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we chose to examine only the case in which one satellite is made stronger at the equal 
expense of the other two. The constraints of zero total circulation and zero momentum 
then fix the values of the interior vortices. Thus we take 

and Kq = -;-36, K 5  = -:+36, 

where 6 is arbitrary. For 0.124 < S < 0.133, the evolution captures most of the 
important features observed in the laboratory experiments. For S somewhat less that 
0.124 the configuration does not split, and for S somewhat larger than 0.133 a wide 
variety of behaviour is observed. The exact boundaries of the range of 6 for which the 
behaviour is as in the laboratory experiments is difficult to determine due to the 
sensitivity of the results to initial data and numerical error near these boundaries. 
Figure 18(b) shows the orbits of the five points for the case 6 = 0.125, with solid 
(dashed) curves indicating the trajectories of the satellites (core vortices). After 
approximately three-quarters of an orbit the strongest of the satellites pairs with the 
weaker of the two core vortices, forming a dipole which leaves the figure at the right. 
Meanwhile, the two weaker satellites begin to rotate around each other and as a unit 
combine with the strong core vortex to form a dipole structure which propagates off 
to the left in the figure. This mutual orbiting of the two weak cyclones is observed in 
the laboratory experiment as a prelude to the merger of these vortices into a single 
cyclone (see figure 2). Of course, with the point vortices this merger cannot actually 
occur (unless some ad hoc rule were appended to the dynamics as in Carnevale et al. 
1991). However, the fact that the three-point structure that moves off to the left 
continues to act essentially as a dipole is sufficient for our current purpose. 

Finally, we turn to the stability of the higher-order geometrical vortices, the square, 
the pentagon, etc., from the point of view of point-vortex models. Specifically, we 
consider here only the zero-circulation steadily rotating configurations consisting of n 
equal-strength point vortices symmetrically placed on a circle centred on a point vortex 
of opposite sign. It can be shown that the case n = 2, a model for the tripole, is 
nonlinearly stable (Kloosterziel 1990), and we have seen above that Eckhardt’s (1988) 
analysis proves that the case n = 3, the model of the triangular vortex, is also nonlinear 
stable (cf. figure 15a). Morikawa & Swenson (1971) performed a linear stability 
analysis on these models for all n. The perturbations they considered were small 
displacements in the initial positions. Consistent with the later nonlinear stability 
results, they found that the cases n = 2 and 3 are linearly stable, but more importantly, 
they proved that for all cases n > 4 the configurations are linearly unstable. We 
illustrate this instability for the cases n = 4 and 5 ,  the models of the square and 
pentagon vortices, in figure 19. For these fully nonlinear simulations of the evolution, 
initial perturbations were made only in the initial positions of the satellites. In each 
case, one satellite was moved 1 YO further away from the centre vortex, and the other 
satellite positions were perturbed to a lesser extent but in such a way that the net 
momentum of the complete structure remained zero as in the unperturbed case. Figure 
19 shows that in less than one rotation, the trajectories deviate greatly from the circle, 
and that the system reaches the stage where at least one of the satellites has caught up 
with the one ahead of it in angular position and has moved in between it and the centre 
vortex. This is the same form of instability that led to the close approach and merger 
of satellites in our simulations of the continuous square and pentagon vortices. This 
should be contrasted with the case of the point-vortex model of the triangle, where we 
saw that perturbations of even 20 % in the positions of the satellites can still be stable. 
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FIGURE 19. Diagram showing the instability in the trajectories of the vortices for the five- and six- 
point models of the square and pentagon vortices. In the unperturbed cases, the satellites lie on a 
circle centred on the core vortex. Here the satellites are initially perturbed from those positions by at 
most 1 O/O. The figure shows the perturbed orbits up to the point where at least one of the satellites 
moves in between the one ahead of it and the core vortex. 

In view of the results of Morikawa & Swenson (1971), we anticipate that all higher- 
order coherent vortices that may form through amplification of wavenumbers even 
higher than 5 are also unstable. 

5 .  Summary 
Inspired by laboratory observations, we have investigated the emergence and 

evolution of triangular vortices and higher-order geometrical vortices through 
numerical simulations. We have shown that it is possible to create a stable symmetrical 
triangle vortex from a circularly symmetric profile by a pure mode-3 instability. This 
triangle vortex was shown to be stable to perturbations of amplitude less than about 
3 % in either velocity or vorticity amplitude. In the parameter regime where the pure 
wavenumber-3 instability yields the triangle vortex, the growth rates of neighbouring 
wavenumbers are all of the same order of magnitude. It is for this reason that arbitrary 
initial perturbations containing all these components in their spectrum lead to the 
formation of asymmetric unstable triangular vortices. This is typically the case in the 
laboratory, and usually the triangular vortex is observed to change into a tripole, 
through the merger of two satellites, and subsequently break up into either two dipoles 
or a dipole plus monopole. These observations have been compared to predictions 
based on point-vortex models in $4. The point-vortex model of the symmetric 
triangular vortex is stable to finite perturbations of both the equilibrium positions and 
the strengths of the satellites. If the satellites are sufficiently asymmetric in strength (e.g. 
10 % variation) and placed symmetrically about the core vortex, then the structure is 
highly unstable. The instability leads to the close approach of two of the satellites, 
which in the continuous system leads to merger. The events observed in the laboratory 
and in the simulations can be captured by the point-vortex model if the core is replaced 
by two point vortices. The instability then proceeds with dipole splitting. 

The higher-order geometrical vortices that we examined, the square and the 
pentagon, proved unstable even when symmetrically prepared. Furthermore, the 
results of Morikawa & Swenson (1971) concerning the stability of point-vortex models 
for the higher-order structures suggest that the triangle vortex is probably the only 
stable member of the family of geometrical vortices. Thus, the set of stable coherent by- 
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products of the breakup of simple unstable circularly symmetric isolated vortices of the 
type considered here most likely only includes the monopole, dipole, tripole and 
triangle vortices. 

After the submission of our original manuscript, we discovered that another study 
of geometrical vortices was performed by G. Morel and X. J. Carton but not published 
(SHOM internal report on oceanography 1991). They used contour dynamics to study 
the stability of these vortices with piecewise-constant vorticity from triangles up to and 
including octagons and reached the same conclusion that we did, namely that only the 
triangle is stable. Also since this manuscript was first submitted, an article has appeared 
on instabilities of tornados (Lin 1992) which shows, with contour dynamics, the 
instability of a circularly symmetric vortex leading to the triangle vortex. 
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department at University of California, San Diego. We are grateful for some very 
helpful comments by the referees. 
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