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S U M M A R Y
A variety of methods exist for interpolating Cartesian or spherical surface data onto an
equidistant lattice in a procedure known as gridding. Methods based on Green’s functions
are particularly simple to implement. In such methods, the Green’s function for the gridding
operator is determined and the resulting gridding solution is composed of the superposition
of contributions from each data constraint, weighted by the Green’s function evaluated for all
output–input point separations. The Green’s function method allows for considerable flexibility,
such as complete freedom in specifying where the solution will be evaluated (it does not have
to be on a lattice) and the ability to include both surface heights and surface gradients as data
constraints. Green’s function solutions for Cartesian data in 1-, 2- and 3-D spaces are well
known, as is the dilogarithm solution for minimum curvature spline on a spherical surface.
Here, the spherical surface case is extended to include tension and the new generalized Green’s
function is derived. It is shown that the new function reduces to the dilogarithm solution in
the limit of zero tension. Properties of the new function are examined and the new gridding
method is implemented in Matlab R© and demonstrated on three geophysical data sets.
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1 I N T RO D U C T I O N

Earth scientists often collect data that are not equidistantly sampled.
As many processing and mapping procedures require such rigidly
organized data (e.g. spectral analysis), a common data manipula-
tion step involves resampling the data onto an equidistant grid; this
process is commonly called gridding. There are numerous ways to
accomplish gridding, including convolution-type filtering (Wegman
& Wright 1983), kriging (e.g. Olea 1974; Omre & Halvorsen 1989;
Reguzzoni et al. 2005), the projection onto convex sets (e.g. Menke
1991) and in particular splines (e.g. Briggs 1974; Freeden 1984;
Inoue 1986; Sandwell 1987; Smith & Wessel 1990; Wahba 1990;
Mitášová & Mitáš 1993). The latter technique is known to yield
smooth solutions and has become very popular as much geoscience
data are inherently smooth (e.g. geopotential fields). The smooth-
ness of a surface f is assured by minimizing

E =
∫

S2
(∇2 f )2 dS, (1)

the integrated squared curvature over the unit sphere S2, yielding
the familiar minimum curvature spline solution. However, when the
constraining data are noisy or do not reflect a smooth underlying
phenomenon (e.g. topographic relief) it then has proven advanta-
geous to suppress unwanted oscillations in the solution by introduc-
ing tension (e.g. Smith & Wessel 1990). The main effect of tension

is to counteract the tendency of splines to oscillate away from data
constraints.

Most gridding techniques operate on an equidistant grid and solve
the equations governing the gridding process with either finite dif-
ference or finite element implementations (e.g. Swain 1976; Renka
1984; Smith & Wessel 1990). An alternative approach, however,
is to determine the Green’s function for the gridding operator and
to construct the solution as a sum of contributions from each data
point, weighted by the Green’s function evaluated for each point
separation. The main benefit of this approach lies in (i) the simplic-
ity of implementation, (ii) the ability to use surface gradients as data
constraints and (iii) the freedom to choose any desirable configura-
tion of input and output coordinates (not necessarily equidistant).
For instance, Sandwell (1987) showed that minimum curvature grid-
ding for Cartesian data in 1-, 2- and 3-D could be formulated via
Green’s functions, including the ability to incorporate gradient data
in finding the surface solution. This method has been extended to
include tension as well (e.g. Mitášová & Mitáš 1993; Wessel &
Bercovici 1998).

For data collected over large portions of the Earth’s surface, or for
areas close to the polar regions, it is preferable to consider the data
on a spherical rather than a planar surface. Gridding spherical data
may be accomplished in a similar manner, using finite element im-
plementations such as SSRFPACK (Renka 1997). For a minimum
curvature solution, Parker (1994) showed that a Green’s function
could be determined, thus allowing this approach to be used with
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spherical data as well. In this paper, we extend Parker’s (1994) spher-
ical method to include tension and determine the Green’s function
for continuous curvature splines in tension on a sphere. This new
Green’s function allows us to rapidly implement spherical gridding
with tension for situations which may include a mix of surface and
gradient data constraints.

2 S P H E R I C A L S U R FA C E S P L I N E
I N T E N S I O N

By analogy with Cartesian cases (e.g. Wessel & Bercovici 1998),
the interpolating function f (x) must satisfy

∇2
s

[∇2
s − p2

]
f (x) = �(x), (2)

where p2 is the (positive) tension constant, � is the source term,
x (a unit radius vector) is a location on the sphere and ∇2

s is the
spherical surface Laplacian,

∇2
s = 1

sin θ

∂

∂θ
sin θ

∂

∂θ
+ cot θ

∂

∂θ
+ 1

sin2 θ

∂2

∂φ2
, (3)

where θ is colatitude and φ is longitude. The source term may be
expressed as

�(x) =
N∑

j=1

α jδ
(2)(x − x j ), (4)

where x j are the locations of the N data constraints, α j are unknown
coefficients and δ(2) is the Dirac delta function on the spherical
surface. The solution to (2) may then be specified (e.g. Sandwell
1987) as

f (x) =
N∑

j=1

α j gp(x, x j ), (5)

where the Green’s function g p(x, x′) satisfies

∇2
s

[∇2
s − p2

]
gp(x, x′) = δ(2)(x − x′). (6)

We seek g p(x, x′) as an eigenfunction expansion of the fully nor-
malized surface spherical harmonics

∇2
s Ylm(x) = −l(l + 1)Ylm(x) l = 0, 1, 2 . . . (7)

As l = 0 is an eigenvalue of (7), the Green’s function defined in
(6) does not exist. It is necessary to define the generalized Green’s
function (e.g. Courant & Hilbert 1953; Greenberg 1971; Roach
1982; Duffy 2001; Szmytkowski 2006), according to

∇2
s

[∇2
s − p2

]
ḡp(x, x′) = δ(2)(x − x′) − Y00(x)Y ∗

00(x′), (8)

where ḡp(x, x′) is orthogonal to the null space of (7)∮
S2

Y ∗
00(x)ḡp(x, x′) dS = 0, (9)

and the integral in (9) is taken over the surface of the unit sphere.
Here, Y00 = 1√

4π
is a constant, hence ḡp(x, x′) has zero mean. When

the source term (4) also is orthogonal to the null space of (7), the
interpolating function f (x) may be expressed by

f (x) = βY00(x) +
N∑

j=1

α j ḡp(x, x j ), (10)

where β is an arbitrary constant. The leading constant in (10) rep-
resents the part of the solution that maps into the null space of the
gridding operator. We equate it with the mean data value z̄ (i.e.
β = √

4π z̄) and use data deviations 
z j = z j − z̄ to constrain

the remaining coefficients α j by solving the square linear system
(e.g. Sandwell 1987)


zi =
N∑

j=1

α j ḡp(xi , x j ), i = 1, N . (11)

Following Wessel & Bercovici (1998) we introduce

c̄p(x, x′) = ∇2
s ḡp(x, x′), (12)

the surface Laplacian of the generalized Green’s function (here
called ‘curvature’), which then must satisfy the modified scalar
Helmholtz equation,
[∇2

s − p2
]

c̄p(x, x′) = δ(2)(x, x′) − Y00(x)Y ∗
00(x′). (13)

Substituting into (13) the spectral series expansions for c̄p and δ(2),
and writing

Y00(x)Y ∗
00(x′) =

∞∑
�=0

+�∑
m=−�

δ�0Y�m(x)Y ∗
�m(x′), (14)

where δ�m is the Kronecker delta, we obtain the spectral series
solution

c̄p(x, x′) = −
∞∑

�=1

+�∑
m=−�

Y�m(x)Y ∗
�m(x′)

�(� + 1) + p2
. (15)
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Figure 1. (Top panel) Green’s function for spherical surface splines in
tension for a range of tensions (labelled). The minimum curvature solution
(p = 0) is drawn with a bold line. (Bottom panel) Norm of the gradient of
the Green’s function. Again, the bold curve corresponds to no tension. All
curves have been normalized to a unit range.
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Figure 2. Contours (in μT) of the grids derived by Parker’s (1994) dilogarithm solution with no tension for the northern hemisphere, based on 25 data constrains
(solid black circles). Dashed and dotted contours represent the solution given in Parker (1994) where the incorrect point location for Oslo (crossed circle) was
used. Solid contours represent solution using correct location (see arrow). Eight additional points (white circles) are used to validate the solution.

which does not include the � = 0 term. Using the Addition Theorem
for spherical harmonics (e.g. Arfken & Weber 1995) to simplify the
sum over m in (15), we obtain

c̄p(x, x′) = c̄p(cos γ ) = c̄p(γ )=− 1

4π

∞∑
�=1

2� + 1

�(� + 1) + p2
P�(cos γ ),

(16)

where γ is the angle between the two unit vectors x and x′ and
P �(cos γ ) is the Legendre polynomial of degree �.

Gradshteyn & Ryzhik (1980, eq. 8.831.4) formulate the identity

∞∑
�=0

(−1)�
(

1

ν − �
− 1

ν + � + 1

)
P�(cos φ) = π

sin νπ
Pν(cos φ),

(17)

where P ν is the associated Legendre function of the 1st kind. By
letting cos φ = −cos γ and using the argument reflection formula
P �(−x) = (−1)� P �(x) we rewrite (17) as

∞∑
�=0

2� + 1

�(� + 1) − ν(ν + 1)
P�(cos γ ) = − π

sin νπ
Pν(− cos γ ). (18)

Introducing p2 = −ν(ν + 1), we obtain

∞∑
�=0

2� + 1

�(� + 1) + p2
P�(cos γ ) = − π

sin νπ
Pν(− cos γ ). (19)

Comparing (16) and (19) shows we must extend the right-hand side
sum of (16) to start at � = 0. The missing component (1/4π p2) is
thus added and subtracted to complete the sum. We finally obtain

the closed form expression of (12) as

c̄p(γ ) = 1

4 sin νπ
Pν(− cos γ ) − 1

4πν(ν + 1)
. (20)

Substituting (20) into (12), we obtain

∇2
s ḡp(γ ) = 1

4 sin νπ
Pν(− cos γ ) − 1

4πν(ν + 1)
(21)

which we integrate twice and apply the requirement that ḡp(γ ) be
finite everywhere and satisfy (9) to obtain (see Appendix A)

ḡp(γ ) = π Pν(− cos γ )

sin νπ
− log(1 − cos γ ). (22)

The presence of ν in the denominator in (21), however, means the
solution is not valid for p = 0. Thus, for completeness we next
consider the case when p = 0, that is,

c̄0(γ ) = −1

4π

∞∑
�=1

2� + 1

�(� + 1)
P�(cos γ ). (23)

Parker (1994) examined the case of no tension (p = 0) and found
the closed-form solution to be

ḡ0(γ ) = 2 − π 2

6
+ dilog [sin2(γ /2)], (24)

where dilog is Euler’s dilogarithm (e.g. Abramowitz & Stegun
1970), defined as

dilog(x) = Li2(x) = −
∫ x

0

log(1 − t)

t
dt =

∞∑
k=1

xk

k2
. (25)
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Figure 3. Contours (in μT) of the grid derived from our solution with moderate tension (p = 10). Note how this solution and the solid contours in Fig. 2
converge when approaching the data constraints.

The following identities are derived by Gradshteyn & Ryzhik (1980,
eqs 8.926.1–2):
∞∑

�=1

1

�
P�(cos γ ) = − log

(
sin

γ

2

)
− log

(
1 + sin

γ

2

)
, (26)

∞∑
�=1

1

� + 1
P�(cos γ ) = log

(
1 + sin γ

2

sin γ

2

)
− 1. (27)

Adding (26) and (27) and multiplying by −1
4π

, we find

c̄0(γ ) = 1

4π

[
1 − log

(
1 + sin γ

2

sin γ

2

)
+ log

(
sin

γ

2

)

+ log

(
1 + sin

γ

2

)]
(28)

which simplifies to

c̄0(γ ) = 1

4π

[
1 + log sin2 γ

2

]
. (29)

This solution matches the generalized Green’s function for the
Helmholtz operator given by Szmytkowski (2006). Again, integrat-
ing twice and requiring a finite solution as well as satisfying (9)
results in (see Appendix A)

ḡ0(γ ) = − 1

4π
dilog

(
sin2 γ

2

)
. (30)

Comparison with Parker’s (1994) solution (24) shows only a differ-
ence by a constant (which we represent by z̄) and scale (included in
the solution for α j in 11).

2.1 The gradient of the Green’s function

Following Sandwell (1987), we wish to use the interpolation scheme
with measurements of both surface heights and directional gradi-
ents; we thus need to know the gradient ∇ ḡp . With x = cos γ we
have

∇ ḡp(γ ) = dḡp(γ )

dγ
n̂ = dḡp(x)

dx

dx

dγ
n̂. (31)

Evaluation of the derivatives is straightforward and with dx
dγ

=
− sin γ we obtain

∇ ḡp(γ ) = −
{

π (ν + 1)

sin νπ sin γ
[cos γ Pν(− cos γ )

+ Pν+1 (− cos γ )] + cot

(
γ

2

)}
n̂. (32)

Here, n̂ is the unit tangent vector along the arc between two points
on the sphere.

2.2 The tension term

Given p2 = −ν(ν + 1), the corresponding values for ν are

ν = −1 +
√

1 − 4p2

2
, (33)

where only the positive root is needed on account of the relationship
P ν(x) = P 1−ν(x). For the small range 0 ≤ p ≤ 1/2 we find ν to be a
real number between 0 and − 1

2 , but for larger values of p it becomes
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Figure 4. (a) Minimum curvature solution of Parker (1994) based on 370 measurements (solid circles) of the radius of Mars from Mariner 9 and Viking Orbiter
spacecrafts (Smith & Zuber 1996). (b) Same calculation but with a tension factor of 20. In both cases the radii solutions are shown relative to a Mars ellipsoid
with axes a = 3399.472, b = 3394.329 and c = 3376.502 km.

a complex number whose real part is − 1
2 . For these values the P ν

are called conical functions (e.g. Abramowitz & Stegun 1970).

2.3 Implementing the Green’s function

While (22) is finite for all values of γ , the two competing log-like
terms individually are singular when γ → 0. We use approximations
to P ν from Spanier & Oldham (1987) that are accurate close to the
singularity and find

ḡp(0) = π cot νπ − log 2 + 2[E + ψ(1 + ν)] (34)

where E = 0.57721 . . . is Euler’s constant and ψ(x) is the digamma
function (e.g. Abramowitz & Stegun 1970). Although P ν is not
singular for γ = π , similar approximations can be used to obtain
the special value

ḡp(π ) = π

sin νπ
− log 2. (35)

We have implemented the Green’s function and its gradient in
Matlab R©; the source code is available from the authors upon re-
quest. Fig. 1 shows a family of Green’s functions for a variety of
tensions (including no tension). For comparison, all curves have
been normalized. As is the case for Cartesian Green’s functions

for splines in tension (e.g. Wessel & Bercovici 1998), increasing
the tension leads to a more localized weighting of data constraints
as ḡp(γ ) then decreases more rapidly away from the origin. The
same trend is even more apparent for the gradient. Our new Green’s
function (22) takes on a similar form to that of the 2-D Cartesian
solution for a spline in tension given by

g(r ) = K0(pr ) + log(pr ), (36)

where K0 is the modified Bessel function of the second kind and
order zero and r is the distance between two points (e.g. Mitášová &
Mitáš 1993; Wessel & Bercovici 1998). In both cases the solution
is a combination of two log-like terms whose singularities at r =
0 cancel. Numerically, our evaluation of P ν is based on algorithms
by Spanier & Oldham (1987). Close to γ = 0, π these expressions
converge very slowly. Thus, until a rapid approximation is developed
it likely is faster to pre-calculate (22) for a dense set of arguments
and then interpolate when values at other angles are required.

3 D I S C U S S I O N

Parker (1994) demonstrated spherical gridding with his dilogarithm
solution on a small data set of magnetic field measurements obtained
from 25 observatories from the year 1900 (his table 2.07B). We are
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Figure 5. (a) Distribution of a subset of lidar measurements from the Clementine mission to the Moon (Smith et al. 1997). (b) Our 15 × 15 arcmin interpolation
using a tension of 25.

able to reproduce his findings in general (Fig. 2), but since his
table contained the wrong longitude for one of the constraining
stations (Oslo, with a correct longitude of 10.45E, not the reported
104.5E) the contours are necessarily somewhat different near these
two locations.

We also present a calculation for moderate (p = 10) tension in
Fig. 3. Note that the two solutions are considerably different far away
from the constraining data points but converge near these points.
Parker (1994) also showed the spline misfit at 8 additional locations
(his table 2.07C) not included in determining the spline coefficients.
We searched for the value of tension that would minimize the misfit
variance at those stations. For p = 38.9 we minimized the mis-
fit, yielding a variance reduction of almost 40 per cent relative to
Parker’s (1994) solution with no tension. This variance reduction
results from the further attenuation of unnecessary undulations typ-
ical of minimum curvature splines. Of course, the measurements
we used here can also be considered as the radial components of
a vector field that satisfies the differential equations describing the
physics of the magnetic field. Thus, another option is to develop an
interpolator that takes into account the constraints imposed by these
equations (e.g. Shure et al. 1982).

Next, we demonstrate our solutions for a modest data set of 370
occultation measurements of the radius of Mars, thus reproducing
part of the analysis of Smith & Zuber (1996). Fig. 4(a) displays the
minimum curvature solution (i.e. no tension) while Fig. 4(b) shows
how a tension of p = 20 modifies the surface. The solid dots indicate
the sparse data distribution. The two solutions agree well near the

observations but the minimum curvature solution tends to produce
broader local maxima and minima away from data.

Finally, we examine how our method handles a much larger data
set. We use a decimated set of lidar measurements from the Clemen-
tine mission, yielding 10082 individual Lunar topographic heights
relative to a uniform sphere of radius 1738 km (Smith et al. 1997).
The point distribution is displayed in Fig. 5 (top panel), while our
solution, evaluated on a uniform 15 × 15 arcmin grid, is pre-
sented below. This calculation involved the solution of a 100822

linear system which took about 1 hour on our workstation. Thus,
fairly large data sets may be accommodated but will require con-
siderable computer memory and perhaps 64-bit addressing. How-
ever, as the data density increases, gridding becomes more local-
ized and almost any interpolation method will yield acceptable
solutions.

Because of the spherical treatment, our Green’s function is most
useful for truly global data (or at least data that cover a significant
part of the Earth or other spherical bodies such as our last two
examples). More localized data sets may be gridded instead by
Cartesian methods after a suitable map projection has been applied.
Moreover, given the N by N matrix that must be inverted, only
moderate data sets (N < 10 000 points) can be used directly on
most computers. It is possible to break down large data sets into
smaller, overlapping subsets and grid these separately, then blend
the solutions into a final result. However, in this paper we have
simply chosen to present the new Green’s function and demonstrate
its use for simple spherical gridding.
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A P P E N D I X A : T H E G E N E R A L I Z E D
G R E E N ’ S F U N C T I O N

To arrive at the closed form solution for ḡp(γ ), we integrate (21) in
the limit of spherical isotropy, that is,

1

sin γ

d

dγ

[
sin γ

dḡp(γ )

dγ

]
= 1

4 sin νπ
Pν(− cos γ ) − 1

4πν(ν + 1)
.

(A1)

While this integration is straightforward, we provide the details here
for completeness. The first integral

sin γ
dḡp(γ )

dγ
=

∫ γ

sin γ ′
[

Pν(− cos γ ′)
4 sin νπ

− 1

4πν(ν + 1)

]
dγ ′ (A2)

may be simplified as follows. Since P ν(x) satisfies Legendre’s equa-
tion it is straightforward to show that

(1 − x2)
dPν(x)

dx
= −ν(ν + 1)

∫ x

Pν(ξ ) dξ. (A3)

We next make the variable transformation x = −cos γ in (A3) hence
(A2) becomes

sin γ
dḡp

dγ
= − 1

4πν(ν + 1)

[
π sin γ

sin νπ

dPν(− cos γ )

dγ
− cos γ + a

]
,

(A4)

where a is a constant of integration. The integral of (A4) results in

ḡp(γ ) = − 1

4πν(ν + 1)

{
π Pν(− cos γ )

sin νπ
− log(sin γ )

+ a log
[
tan

(γ

2

)]}
+ b, (A5)

where b is a second constant of integration. Since both P ν(−cos γ )
and log (sin γ ) are singular at γ = 0 whereas the last logarithmic
term is singular for γ = 0, π , we must ensure all singularities
cancel by fixing a. The singular behavior of P ν(−cos γ ) is (Spanier
& Oldham 1987)

lim
γ→0

Pν(− cos γ ) ∼ sin νπ

π
log

(
1 − cos γ

2

)
. (A6)

Hence, the logarithmic terms within the braces in (A5) must
satisfy

lim
γ→0

[
log

(
1 − cos γ

2

)
− log(sin γ ) + a log

(
1 − cos γ

sin γ

)]
= 0.

(A7)

The choice a = −1 thus ensures ḡp(γ ) is finite. To satisfy the
orthogonality condition (9), we set b = 0 and, after contracting the
logarithmic terms and using p2 = −ν (ν + 1), obtain

ḡp(γ ) = 1

4πp2

[
π Pν(− cos γ )

sin νπ
− log(1 − cos γ )

]
. (A8)

As a practical matter, the leading factor may be absorbed into the

solution for the spline coefficients α j , hence the simplified final
solution is given by (22).
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For the case p = 0 we substitute (29) in (12) to obtain
1

sin γ

d

dγ

[
sin γ

dḡ0(γ )

dγ

]
= 1

4π

(
1 + log sin2 γ

2

)
, (A9)

with the first integral

sin γ
dḡ0(γ )

dγ
= 1

4π

[∫ γ
(

sin γ ′ log sin2 γ ′

2
+ sin γ ′

)
dγ ′

]
.

(A10)

Using the variable transformation x ′ = 1−cos γ ′
2 in (A10) we

obtain

sin γ
dḡ0(γ )

dγ
= 1

4π

[
(1 − cos γ ) log

(
1 − cos γ

2

)
+ a − 1

]

(A11)

and introduce the change of variable u′ = 1+cos γ ′
2 in (A11) to obtain

ḡ0(γ ) = 1

4π

[∫ u log(1 − u′)
u′ du′ + (a − 1) log tan

γ

2
+ b

]
.

(A12)

To eliminate all singularities in ḡ0(γ ) we choose a = 1 and to satisfy
(9) we set b = 0. The remaining integral matches the definition of
Euler’s dilogarithm (25) resulting in (30).
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