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ABSTRACT

Some further theoretical results concerning conditional instability of the second kind (CISK)
are derived from Bratseth’s model and verified for a more general non-Boussinesq model with
a z-dependent heating function. In particular, the minimum threshold moisture content
required for the instability, is shown to depend only upon environmental stratification and the
vertical distribution of latent heat, while the preferred marginally unstable wavelength, in
addition to being dependent on the stratification and the heating distribution, is also
proportional to the inverse of the Coriolis parameter. A CISK index, which is defined as the
ratio of a characteristic boundary layer specific humidity to the minimum threshold specific
humidity of CISK, is used for assessing the relative potential for the CISK development in the
Atlantic and the Pacific polar oceanic air masses, compared with that in a tropical oceanic air
mass.

The limitation arising from use of a constant heating profile in the interpretation of the
short wave cut-off is demonstrated. The criterion for short wave blow-up is analogous to that
of convective instability. The necessary and sufficient condition for the presence of short wave
cut-off and wave selection is that the threshold moisture content at the shortest wave exceeds
the minimum threshold moisture content. The treatment of the unconditional heating

intensity is also discussed.

1. The minimum threshold moisture content
and preferred marginally unstable wave-
length

In his paper (Bratseth, 1985; henceforth
referred to as B85), Bratseth derived a formula
for CISK growth rate in terms of a Boussinesq
model with a constant heating distribution. The
growth rate is given by (9) of B85, i.e.,

a=DNK[M—:(e'"”‘—e"‘”=)-1], (1.1)
N2

where

u=NK/f, (1.1a)
M?* = yq,gLp,/[C, To p(H, — H,)]. (1.1b)

To facilitate reference to B85, the same notations
will be used, except the factor y that has different

* Present affiliation: Department of Meteorology,
University of Hawaii, Honolulu, HI 96822, USA.

Tellus 39A (1987), 3

meaning from that used in B85, as will be
discussed shortly in Section 3.

Although the model is an idealized one, the
growth rate given by (1.1) depends at least upon
the following variables: (1) the strength of the
Ekman layer viscosity, D; (2) the buoyancy fre-
quency, N; (3) the Coriolis parameter f; (4) the
specific humidity of boundary layer, g,; (5) the
vertical distribution of latent heating, e.g., H,
and H,; (6) total horizontal wavenumber, X; (7)
the mean density of cloud layer, 7; (8) the heating
intensity factor y. This complexity does not invite
further analytical, mechanistic analysis and leads
to direct calculation in B85.

It seems that, however, some interesting results
can be inferred from (1.1), if one examines the
instability threshold for CISK. In general, the
amplification of a CISK disturbance requires
that the moisture content in the boundary layer,
say yq, in B85 (since the effect of changing y is
equivalent to a change in g,, we consider here
their product as one parameter), exceeds a critical
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value, (yg,)., which can be derived directly from

(1.1):

C, T, HN? (e-HiH — g=H:H)
gL (e=uH — gui:) *

Hereafter this critical value, (yg,)., will be
referred to as threshold moisture content. In
derivation of (1.2) the basic state density is
assumed to be po(z)=p,e”¥#, so that p,/p
=(H,— H,)/H(e #/H —g~H:/H) where H is a
constant density scale height, H = RT,/g. Note
that the threshold moisture content, (1.2), is
independent of the turbulent viscosity of the
boundary layer. Based upon (1.2), one can further
prove the existence of a unique minimum
threshold at a particular wavenumber. When
H, #0, the resulting minimum threshold moisture
content, designated by min(yg,)., is

C',TOH:|N2 H,
gL H,—H,

x (e=Hi/H — g=H:lH)

H, \HH = H)
Xf— %
(&)

which occurs at the total horizontal wavenumber

= L InUEyH)
PTN (H; - H,)

(vq). = (1.2)

min(yg,). = [
(1.3)

(1.4)

The quantity K, will be referred to as preferred
marginally unstable wavenumber and its corre-
sponding x-wavelength as preferred marginally
unstable wavelength. When the boundary layer
moisture content increases and reaches min(yg,).,
the wave with preferred marginally unstable
wavelength will first become unstable. In this
sense, the quantity min(yg,). may be regarded as
the minimum moisture content required for any
growing CISK mode. As the boundary layer
moisture content increases further from the
minimum threshold value, the wavelength of the
most unstable mode shifts gradually toward the
short wave side of the preferred marginally
unstable wavelength (Fig. 3 of Wang, 1987).

Several interesting features are observed from
(1.3) and (1.4).

(1) The earth’s rotation does not affect
min(yq,),, implying that the minimum threshold
moisture content does not vary with geographic
latitude. However, the preferred marginally
unstable wavelength decreases with increasing
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latitude. Taking an example, the ratio of selected
marginally unstable wavelength at 15°N (tropical
cyclone region) to that of 60°N (polar low region)
is about 3.2.

(2) The quantities min(yg,). and K, are,
respectively, a quadratic and an inverse linear
function in the buoyancy frequency, N, indi-
cating the fundamental influences of the environ-
mental stratification on CISK. If N decreases
from a typical tropospheric value of 1.1 x 1072
57! to 0.7 x 1072 57! as used in Fig. 2 of B85, the
minimum threshold decreases by 589, and the
preferred marginally unstable wavelength reduces
by 36%.

(3) The quantities min(yg,). and K, respond
sensitively to the heating parameters H, and H,.
Fig. | shows that both the minimum threshold
moisture content and the preferred marginally
unstable wavelength increase rapidly with
increasing cloud base, H,, and cloud thickness,
Hz Sy H] .

(4) Under normal tropospheric conditions, the
square bracket quantity in (1.3) does not vary

significantly, thus, the minimum threshold mois- E
ture content is mainly determined by the stratifi- -

cation and the vertical heating distribution that is
closely related to the vertical distributions of
temperature and moisture in the environment, in
other words, the minimum threshold moisture
content depends only upon the thermal structure
of an air mass.
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Fig. 1. Contour plot showing the minimum threshold
specific humidity, min(yg,), (solid curves), and the
preferred marginally unstable wavelength in units of
km (dashed curves) as functions of cloud base H, (m)
and cloud thickness, H,—H, (m). The other
parameters used in the calculations are N =0.011 57!,
£=0.000123 s~!, T, =270 K.
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