle part of the oceanic litho

sphere. 

At around 60 km below Moho, Vp and Vs drop to 8.0065 and 4.5796 

km/sec, respectively. Qp and Qs also drop down and these are shown 

in Figure 3.16( c) and ( d). For P, this low-velocity low-Q zone extends 

down to 85 km, whereas for Sit continues to 160 km below Moho (see 

Figure 3.15a for details) . 

Below the LVZ, Vp and Vs increase gently with depth, at a rate which 
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is difficult to infer from the Po/So data. Qp and Qs in this zone seem 

to have a frequency dependence similar to that of the LID. Model

ing indicates that the gentle gradient in this zone is required by the 

observations. 

Figure 3.15 shows that the Po/ So data have been well modeled in the time 

domain. In the time-frequency domain, too, the match is also quite good as shown 

in Figure 3.17. 

Our modeling therefore shows that it is the randomly layered high Q upper 

mantle that plays the most significant role in generating the Po/ So coda. However, 

Sereno and Orcutt (1985) suggest that the significant role in the generation of the 

Po/ So is played by the sediment and the water column. It was also suggested to 

us that the ocean sediments contain 23 thin ( rv 10 cm) high velocity chert layers 

and, that if Po/ So is controlled mainly by the water column and the sediment, 

these chert layers might have a significant effect on its coda. Also, it was suggested 

that Po/ So might be generated by a randomly layered lower crust. In order to 

investigate these possibilities, we first computed synthetics for model NM-3 with a 

nonrandom upper mantle. These are shown in Figure 3.18. We then introduced 

chert layers (Vp = 6 km/s, Vs= 3.5 km/s) of 10 cm thickness randomly distributed 

as 23 of the sediment. To do this, we first subdivided the entire sediment column 

into 5 m thick zones. Each such 5 m zone ,was divided into fifty layers, each having 

a thickness of 10 cm. Then, by generating a random number between 1 and 50, one 

10 cm layer in each 5 m zone was randomly selected as a chert layer. Figure 3.19 

shows the computed synthetic seismograms for this model. Comparison of Figure 

3.19 with Figure 3.18 indicates that Po/ So codas are not caused by scattering from 

chert layers within the sediment column . 

Next, we randomized the lower crustal velocities with a standard deviation of 

d = 53. To do this, we randomized each layer of the lower crust (see Figure 

3.6), using the probability density function given by equation (1). The synthetics 

for this random lower crust are shown in Figure 3.20. Comparison of Figure 3.18 

(nonrandom crust, mantle) with Figure 3.20 (random crust, nonrandom mantle) 
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indicates that Po/So codas are not generated by vertical heterogenity within the 

lower crust . 

The fact that there is no difference in the computed seismograms presented 

m Figures 3.18, 3.19 and 3.20 but a drastic improvement in Po/ So coda in the 

synthetics shown in Figure 3.15 indicates that it is the structure of the upper mantle 

and not that of the sediment or the lower crust which plays the most significant role 

in the generation of the characteristic Po/ So wavetrains. The crust and the water 

column modulate the spectra of these wavetrains, in much the same way that a 

filter modulates an incoming signal, but they do not generate them. The synthetics 

shown in Figures 3.18, 3.19 and 3.20 were computed up to a maximum frequency 

of 10 Hz. 

The calculations discussed above indicate that a randomly layered mantle is 

consistent with our observations of Po/ So coda, but many questions remain. Do 

two realizations of the same mean mantle velocity model generate synthetics that 

are exactly alike? Are the Po and So codas sensitive to the value chosen for the 

scale length of the upper mantle heterogeneity? What effect does the degree of 

randomness have on the Po/So coda? In our best-fit model of Figure 3.15, what 

happens to the Po/ So coda if we terminate the model at the top of the LVZ or 

remove the LVZ altogether? Does the mantle randomness needed to account for 

the Po/ So coda affect the waveshapes of long period body wave phases? What are 

the effects of errors in the focal mechanism of the source and the time behavior 

of the source? How would our conclusions be affected if the data were clipped? 

The calculations shown in Figures 3.21 - 3.28 are meant to address these questions. 

Unless specified, the synthetics shown in all the following examples were computed 

up to a maximum frequency of 10 Hz. 

Figure 3.21 shows another realization of the model NM-3 of Figure 3.15 and 

the computed synthetic seismograms up to a frequency of 15 Hz, using this model. 

Since the synthetics of Figures 3.15 and 3.21 are exactly alike, we may conclude 

that, for calculating synthetic seismograms, one realization of our random velocity 

is as good as another; in particular, then, the same realization may be used for all 

x between the source and receiver . 

91 



• 

• 

• .; 

• 

• 

• 

• 

• 

• 

• 

• 

(O)NEMHRNTLE-3 IRNOTHER RERLIZRTIONJ 

CL UCft t SECI Dl/Jll CT IMM/SfCI 

O 123•S t769 .?S. B 58 . 8 I 2 3 II 5 

'E 
~ 100 

:I: 

~ 
w 
0 200 

OT/Ill ftHO Ui"/CCI 
25 . I SI . I I 2 3 II 

POISSOf< •AT 

1 . 25 I.SI 
,,---

100 

200 

I 2 3 " S 6 7 8 9 25. 1 58 . 1 I 2 3 11 5 25.1 SI . I I 2 J .. 1 . 25 I . Sa . 

(b) T - DELTA I 8.50 CSECI 

0 
0. 100. 200. 

~~~~~~~~~~~~~~~~~~~~~ 

~ 1000 
z 
<t 
a:: 

2000 

(c) 

I H •I .~~ ~ ••...... 

;;::::" ~~::::::·. : ' ' 

;::::.::: ~·;;;:,:::: 
~ ~~l tl•t~ • • 11 ... ,, .,. II 0 

=::::. '; 
COMPARISON WITH DATA AT 940km 

~1--~0·•ll fl I I .,~ ... I Iii!! •• I 
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Figure 3.24: Same as Figure 3.15, but with 1 percent randomness . 

95 



• 

• 

·• .; 

• 

• 

• 

• 

• 

• 

• 

• 

(O}NEWHRNTLE-3 ij% RANDOM, SKM SCRLE 

OL /J H Cl 11'1"/ SEC I QT 11• ""o IGfl/CCI ro I SSON MT 
• . 25 •• 58 

e 
~ 100 
:r: 
~ 
~ 200 

100 

200 

1 2 3 .. s & 7 s g 2s.0 se . e 1 2 3 .. s 2s.111 se.e 1 2 3 " e.2s 1.se 

(b} T - DEL TR I 8. 50 (SECJ 

0-,.....~~0-..,-.-.-~~~.,....-...-,....-,,.--,-1~0_0~·--..-.--r--r--,.--.-~~2~0_0_.--, 

~ 1000 
z 
<C 
a: 

2000 

(cl 
COMPARISON WITH DATA AT 940km 

~1i#Jw•11110•1: 1111 II I ,.,t,•• I 1 •01 U II I 

Figure 3.25: Same as Figure 3.15, but with 4 percent randomness . 
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Figures 3.22 and 3.23 show the effect of using vertical scale lengths of 2.5 and 10 

km respectively with model NM-3. A comparison of Figures 3.15, 22 and 23 clearly 

demonstrates that the synthetics computed with a 5 km vertical scale length of 

randomness match the data better than those computed with a vertical scale length 

of 2.5 km or 10 km. Similarly, comparing Figure 3.15 with Figures 3.24 and 3.25 

shows that a randomness of d = 23 matches the data much better than d = 13 

or d = 43. These synthetics, and others not included here, suggest that our best 

estimates of vertical scale length and randomness are 5 ± 1.5 km and d = 2 ± .53, 

respectively . 

Figure 3.26 shows synthetic seismograms for model NM-3 terminated at the 

top of the low-velocity, low-Q zone of the upper mantle, and Figure 3.27 shows the 

synthetics for the same model with the low-velocity, low-Q zone completely removed 

by continuing the velocity gradient down to greater depths. In both these figures 

we used the same upper mantle randomness (23, 5 km) as in model NM-3 of Figure 

3.15. Figures 3.26 and 3.27 clearly show that we can neither terminate our model 

at the top of the LVZ nor can we remove the LVZ altogether and still get the same 

synthetics as in Figure 3.15. The LVZ is a necessary part of the earth model for 

Po/ So propagation. 

To investigate the sensitivity of our results to errors in the earthquake focal 

mechanism we varied the strike of the source by ±5°, and the dip of the source 

by ±5°. Synthetics (not shown here) for these four sources were insignificantly 

different from the NEIS-supplied source. As the time function of this earthquake 

is not known,. we used a unit step as our time domain source function. This gives 

a far-field wavefront with a 8-function displacement behavior. If, as seems likely, 

the actual source were more complicated as a result, say, of multiple smaller events, 

then the effect would be to make the coda of our synthetics slightly denser and to 

improve the agreement of the synthetic and the observation in Figure 3.15. 

Finally, the similarity in synthetics up to 0.2 Hz computed with the nonrandom 

and random versions of NM-3 shown in Figures 3.28( a) and (b ), respectively, shows 

that the randomness required to explain the Po/ So coda does not affect the shapes 

of long period body waves. 
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Figure 3.26: Same as Figure 3.15, but the model here is terminated at the top of 

LVZ with a homogeneous half space . 
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Figure 3.27: Same as Figure 3.15, but the model does not have any LVZ. The 

velocity gradients above the LVZ were continued down through the 

mantle . 
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Figure 3.28: Synthetic seismograms up to a frequency of 0.2 Hz using (a) nonran

dom model NM-3 and (b) random model NM-3 . 
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Figure 3.29: Same as Figure 3.15, except that the top 20 km of the mantle now 

have a Qs slightly lower than Qp . Note the drastic decrease in the 

So amplitude in comparison to Figure 3.15 . 
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The Po/So data used in this study were carefully tested for signs of hard clip

ping and soft clipping but no evidence of clipping could be found. However, to see 

how unknown clipping would affect our conclusions, look again at the comparison of 

synthetic with observation at the bottom of Figure 3.15. If we had clipped the high 

amplitudes off the synthetic and then rescaled it so that its maximum amplitudes 

were the same as the observation, then the Po and So codas of the synthetic would 

be larger and denser and decay more slowly. In short, the clipped synthetic would 

resemble the observation much better than the unclipped synthetic. We conclude 

that the effect of unknown clipping would be an increase in the apparent random

ness, and that the correct degree of randomness is within the error bounds of our 

estimate, d = 2 ± .53. 

We conclude that the characteristic Po/ So coda is caused by a vertically het

erogeneous upper mantle. The Po/ So data give an estimate of this heterogeneity, 

not in a deterministic sense but rather in a statistical sense of standard deviation 

in percent, from a mean velocity-depth function. Both Po and So contain direct 

as well as converted forward scattered phases off the randomly layered mantle. For 

Po, P to S converted arrivals tend to stretch the coda to longer duration. For So, 

on the other hand, S to P converted arrivals tend to shorten the coda duration. As 

a result, on the seismograms, one expects Po to have a longer coda duration than 

the So, which is indeed the case. Satisfactory modeling requires that, in the mantle, 

the frequency-dependent Qs is higher than Qp (Figure 3.16). As a result, we expect 

So to contain higher frequencies than Po. Our modeling experiments also suggest 

that the So coda is very sensitive to Qs in the mantle. As an example, in Figure 

3.29, we show synthetic seismograms for the model similar to NM-3 of Figure 3.15, 

except that in the top 20 km of the mantle Q s is slightly less than Q p. The poor 

quality of the So coda in Figure 3.29 indicates that So is very sensitive to Qs . 

A slight decrease of Qs in a small zone of the lithosphere significantly reduces So 

amplitudes. We think this is the reason why So is often missing from seismograms . 
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Geological Interpretation 

In the previous section we have seen that Po/So can be modelled fairly well 

when the mantle is taken to be vertically heterogeneous with a 23 random velocity 

variation. Apart from this fine structure, our velocity models are not remarkably 

different from other velocity models of the oceanic crust and lithosphere. The 

obvious question therefore arises: how can we geologically account for such a random 

velocity variation in the upper mantle? 

Present knowledge on the composition of the upper mantle is based on two 

possible mineral assemblages: 1) peridotite and 2) eclogite. Constraints on upper 

mantle velocity, anisotropy and density, from observations in ophiolite complexes 

and kimberlite pipes, tend to favor the peridotite upper mantle composition over the 

eclogite (e.g. Ringwood, 1975). On the other hand, observed velocity jumps at the 

400 km seismic discontinuity and the almost isotropic behavior of the upper mantle 

below 220 km are better explained by an eclogite assemblage (Bass and Anderson, 

1984; Estey and Douglas, 1986). Controversy therefore still exists regarding the 

possible composition of the upper mantle and we therefore consider each of the 

above two compositions separately. The calculations in the following few paragraphs 

are strictly based on isotropic (randomly oriented minerals) velocities of peridotitic 

and eclogitic mineral assemblages; however, our conclusions on mantle randomness 

would not change if each assemblage were anisotropic due to preferentially oriented 

minerals. 

Peridotite is mainly an olivine and orthopyroxene bearing rock with some gar

net, clinopyroxene and other minor constituents. A typical composition, garnet 

lherzolite is 573 olivine, 173 orthopyroxene, 123 clinopyroxene ( diopside) and 

143 garnet (Bass and Anderson, 1984). Using the P and S wave velocities of these 

minerals for typical upper mantle conditions by extrapolating the experimentally 

determined curves in Figure 1 of Bass and Anderson (1984), the above composition 

yields P and S wave velocities of about 8.0 and 4.59 km/sec respectively. If we now 

use a composition of 573 olivine, 103 orthopyroxene and 333, garnet, which is still 

a valid peridotitic composition, garnet harzburgite, and follow a similar procedure, 
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we get P and S velocities of about 8.3 and 4.8 km/sec respectively. These two sets 

of Vp and Vs are, respectively, 23 lower and higher than our mean velocities of 

8.1654 and 4.7233 km/sec. Therefore for a peridotite upper mantle, a 23 variation 

in Vp and Vs can easily be achieved by slightly varying the relative proportion of 

its constituents . 

Eclogite is a garnet - clinopyroxene bearing rock with some olivine and orthopy

roxene and other minor minerals. A composition which may be typical of upper 

mantle is olivine 163, orthopyroxene 33, garnet 373, diopside 233 and jadeite 

213. Following the procedure described in the previous paragraphs, this compo

sition yields Vp = 8.16 km/sec and Vs = 4.72 km/sec under the conditions of the 

upper mantle. If this composition is changed to olivine 163, orthopyroxene 33, 

garnet 303, diopside 303 and jadeite 213 then Vp and Vs drop by 23, whereas if 

the composition is changed to olivine 163, orthopyroxene 33, garnet 443, diopside 

163 and jadeite 213, then Vp and Vs rise by 23. 

It can be seen that randomness in mantle velocities is easily achieved by slightly 

varying the mineral composition of either a peridotite or an eclogite upper mantle 

model. Such a variation is quite probable (D. L. Anderson, personal communica

tion). Conventional seismic methods used so far in studying the structure of the 

upper mantle will fail to detect this fine scale structure because of their relatively 

low resolving power. 

Anisotropy in the upper mantle is more and more often observed with the new 

advances in seismic detection techniques. It is generally believed that this anisotropy 

is due to preferentially aligned olivine and orthopyroxene crystals. Can the ran

dom layering, suggested by our studies, be another possible cause of upper mantle 

anisotropy? A method for the calculation of long wavelength anisotropic elastic 

constants from periodic sequences of thin isotropic layers was given by Schoenberg 

(1983). The most anisotropic realization of our random mantle model that is pos

sible with a 23 standard deviation is a periodic sequence of two thin layers having 

velocities 2./33 less and 2./33 more than the mean mantle velocities . Calculations 

following Schoenberg (1983) indicate that this maximum anisotropy is about 0.13 

and that to obtain the long wavelength anisotropy of the order of 8-93, observed 
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by Anderson and Regan (1983), it is necessary to have a randomness at least as 

high as d = 123 in the upper mantle. This clearly demonstrates that the mantle 

randomness required to satisfy Po/ So observations can be at most a minor contrib

utor to upper mantle anisotropy . 

105 



• 

• 

• 

·• 

• 

• 

• 

• 

• 

• 

• 

References 

Anderson, D. 1. and Regan, J ., 1983. Upper mantle anisotropy and the oceanic 

lithosphere, Geophys. Res. Lett., 10, 841-844. 

Asada, T. and Shimamura, H., 1976. Observations of earthquakes and explosions at 

the bottom of the Western Pacific: structure of oceanic lithosphere re

vealed by longshot experiment, AGU Geophys. Mono., G. H. Sutton, 

M. H. Manghnani and R. Moberly (eds.), 135-153. 

Bass, J ., and Anderson, D. 1., 1984. Composition of the upper mantle: Geophysical 

tests of two petrological models, Geophys. Res. Lett., 11, 237-240. 

Bath, M., 1966. Propagation of Sn and Pn to teleseismic distances, Pure Appl. 

Geophys., 64, 19-30 . 

Barazangi, M., Isacks, B. and Oliver, J., 1972. Propagation of Seismic waves 

through and beneath the lithosphere that descends under the Tonga 

Island Arc, J. Geophys. Res., 77, 952-958 . 

Bibee, 1., 1983. Propagation studies in the West Philippine Sea: A long line re

fraction experiment; Ocean Acoustics Program: Program summary 

for FY82, edited by J.M. Mckisic, 88-89, Environmental Sciences Di

rectorate, Office of Naval Research, Washington D.C. 

Brandsdottir, B., 1986. Precise measurements of coda buildup and decay rates of 

western Pacific P, Po and So phases and their relevance to lithosphere 

scattering, M.Sc., thesis, Oregon State University, Corvallis, Oregon. 

Butler, R., McCreery, C.S., Frazer, 1.N. and Walker, D.A., 1987. High frequency 

seismic attenuation of oceanic P- and S- waves in the Western Pacific, 

J. Geophys. Res., 92, B2, 1383-1396. 

Cessaro, R.K. and Duennebier, F., 1987. Regional earthquakes recorded by ocean 

bottom seismometers (OBS) and an ocean sub-bottom seismometer 

(OSS IV) on leg 88, !nit. Repts. DSDP, 88, 129-145, Washington 

(US Govt. Printing Office). 

106 



• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

Duennebier, F. and Mallick, S., 1985., High quality OBS refraction data modelled 

by reflectivity synthetics, (abstract), EOS, Trans Am. Geophys Un., 

66, 956. 

Duennebier, F., Lienert, B., Cessaro, R., Anderson, P. and Mallick S., 1987. Con

trolled source seismic experiment at hole 581-C, !nit. Repts. DSDP, 

88, 105-125, Washington (US Govt. Printing Office). 

Dziewonski, A. M. and Anderson, D. L. 1981, Preliminary reference earth model, 

Phys . Earth Planet. Interiors., 25, 297-356 . 

Estey, L. and Douglas, B. J., 1986. Upper mantle anisotropy: a preliminary model, 

J. Geophys. Res., 91, 11393-11406. 

Frazer, L.N., 1978. Synthesis of shear coupled PL; Ph.D. Thesis, Princeton Uni

versity. 

Frazer, L.N. and Gettrust, J.F., 1984. On a generalization of Filon's method and 

the computation of the oscillatory integrals of seismology, Geophys . 

J. R . astr. Soc., 76, 461-481. 

Fuchs, K. and Muller, G., 1971., Computation of synthetic seismograms with the 

reflectivity method and comparison with observations, Geophys. J . 

R. astr. Soc., 23, 417-433. 

Fuchs. K. and Schultz, K., 1976. Tunnelling of low frequency waves through the 

subcrustal lithosphere, J. Geophys., 42, 175-190 . 

Gettrust, J.F. and Frazer, L.N., 1981. A computer model study of the propagation 

of the long range Pn phase, Geophys. Res. Lett., 8, 749-752. 

Hart, R. and Press, F., 1973. Sn velocities and the composition of the Lithosphere 

in the regionalized Atlantic, J. Geophys . Res., 78, 707-411. 

Kind R., 1974. Long range propagation of seismic energy in the lower Lithosphere, 

J. Geophys., 40, 189-202 . 

Linehan, D., 1940. Earthquakes in the West Indian region; EOS, Trans. Am. 

Geophys. Un., 21, 229-232. 

107 



• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

Liu, H.-P., Anderson, D. L., and Kanamori, H., 1976. Velocity dispersion due 

to anelasticity: implications for seismology and mantle composition, 

Geophys. J. R. astr. Soc., 47, 41-58. 

Mallick, S. and Frazer, L. N., 1985. Practical aspects of reflectivity modeling, 

(abstract) , EDS, Trans Am. Geophys. Un., 66, 981. 

Mallick, S. and Frazer, L.N., 1986. Po/So synthetics for a variety of oceanic models, 

(abstract), EDS, Trans Am. Geophys. Un., 67, 1082. 

Mallick, S. and Frazer, L.N., 1987a. Practical aspects of reflectivity modeling, 

Geophysics (in press). 

Mallick, S. and Frazer, L.N., 1987b. Rapid computation of multi-offset VSP seis

mograms for layered media, Geophysics (in press) . 

Mantovani , E., Schwab, F., Liao, H. and Knopoff, L., 1977. Teleseismic Sn: a 

guided wave in the mantle, Geophys. J. R. astr. Soc., 51, 709-726. 

McCreery, C.S., 1981. High frequency Pn, Sn phases recorded by ocean bottom 

seismometers on the Cocos Plate, Geophys. Res. Lett. , 8, No 5, 489-

492. 

Menke, W., and Richards, P.G., 1980. Crust- Mantle whispering gallery phases: a 

deterministic model of teleseismic Pn wave propagation, J. Geophys . 

Res., 85, 5416-5422. 

Menke, W., 1983. A formula for the apparent attenuation of acoustic waves in 

randomly layered media, Geophys. J. R. astr. Soc, 75, 741-544. 

Menke, W. and Chen, R., 1984. Numerical studies of the coda falloff rate of multiply 

scattered waves in randomly layered media, Bull. Seis. Soc. Am., 74, 

5, 1605-1621. 

Mitronovas, W., !sacks, B. and Seeber, L., 1969. Earthquake locations and seismic 

wave propagation in the upper 250 km of the Tonga Island arc, Bull. 

Seis. Soc. Am. , 59, 1115-1135 . 

Molnar, P. and Oliver J ., 1969. Lateral variations of attenuation in the upper 

108 



• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

mantle and discontinuities in the Lithosphere, J. Geophys. Res., 74, 

2648-2682 . 

Oliver J. and !sacks, B., 1967. Deep earthquake zones, anamolous structure in the 

upper mantle and the lithosphere, J. Geophys. Res., 72, 4259-4275. 

Ouchi, T., 1981. Spectral structure of high frequency P and S phases observed by 

OBS's in the Mariana Basin, J. Phys. Earth., 29, 305-326. 

Ouchi, T., Nagumo, S. and Koresawa, S., 1981. Ocean bottom seismometer study 

on the seismic activity in the Mariana Island arc region, Bull. Earth

quake. Res. Inst., Univ. of Tokyo, 56, 43-65. 

Phinney, R. A., 1965. Theoretical calculations of the spectrum of first arrivals in 

layered elastic mediums, J. Geophys. Res., 70, 5107-5123 . 

Phinney, R. A., Odom, R. J., and Fryer, G. J., 1985. Rapid generation of synthetic 

seismograms in layered media by vectorization of the algorithm, Bull 

Seism. Soc. Am. (submitted) . 

Ringwood, A. E., 1975. Composition and petrology of the earth's mantle, McGraw 

Hill Book Company. 

Schoenberg, M., 1983. Reflection of elastic waves from periodically stratified media 

with interfacial slip, Geophys. Prosp., 31, 265-292. 

Sen, M.K., Chapman, N.R., Mallick, S. and Frazer, L.N., 1986. Analysis of multi

path sound propagation in the ocean near 49°N 128°W, J. Acoust . 

Soc. Am., (in press). 

Sereno, T. and Orcutt, J.,1985. Synthesis of realistic oceanic Pn wavetrains, J. 

Geophys. Res, 90, 12755-12776 . 

Shurbet, D.H., 1962. The high frequency P and S waves from the West Indies, Bull 

.Seis . Soc. Am., 52, 957-962. 

Shurbet, D.R., 1964. The high frequency S phase and structure of the Upper 

Mantle, J. Geophys. Res., 59, 2065-2070. 

109 



• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

Stephens C. and !sacks, B.L. , 1977. Towards an understanding of Sn: normal 

modes of Love waves in an oceanic structure, Bull. Seis. Soc. Am., 

67, 69-78. 

Strick, E., 1967. The determination of Q, dynamic viscosity, and transient creep 

curves from wave propagation measurements, Geophys. J. R. astr . 

Soc., 13, 197-218. 

Strick, E., 1970. A predicted pedestal effect for pulse propagation in constant Q 

solids, Geophys., 35, 387-403 . 

Sutton, G.H. and Walker, D.A., 1972. Oceanic mantle phases recorded on seis

mographs in the Northwestern Pacific at distances between 7 and 40, 

Bull. Seis. Soc. Am., 62, 631-655 . 

Talandier, J. and Bouchon, M., 1979. Propagation of high frequency Pn waves at 

great distances in the Central and South Pacific and its implications 

for the structure of the lower lithosphere, J. Geophys. Res., 84, 5613-

5619 . 

Walker, D.A., 1977. High frequency Pn and Sn phases recorded in the Western 

Pacific, J. Geophys. Res., 82, 3350-3360. 

Walker, D.A., 1981. High frequency Pn,Sn velocities: some comparisons for the 

Western, Central and South Pacific, Geophys. Res. Lett., 8, 207-209. 

Walker, D.A., 1982. Oceanic Pn/Sn phases: a qualitative explanation and reinter

pretation of the T- phase, Hawaii Inst. Geophys. rept. HIG-82-6, 

19 pages. 

Walker, D.A., 1984, Deep ocean seismology, EOS, Trans. Am. Geophys. Un., 65, 

2-3 . 

Walker, D.A. and Sutton, G.H., 1971. Oceanic mantle phases recorded on hy

drophones in the North Western Pacific at distances between 9 and 

40, Bull. Seis. Soc. Am., 61, 65-78 . 

Walker, D.A., McCreery, C.S., Sutton, G.H. and Dunnebier, F.K., 1978. Spec

tral analyses of high frequency Pn and Sn phases observed at great 

110 



• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

distances in the western Pacific, Science, 199, 1333-1335. 

Walker, D.A., McCreery, C.S. and Sutton, G.H., 1983. Spectral characteristics of 

high frequency Pn, Sn phases in the Western Pacific, J. Geophys.Res., 

88, 4289-4298. 

Walker, D.A. and McCreery, C.S., 1985. Significant unreported earthquakes in 

asezsmzc regions of the western Pacific; Geophys. Res. Lett., 12, 

433-436. 

Walker, D.A. and McCreery, C.S., 1987. Po/So phases: propagation velocity across 

a 1500-km-long, deep ocean hydrophone array, Submitted to Bull. 

Earthquake. Res. Inst., Univ. of Tokyo . 

111 


