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Low-Frequency, Motionally Induced Electromagnetic Fields in the Ocean

1. Theory
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The theory of electromagnetic induction by motional sources in the ocean is examined from a first principles
point of view. The electromagnetic field is expanded mathematically in poloidal and toroidal magnetic modes
based on the Helmholtz decomposition. After deriving a set of Green functions for the modes in an unbounded
ocean of constant depth and conductivity underlain by an arbitrary one-dimensional conducting earth, a set of
exact integral equations are obtained which describe the induction process in an ocean of vertically varying con-
ductivity. Approximate solutions are constructed for the low-frequency (subinertial) limit where the horizontal
length scale of the flow is large compared to the water depth, the effect of self induction is weak, and the vertical
velocity is negligible, explicitly yielding complex relationships between the vertically-integrated, conductivity-
weighted horizontal water velocity and the horizontal electric and three component magnetic fields and account-
ing for interactions with the conductive earth. After introducing geophysically reasonable models for the con-
ductivity structures of the ocean and earth, these reduce to a spatially smoothed proportionality between the elec-
tromagnetic field components and the vertically-integrated, conductivity-weighted horizontal water velocity. An
upper bound of a few times the water depth for the lateral averaging scale of the horizontal electric field 1s
derived, and its constant of proportionality is shown to be nearly 1 for most of the deep ocean based on geophy-
sical arguments. The magnetic field is shown to have a similar form but is a relatively weak, larger-scale aver-
age of the velocity field. Because vertical variations in the conductivity of seawater largely reflect its thermal
structure and are weak beneath the thermocline, the horizontal electric field is a spatially filtered version of the
true water velocity which strongly attenuates the influence of baroclinicity and accentuates the barotropic com-
ponent. This is quantified using conductivity profiles and velocity information from a variety of locations.

INTRODUCTION

Natural electromagnetic fields in the oceans are induced by
both external, ionospheric and magnetospheric, electric current
systems and by the dynamo interaction of ocean water currents
with the earth’s magnetic field. The former have been fairly
well characterized at the surface of the earth and are often
measured during geophysical investigations of its electrical
structure. While the existence of motional electric currents in
the ocean was first postulated by Faraday [1832], oceanic elec-
tromagnetic fields remain less well understood, primarily due
to the difficulty of collecting in situ observations.

Theoretical studies of motional induction divide naturally at
the inertial frequency due to changes in their physical behavior.
Only the subinertial case will be considered in this paper, and
the ocean tides are specifically excluded from treatment. of
long-period motional electromagnetic fields post-date World
War II and began with the theoretical work of Stommel [1948],
Longuet-Higgins [1949], Malkus and Stern [1952], and
Longuet-Higgins et al. [1954]. These investigations led to
some early measurements on submarine cables [e.g., Wertheim,
1954] and the development of the geomagnetic electrokineto-
graph (GEK) [von Arx, 1950]. The most complete theoretical
investigation of low-frequency motional induction available is
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due to Sanford [1971]. This work has formed the basis for the
successful interpretation of submarine cable measurements in
terms of transport [Sanford, 1982; Larsen and Sanford, 1985]
and spawned some novel oceanographic instrumentation [San-
ford et al., 1985]. Despite the obvious utility of the theoretical
studies, the results are formally deficient in two respects. First,
while it has long been recognized that motional horizontal
electric and magnetic fields are proportional to the vertically-
integrated, conductivity-weighted horizontal water velocity,
most of the investigations fail to demonstrate this explicitly.
Furthermore, the importance of conductivity weighting in
oceanographic applications has received relatively little
emphasis. Second, while it is known that electromagnetic
interactions with the conductive material beneath the seafloor
may be significant, due to analytical complexity it is common
to model the earth in a simple and probably unrealistic manner.
Because of these limitations and increasing oceanographic
experimental activity using electromagnetic tools [e.g., San-
ford, 1986; Luther et al., 1987], it is appropriate to re-examine
the motional induction problem in its entirety:

In this paper, the relationships between all six components
of the electromagnetic field and the water velocity are derived
from first principles in the low-frequency limit where the hor-
izontal length scale of the flow is greater than the water depth
and the effect of self-induction is weak. The electromagnetic
fields with a motional source are decomposed into poloidal and
toroidal magnetic modes using a formalism suggested by
Backus [1986]. This approach allows an arbitrary one-
dimensional electrical structure for the earth beneath the sea to
be modeled in a straightforward manner. Using a set of Green
functions valid for an unbounded ocean of constant conduc-
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tivity and depth, an exact set of integral equations are derived
for the primary and secondary electromagnetic fields in an
ocean of vertically varying conductivity. Approximate solu-
tions for the integral equations can be constructed that expli-
citly yield the expected relationship with the vertically-
integrated, conductivity-weighted horizontal water velocity in
the low-frequency limit. The effect of the earth’s electrical
structure on the electromagnetic fields is then examined in
detail. While a complex relationship between the frequency-
wave number dependence of the water velocity field and the
earth’s electrical structure is formally required, it is shown that
a geophysically reasonable model for the structure under the
deep ocean floor leads only to weak coupling, and a simple
proportionality between the horizontal electric field and the
vertically-integrated, conductivity-weighted horizontal water
velocity smoothed over a horizontal scale of no more than a
few times the water depth obtains. The constant of propor-
tionality is approximately 1, reflecting the minimal extent of
current leakage into the geophysical deep seafloor. For the
magnetic field, the conclusions are similar, although the hor-
izontal averaging distance is larger and the fields are very
weak. Because the depth dependence of seawater conductivity
largely reflects its thermal structure and is nearly constant
beneath the main thermocline, the vertical integration property
of the electromagnetic field dramatically reduces the influence
of the baroclinic (depth-dependent) field, yielding a filtered
version of the velocity that is usually dominated by the barotro-
pic (depth-averaged) component.

The next four sections of the paper and the four appendices
contain the complete mathematical development of the theory
of low-frequency motional induction. Readers interested in the
key results and oceanographic applications may wish to skim
these sections and concentrate on the last four parts of the
paper. As an aid to the reader, the symbols are summarized in
the notation section at the end of the paper together with the
number of the equation where each quantity is defined. Vector
quantities are always indicated by boldface type.

In a separate paper (D.S. Luther et al., Low-frequency,
motionally-induced electromagnetic fields in the ocean, 2,
electric field and Eulerian current comparison from BEMPEX,
submitted to Journal of Geophysical Research, 1990;
hereinafter designated Luther et al., 1990) the theory is verified
observationally by comparing the water velocity as measured
directly by a mechanical current meter mooring with contem-
poraneous records of the seafloor electric and magnetic fields.

GOVERNING EQUATIONS

For the length and time scales of interest in motional induc-
tion in the subinertial range, the quasi-static or pre-Maxwell
approximation to the full Maxwell equations is sufficient. This
limit involves neglect of displacement current, polarization
current, and advected charge in comparison to the conduction
current. For a moving medium and with the magnetic permea-
bility u that of free space everywhere, the resulting equations
are

VB=0 (1)
VxXE+9B=0 )
VxB-uJ=0 3

where the electric current density is given by

J=c(E+vxB) 4)

Since the induced magnetic induction is very weak compared
to the earth’s main field, the Lorentz force on water particles is
many orders of magnitude smaller than hydrodynamic ones.
As a result, the total magnetic induction B in (4) may be
approximated by that of the earth F that is assumed to be both
sourceless and static. The electric current (4) is then the sum
of an induced part I =0E and a source term o(vxF). Note that
the electric field in (2)—(4) is the value for an observer fixed to
the earth; for a reference frame moving at a relative velocity v,
and neglecting relativistic effects, the electric field is
E'=E+v, xF, while the magnetic induction B is unchanged.

It is essential to understand the role which electric charge
plays under the quasi-static approximation. Neglect of the dis-
placement current in (3) requires that the electric current den-
sity J be divergence-free, and the time rate of change of the
charge density is zero to the same level of approximation. In
fact, the electric currents which distribute electric charges
occur on a time scale of O(v/c) (where v is the electrical per-
mittivity) that is instantaneous compared to the time scale of
interest, so that they do not produce any significant time-
varying magnetic fields. However, the electric fields produced
by charges which move into place with seemingly infinite
speed are quite important and are not removed by the approxi-
mation. The quasi-static scaling is a singular perturbation
problem with some interesting consequences at breakdown; see
Backus [1982] for a discussion.

The pre-Maxwell equations will be solved in terms of
poloidal and toroidal magnetic (PM and TM) modes based on
the Helmholtz representation of a vector field. The modal
form is useful because it reduces the physics into two relatively
simple and independent parts. The PM mode is marked by
electric currents flowing in horizontal planes that couple by
induction, and has no vertical electric field component. The
TM mode is associated with electric currents flowing in planes
containing the vertical, and has no vertical magnetic field com-
ponent. The TM mode magnetic field vanishes at the Earth’s
surface, and is not observable outside of it. Electric charges
associated with conductivity gradients affect only the TM
mode. This physical approach should be contrasted with one
based either on the magnetic vector potential or directly on the
fields in which interactions with conducting material are diffi-
cult to handle, necessitating simplifications that are often geo-
physically untenable.

Using the Helmholtz representation theorem defined in
Appendix A and (1), the magnetic induction may be written

B=:xV,I1+V,3.¥ - Vi¥z (5)

where I1 and ¥ are scalar functions which represent the TM
and PM modes. Let the source current in (4) be expanded in a
similar way so that

o(vxF)=Zz+V,T+zxV,Y (6)
Under the condition that the Earth’s conductivity varies only
vertically and that the magnetic permeability has the free space
value everywhere, it is proved in Appendix A that the modal
scalars satisfy the differential equations

V¥ —uod,¥ = pY @)
and

Vi1 + 60.(0.11/6) — uod, I = u= — ued.(T/c)  (8)

where the electric field is
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E=27xV,0,¥ - V,@.MT+pT)/pc + (VI -pE)/ucz (9)

For most of this paper, it will be more convenient to work
with the horizontal Fourier transforms of the modal differential
equations (7) and (8). The time dependence will be taken as
™' and the horizontal coordinates transform as

}(n’§)= I Idxdy e:(n\+§\)f(x,y)

o oo

1 =My 7
foy === [ [anag e jme (0
@my”
Let 7 and k be unit vectors in the vertical and propagation
directions, respectively. The expressions for the magnetic and
electric fields (5) and (9) become

B =—ik zxk)TT — ik kP + k29 3 an
and
E = -0k (Alez)‘i’ +ikk (8:ﬁ+pi“)/po
— (K*TT+ pE)/po (12)

while the differential equations (7) and (8) for the PM and TM
modes transform to

Y — [k —iwpo()]¥ = pY (13)
and

069.(.11/6) - [K2~iwpo)IT = pE - pod.(T/o)  (14)

where k=(?+&7)" is the magnitude of the horizontal wave
number. In addition, continuity of ‘¥, d.¥, TI, and
(8:H+p;T){'},lo is required at horizontal interfaces. The source
terms Y, =, and T in (13) and (14) are discussed in the next
section.

Solutions of (13) and (14) are sought for an ocean with vert-
ically varying conductivity o(z) and an arbitrary one-
dimensional electrical structure beneath the seafloor. Closed
form solution is not tractable, and the approach used in this
paper is approximate. Green function solutions to (13) and
(14) are constructed for an unbounded ocean of depth H and
fixed conductivity equal to that at the seafloor with an arbitrary
one-dimensional conducting medium beneath the seafloor, as
detailed in Appendix B. The Green functions contain informa-
tion on the structure of the earth through complex reflection
coefficients whose computation for a layered earth model is
outlined in Appendix C. These will be useful later in assessing
the importance of electromagnetic interactions with the earth.
The Green functions may then be used to convert the differen-
tial expressions (13) and (14) including vertically varying
ocean conductivity into integral equations which completely
describe the motional induction problem.

To illustrate, rearrange the terms in (13) to give

32 — B2 = pY — iopAc(z)¥ (15)

where Ac(z)=0(z)—o(—H) and
B = Vk>—iopo(-H) (16)
The PM mode Green function satisfies the left-hand side of
(15) with delta function forcing and the relevant boundary con-
ditions, so that (15) may be rewritten as an integral equation.

Using the definitions in (12), the result may be expressed in
terms of the PM mode electric field

PM Aot Y
E  (z) = —uk (zxk) Idz 8y(2)Y(2)
-H

] e, . . ~PM .
—:mp.Idz gy(z2)Ao(z)E (z) a7
H

This is a second kind integral equation for the spatially
Fourier-transformed electric field. The first term on the right
side is the primary or driving electric field neglecting interac-
tions of the induced currents with the vertically varying con-
ductivity, while the next term is the secondary electric field
due to scattering from the depth-varying conductivity. Equa-
tion (17) is similar to those derived for two- or three-
dimensional electromagnetic modeling in exploration geophy-
sics [e.g., Hohmann, 1983].

Applying Ampere’s law, the PM mode horizontal magnetic
field follows from (17)

~ PM "0 . PR
B, (2)=—ipk k[ dz' 3. g,(2,2)Y(z)
—-H

Lt . S mPM
—uix]dz'd, gy (22 )AS(IE T (2) (18)
-H
while the vertical magnetic field satisfies

0
[3_.(2) = ;,lk2 Idz' gw(z,z')Q(z')
“H

0
+uk? 3| kx [ dz g ,(2,2) A E T (2) (19)
-H

The PM mode magnetic field may be regarded as a quantity
derived from the electric field, and the interpretation of the
right-hand sides of (18) and (19) in terms of primary and
secondary components is similar to that for (17).

Proceeding as for the PM mode, the TM mode counterparts
of (17)—(19) are a pair of integral equations for the magnetic
field and induced electric current density

~T™ P ? ’ IR~
B (2) = —ipk(3xk) [ dz’ go(z,2)E()
“H
~ 0 ~
— ipk(Gxk) [dz' 9, golz,2) T2
“H
¢ ~T™
—pijdz'g,t(z,z')az'logo‘(z')l,, @)
“H
1]
B . L ~TM
—iop [ d gz, )00 B () (20)

-H

and

0
iZM(z) =ik Ejdz' arg,t(z,z').é(z')
“H
0

+ikk[d gh(z,2)T()

“H
t ~TM

+ Idz'azg,,(z,z')a:'logo(z') I, ()
H

0
—iwix [d2' 3,842, ) Az B (2) Q1)
‘H

~TM  ~TM
where I, =cE, . The first two terms on the right-hand sides
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of (20) and (21) are the primary field terms, reflecting the pres-
ence of two source terms in (14). The last two terms in (20)
and (21) are the secondary field terms due to scattering by the
depth-varying seawater conductivity. Finally, using Faraday’s
law, an expression for the vertical electric field is

~ . =ik A [A ~ M ]_ =(z)
E.(z) o) z- [ kxB  (2) o) (22)
The set of equations (17)—(22) are exact. The form of the
integral equations suggests that the motional electromagnetic
field is a weighted spatial average of the velocity field with the
weighting depending on the Green functions, and hence the
conductivity structure below the seafloor, and the vertical dis-
tribution of seawater conductivity. In principle, they can be
solved for an arbitrary velocity field and conductivity structure
by numerical methods using the complete Green function
expressions of Appendix B, although such an approach is
unlikely to be enlightening in terms of the relevant physics.

THE Low FREQUENCY, LARGE SCALE APPROXIMATION

The interaction of the electromagnetic and hydrodynamic
fields is complex, as evidenced by the form of (17)—(22) and
previous treatments such as that of Sanford [1971]. However,
some properties of the real ocean at subinertial frequencies
may be used to simplify the mathematical expressions and
delve into the underlying physics, including (1) the horizontal
length scale of motion is typically larger than the vertical one
by a factor of 10 or more, and (2) the vertical velocity is gen-
erally small compared to the horizontal components. In the
spatial Fourier domain, the first of these is the condition
kH <<1. The remaining constraint is applied in Appendix D
during derivation of expressions for the source terms Y, E, and
T.

In the integral equations (17)-(22), kH enters through the
exponential terms in the Green functions given in Appendix B.
These terms contain arguments of the form Pz, —H £z<0,
where B in (16) parameterizes the effect of self induction in
seawater. To derive approximate forms for the Green func-
tions using a first-order Taylor series expansion on the
exponential terms, it is necessary to require that | BH | <<1;
this is equivalent to placing an additional constraint on the
extent of self induction. To see this, define the dimensionless
induction or magnetic Reynolds number

oucs(—H)
=20 23
3 e (23)
so that
| BH | =kt | N1=i2¢ | (24)

The induction number is the ratio of the squares of the hydro-
dynamic and electromagnetic length scales; when it is small,
the latter is large compared to the former and induction is not
important, so the system displays only simple electric dissipa-
tion without large phase shifts. For (24) to be small,
| (1-i2¢e)” | must be O(1) or less, or € must itself be O(1) or
below. For a crude estimate of the size of the induction
number, consider two prototypical subinertial flows, an exter-
nal mode Rossby wave at mid-latitudes with characteristic
period T=0(10 d) and wavelength L =0(1000 km) and mesos-
cale eddy motions with 7=0(100 d), L=0(100 km). In the
first instance, (23) gives an induction number of 0.4, while in
the second case it is only 4x107*. These types of motions will

satisfy the condition on (24) without difficulty. However, for
large-scale motions at relatively high frequencies, breakdown
may occur. For example, in the basin-wide oscillation detected
by Luther {1982] with T=0(5 d), L =0(10000 km) the induc-
tion number is about 75. Note also that the tides violate the
induction number criterion; a diumal coastal Kelvin wave has
€=800, so induction effects are quite large.

It is also necessary to examine the behavior of the reflection
coefficients to simplify the Green functions in (17)—(22). Con-
sider a simple model consisting of an ocean layer of conduc-
tivity o(—H) overlying a half-space of conductivity o;. The
PM mode sea surface and seafloor reflection coefficients and
the TM mode seafloor reflection coefficient given in Appendix
B may be written

ROM = V1-i2e - 1 25)
V1-i2¢ + 1

RPM = V1-i2e —V1-i2xe 26)
V1-i2e +V1-i2ke

RIV = wi—i2e —V1-i2xe a7

wwi-i2e + V1-i2xe
where k=0,/6(—H) and ¢ is the induction number (23). Since
k<<1, when € is small the PM mode reflection coefficients (25)
and (26) are also small and nearly imaginary; they become real
and approach a magnitude of 1 for large induction numbers,
but more typically lic between 0.6 and 0.9 in absolute value.
However, the TM mode reflection coefficient (27) behaves in a
very different way. In the small induction number limit it is
almost —1 and remains very close to that value throughout the
parameter range of interest. The TM mode transmission coef-
ficient is defined as

T =1+RM™ (28)

This is nearly real and has a magnitude that may be compar-
able to that of (24). For this reason, both (24) and (28) will be
treated as small parameters in the remainder of the paper.

Using these results, the PM mode Green function and its
vertical derivative given in Appendix B are approximated for
kH <<1 and induction number O(1) or less by expanding the
exponential terms in the numerator and denominator in Taylor
series. Retaining only the lowest order terms, this gives

. RM+DHRM +1)
22)=fy = —————— __~ 2
, R +1DRM-1) .
0.2y(2,2)=hy = W (z<z)
=hy+1 (z>2) (30)

The first of these 1s depth-independent, while the second
undergoes a unit step change at z=z .

For the TM mode, the Green function and its derivatives
given in Appendix B may be approximated

8:(z2) = (l-h H)( | z=2" | +242") @3N
0-8r(z,2) S hez'  (z<2)
= hnz' +1 (z>2) (32)

0.-8x(z,2 )= hyz +1 (z<2)
= hpz (z>z) (33)
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0.0.8.(2,2)=gr(2,2)-8z-2)=h, -8(z—2) (34)
where
B@-T™)

e 35
T _2RMBH 33)

and 6 is the Dirac delta function. The expressions (29)—(35)
are valid to terms of O( | BH | ) and have been verified numeri-
cally. The use of these approximations in (17)—(22) formally
requires that the principal contribution to the inverse Fourier
transform in (10) be from small wave numbers where the velo-
city is significant and is equivalent to replacing the infinite
integration limits by a cutoff wave number k, which is not well
defined, but O(1/H). Note that (29) and (34), which appear in
the expressions for the horizontal electric and vertical magnetic
fields, are depth-independent, while (30) and (33), which
appear in the expressions for the horizontal magnetic field,
undergo a step change within the water column. The former
are consistent with intuition about low-frequency induction in
the ocean, but the integral equation expressions in (17)—(22)
are actually more complicated than this due to the secondary
field terms and depth-varying conductivity.

The source terms Y, T, and Z in (13)—(14) and (17)—(22) are
given by the Fourier transforms of Poisson equations derived
in Appendix A and the vertical component of the source
current density. To simplify these equations, some properties
of the real geomagnetic field must be considered. In Appendix
D, an inclined geocentric dipole model for the geomagnetic
field is used to get an approximation valid for mid-latitudes
under the assumption that the vertical velocity is small com-
pared to the horizontal ones. Taking Fourier transforms and
neglecting terms involving the spatial variation of the geomag-
netic field gives

E(z) = 6(z) [V, () x F}] (36)
T(z) = ""22) [k XV, (2)]-F 2 (37)
@)= - 28 (5, y1Fe (38)

where F° is the geomagnetic induction at a reference latitude
A, and longitude ¢,. Note that (37) and (38) contain the
Fourier transforms of the vertical component of relative vorti-
city and the horizontal divergence of the horizontal water velo-
city, and drive the TM and PM modes, respectively, in
(17)—(22). For a graphical view of this association, see Figure
1.

APPROXIMATE PM MODE SOLUTION

The integral equation for the PM mode electric field (17) is
combined with the approximate Green function (29) and the
source term (38) to give

0
E™ @)y +iopf, [d A E™ ()
-H

= iou<c>HF!f, (I;-<V,,>') (39)
where <G> is the depth-averaged conductivity of seawater

0
<o>= % [z o) (40

-H

-

X
Sy
z

PM MODE SIDE VIEW

-————e

X
<y
¥4
TM MODE SIDE VIEW
Fig. 1. Cartoon showing the modal source mechanisms for low-

frequency, large-scale oceanic flows. The dashed line shows the vertical
component of the geomagnetic field, while the solid line denotes the
water velocity, and the double line is the source emf. The top part of the
figure depicts a side view of a velocity field with horizontal divergence,
such as occurs in gravity waves with displacement of the sea surface.
The source currents flow in horizontal loops in alternate directions along
peaks and troughs of the wave, closing at infinity. The bottom part of
the figure shows a plan view of a velocity field with relative vorticity.
The induced electric currents are horizontally divergent, cannot
penetrate the sea surface because the atmosphere is insulating, and so
dive down into the earth over horizontal distances comparable to that of
the velocity field.

and <v,>" is the vertically-integrated, conductivity-weighted
horizontal water velocity

0
-~ % 1 , i
=——]dz o 41
<v,> <c>H_'[, 2 0(z)v,(z) 41n
The definition in (41) reduces to the depth-averaged (barotro-
pic) one if the velocity field or conductivity is depth-
independent. Expression (39) is a simple Fredholm integral
equation with a degenerate kernel and can be reduced to an
algebraic equation by standard methods. The solution is
~pM iu)u<c>HF’:‘fw(l;-<V,,>‘)

T 1 +iop(<o>—oc(-H))Hf,

= iOU<O>HFL S, (k<¥)>") (42)



7190 CHAVE AND LUTHER MOTIONAL EM FIELDS IN THE OCEAN, 1, THEORY

where the second form is obtained by neglecting small terms
and is just the primary field in (17). The PM mode electric
field is in the horizontal plane and orthogonal to the direction
of propagation for the velocity field.

The PM mode horizontal magnetic field follows from (18)
with the approximate Green function (30), the source term
(38), and (42). Neglecting small terms, the result is

l}:M(z) = —u<o>F? k [thd,,>' + (z+H)<€',,>jH] (43)

where

L[ oz)9,) (44)

<>y = —
AT <ox(z+H) 3

so that <v,>% =<v,>". Expression (43) is depth-dependent,
and the second term vanishes at the seafloor. The PM mode
horizontal magnetic field is oriented in the direction of propa-
gation for the velocity field.

The vertical magnetic field is depth-independent and follows
from a similar calculation with (19), giving

B. = —ip<o>kHF?® fy k<v,>" (45)

APPROXIMATE TM MODE SOLUTION

The integral equations for the TM mode horizontal electric
current density and magnetic fields (20) and (21) are a coupled
set and should be solved simultaneously. To simplify and
decouple them, the motional magnetic field will be assumed
small enough that its contribution to (21) is negligible and a
solution for the induced electric current density at lowest order
will be obtained. This will be used in (20) to get the motional
magnetic field, and substituted back into (21) to get a better
estimate of the current density. This iterative procedure ends
when the new terms are small in the usual sense.

It is first necessary to simplify the primary part of (21) since
there are two sources, the vertical source current (36) and the
scalar representing the horizontally divergent part of the hor-
izontal source current (37). Substituting the Green functions
(32) and (34) and the source terms (36) and (37) gives a sum of
three terms. Holder’s inequality may be used to bound and
compare their magnitudes. Such an analysis shows that the
two terms from the vertical source current (36) are similar in
magnitude but simultaneously O(kH | FeIF? ) compared to
that from (37). The horizontal current term is dominant except
near the magnetic equator where F? vanishes. That vertical
source currents are not efficient at inducing electric currents in
the ocean is not surprising; vertical sources have a scale like
that of the water column, while horizontal sources have a scale
comparable to that of the hydrodynamic field and hence are
better able to induce horizontal currents in the ocean and earth.
At middle to high latitudes, the primary induced electric
current density is well approximated by

;,T,ﬂo) = —<Oo>h HF? (kx<v,>")? (46)

The next order approximation to the electric current density
satisfies the integral equation

~ P ) » ~TM ’
Tty @ = [z 31080 I @)
-H

0
~™ PR . ~T™M ’
=Ty +hy | d2' 2 310goz ) Iy @) (4T
-H

The right side of (47) is an unknown constant, and a Neumann
series solution to the remaining Volterra integral equation in
terms of this constant can easily be constructed. The remain-
ing problem reduces to the solution of an algebraic equation,
yielding
iTM p )
Thn(@)= 1.0 0 (48)
o(—H) + hyH(<o>—-0(-H))

Note that the electric field corresponding to (48) is depth-
independent while that for the primary term (46) is not, and
that the new term obtained by solving (47) is not small.

The lowest-order approximation for the TM mode magnetic
field from (20) is given by the sum of the first three terms after
applying (31), (33), (35)-(37), and (48). As for the induced
electric current (46), it can be shown that the contribution due
to the vertical source current is negligible compared to that
from the horizontally divergent part of the source current,

yielding

—(z+H )<§',,>_:H] -z 49)

By (2) = p<o>F? kx [[Hc(—H)(l—hnH)

+h H

hyH (2 +H)<0> + (1=h H) [ dz' o(z')

-H

<v,>"/ [o(—H)+hnH(<o>—c(—H))]

Note that this vanishes at z=0, as expected for the TM mode
magnetic field.

The next order approximation for the magnetic field follows
by substituting the Green function (31) into the last term in
(20), yielding the integral equation

By, @)+ ion(—hyH) [ d2' (2~2") Aoz By (2)
H

~TM . L . ~TM
=By, (2) - iop(l-h H) [ dz' 2 Ac(z) By (2) (50)
“H

As in (47), the right-hand side of (50) is an unknown constant,
and the Volterra part of the integral equation may be solved by
constructing a Neumann series for the equivalent resolvent
equation. This gives a convergent series whose entries are
each O[(kH)*] compared to the previous one, and the first term
alone is a satisfactory approximation. Using this, the second
term in (50) is seen to be O[(kH)*} compared to (49) and may
be neglected. In a similar way the last term in (50) is also
found to be small, and (49) is a consistent expression for the
motional magnetic field.

Returning to the induced electric current integral equation
(21), it is now possible to evaluate the contribution from the
secondary magnetic field given by the last term with (49). This
term is O[(kH)*] compared to (48), so the coupling between
the integral equations (20) and (21) is weak. Similarly, the
third term in (20) does not contribute significantly to the
motional magnetic field, and the approximate procedure used
to get a solution is justified.

Finally, the vertical electric field follows from (22) with
(36) and (49). Applying Holder’s inequality once again, the
ratio of the first to the second term is seen to be
OGH | 1=h H | | Fe |7 Fg ). This is typically O(kH) away
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weak in the presence of resistive material. Equations (52) and
(54), together with (45) and (51), are wave number domain
expressions valid in the low-frequency, large-scale limit when
induction is not large.

from the poles, so the vertical electric field is very nearly equal
to
E.= — (V,(2)<F})? (51

This result is the wave number domain counterpart to that
given by Harvey [1974]. The vertical electric field is indepen-
dent of the electrical structure of the earth because vertical
electric currents cannot readily penetrate the relatively poorly
conducting earth and nearly insulating atmosphere.

THE ELECTROMAGNETIC FIELDS IN THE WAVE NUMBER DOMAIN

While the PM and TM modes provide both a physical view
of the induction process and a substantial mathematical sim-
plification, they cannot be measured independently, and the
separate expressions for the horizontal electric and magnetic
fields must be combined. For the horizontal electric com-
ponent, the relevant expressions are given by (42) and the
induced current density (48) divided by the in situ conductivity
of seawater. The result can be simplified using the identity
k [kx<v,>"]2 =<zx<v,>" +(2xk)k<v,>". Neglecting the PM
mode term that is O(kH) compared to the TM mode contribu-
tions, the horizontal electric field is given by

ﬁ,, =T F¢ 2% |_<\7,,>' —k IQ-<\7,,>'J (52)
where

<o>h H
O6(—H)+ hH(<0>~6(-H))

is a dimensionless function. The electric field is depth-
independent and consists of two parts. The first term is due to
direct forcing by the velocity field, while the second one is
related to large-scale horizontal velocity divergence and will be
discussed later. The electric field is proportional to a factor
(53) which is dependent on wave number, frequency, and the
electrical structures of the ocean and earth, and contains all of
the essential information on the leakage of electric current into
the conducting earth that determines the size of (52). This term
is nearly real and has a magnitude which lies between 0 and 1
as the earth ranges from a good conductor to a perfect insula-
tor. Note that (53) is a generalization of simpler calculations
given by Sanford [1971] and Cox [1981].

The horizontal magnetic field is given by the sum of (43)
and (49). Unlike the horizontal electric field, the motional
magnetic field is markedly depth-dependent. Because vector
magnetic field sensors are extremely sensitive to motion in the
geomagnetic field, it is not feasible to measure magnetic com-
ponents except at the seafloor, and only that location will be
considered further. The result can be simplified using the iden-
tity (zxk) [kx<v,>"]2=<v,>" —k(k-<v,>") to give

(53)

I'=

B, (~H) = p<c>HF? [(1—%) <>

—k(l——l‘+hw)k-<\7,,>'] (54)
The balance of terms in (54) is not nearly as straightforward as
in (52) and requires careful examination of (30) and (53) as a
function of frequency and wave number for realistic earth
models. However, the sensitivity of the magnetic field to the
earth’s conductivity has the opposite_sense to (52) since a
poorly conducting earth results in 1-I'=0. This is intuitively
reasonable because image currents in the earth result in rein-
forcement of the seafloor horizontal magnetic field and are

INTERACTIONS OF MOTIONAL FIELDS WITH THE EARTH

Interactions of motional electromagnetic fields with the con-
ducting ocean and earth are described by the term (53) which
appears in both (52) and (54) and by (30). Understanding the
influence of these regions requires a geophysically reasonable
model for the electrical conductivity structures of both the oce-
ans and earth.

Precise empirical relationships between seawater conduc-
tivity and its temperature, salinity, and pressure exist [e.g.,
Fofonoff and Millard, 1983] and may be used to compute sea-
water conductivity using temperature and salinity profile data.
The dominant effect is due to temperature, although rising
pressure typically results in a small increase in conductivity
near the seafloor. Figure 2 shows such a calculation using
historic 5° zonal averages of potential temperature (converted
to in situ temperature) and salinity at 42.5°N in the Pacific
taken from Levitus [1982]. Most of the change in conductivity

occurs above the main thermocline, and the conductivity is
nearly constant below that point. The depth-averaged conduc-
tivity <a> for this profile is 3.18 S/m, about 2% smaller than
the seafloor value o(—H) of 3.25 S/m.
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Fig. 2. Profile of the electrical conductivity of seawater computed from
the empirical formulae given by Fofonoff and Millard [1983] using 5°
zonal averages of the potential temperature (converted to in situ tem-
perature) and salinity from Levitus [1982]. The short-dashed line
includes the temperature dependence only and assumes a constant salin-
ity of 33.4 ppt and zero pressure. The long-dashed line adds the real
salinity dependence to the computation. The solid line is the full treat-
ment including the pressure dependence of conductivity.
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A reference model for the electrical structure beneath the
deep seafloor has recently been proposed by Chave et al.
[1990] based on a variety of geophysical and geochemical data.
It can be divided into three main regions: sediments, crust, and
mantle. The thickness and conductivity of the sedimentary
region is highly variable in space. It nearly vanishes in much
of the Pacific and can be 1 km or more thick in the Atlantic
Ocean, so the model is subdivided into two types. In the
Pacific model, no sediment is included, while in the Atlantic
model, a 0.5 km thick sedimentary zone of conductivity 0.3
S/m is added. The oceanic crust is about 6.5 km thick and con-
sists of a 0.6 km upper zone of conductivity =0.03 S/m overly-
ing a 59 km lower region of conductivity =0.003 S/m.
Beneath this point, the conductivity falls sharply to a value of
=107 S/m over a distance of 30 km; the presence of a resistive
zone beneath the crust is supported by controlled source elec-
tromagnetic soundings reported by Cox et al. [1986]. Below
this region, the conductivity must rise rapidly due to increasing
temperature. This is simulated by a 40 km thick zone of con-
ductivity 0.003 S/m overlying a 0.1 S/m half-space. The refer-
ence model is believed to be generally valid away from coast-
lines and mid-ocean spreading centers; for a justification see
Chave et al. [1990]. Figure 3 summarizes the Pacific and
Atlantic conductivity models.

Figure 4 shows a contour plot of (53) as a function of fre-
quency in cycles per hour and inverse wavelength in cycles per
kilometer using the Pacific reference model and the seawater
conductivity profile of Figure 2. The frequency scale covers
the range of 10™—10"" cph (10 hours to 1 year period), while a
useful range for the inverse wavelength is 5x10™* cpkm
(Pacific basin scale) to 5x1072 cpkm (submesoscale). The
magnitude of (53) is almost frequency-independent, reflecting
the small size of the induction number, and nearly a constant
function of the inverse wavelength, varying from more than 0.9
to almost 1 over the relevant range. Its phase is nearly zero,
reflecting the smallness of induction. Figure 5 shows similar
calculations for the Atlantic conductivity model. The sedimen-
tary layer produces a slight reduction in the magnitude of (53),
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Fig. 3. The Pacific (left) and Atlantic (right) reference models for the
conductivity structure beneath the ocean as given by Chave et al.
[1990]. The two differ by the presence of a thin (=0.5 km) layer of rela-
tively conductive sediment in the Atlantic model. Both models are ter-
minated in a half-space of conductivity 0.1 S/m below 71 km depth.
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Fig. 4. Contour plots of the magnitude (bottom) and phase in degrees
(top) of T given by (53) in the text as a function of frequency and
inverse wavelength using the Pacific reference model of Figure 3.

especially at small values of the inverse wavelength, but it
remains nearly frequency-independent and real. These obser-
vations are not changed, except at the largest spatial scales, if
the conductivity of the resistive mantle region is raised by a
decade (Figure 6). The behavior of (53) is controlled mostly
by the presence of a relatively conductive sediment and crustal
zone and a nearly insulating cap beneath it, and is quite insen-
sitive to the conductivity of the deeper mantle. In the absence
of a crustal zone, the response is almost that of an insulating
half-space with a magnitude of 1 at all frequencies and
wavelengths. If the insulating region is not present, the electric
field is effectively shorted out beginning with the longest
wavelength components, and (48) becomes very small. This
behavior begins to be evident in Figure 6. Computations like
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Fig. 5. Contour plots of the magnitude (bottom) and phase in degrees
(top) of T given by (53) in the text as a function of frequency and
inverse wavelength using the Atlantic reference model of Figure 3.

those for Figures 4-6 are also relatively insensitive to the sea-
water conductivity profile and the comparative sizes of <o>
and o(-H).

The seafloor horizontal magnetic field (54) is_a balance
between two terms. The former is scaled by 1-I' which is
nearly zero over the entire subinertial range of frequency and
inverse wavelength from Figures 4-6. The second term con-
tains an additional factor h,, in the proportionality constant
which is very nearly —0.5 throughout the subinertial range.
The factor 1-T'+h,, is not small, so the balance between the
two terms in (54) depends heavily on their actual size and
behavior in the space domain.

THE ELECTROMAGNETIC FIELDS IN THE SPATIAL DOMAIN

Space domain expressions for the horizontal electric and
magnetic fields formally follow by applying the inverse
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Fig. 6. Contour plots of the magnitude (bottom) and phase in degrees
(top) of T" given by (53) in the text as a function of frequency and
inverse wavelength using the Pacific reference model of Figure 3 but
with the subcrustal layer conductivity increased to 107 S/m.

Fourier transform (10) with integration limits £, to (52) and
(54). These require a spatial convolution relationship between
averaging kernels obtained from the inverse transform of linear
operations on (53) and the vertically-integrated, conductivity-
weighted horizontal water velocity. The spatial behavior of the
averaging kernels will be examined as a guide to interpretation
of motional electromagnetic fields. Since the cutoff wave
number k, is not precisely defined and (53) is only approxi-
mate, precise details of the averaging kernel behavior are not
important. In particular, the physical width of the main lobe
and extent of leakage from sidelobes should not be
emphasized; rather, it is the general shape and spatial averag-
ing properties that are of direct interest. Based on the proper-
ties of solutions to the complete integral equations (17)—(21) at
all wave numbers, the approximate kemnels given below serve
only as upper bounds with wider spatial breadths and larger
sideband amplitudes than will really occur.

7193
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Performing the integration (10) on (52) yields
E,=CF°zx [Ql @<v,>" + V,,QZGDV,,-<V,,>’] (55)

where Q, is the inverse Fourier transform of I'/C, V,Q, is the
horizontal gradient of the inverse Fourier transform of T/Ck?,
C is a constant, and @ denotes convolution over the horizontal
spatial coordinates. Equation (55) is simpler than it initially
appears, as can be seen by using the results of the last section
to approximate I" as a constant C independent of wave number.
This gives

k( ‘ll(ﬁktp)
Qp)= G (56)
and
\%
Vi (p) = 21::: [-’o(ﬁlﬁ p)—l] 7

where J, and J | are Bessel functions of the first kind. Figure 7
shows (56), while Figure 8 shows expression (57) divided by
the angular factor V,p=(cos0,sin0). Equation (56) is the two-
dimensional analog of the sinc function. It is sharply peaked at
the origin with a main lobe of width =2.8/k and sidelobes
which fall off quickly with range. This means that the first term
of (56) is a spatial average of the vertically-integrated,
conductivity-weighted horizontal water velocity with a
horizontal averaging scale of order a few times the water depth
or less. The second term in (55) is a spatial average of the hor-
izontal divergence of the conductivity-weighted, vertically-
integrated water velocity. The averaging kernel possesses dou-
ble dipolar symmetry because of the V,p term, vanishes at the
origin, peaks several times the water depth away from it, and
falls off slowly with range relative to (56) as seen in Figure 8.
This yields a nonlocal average of V,-<v,>"; because of the
dipolar symmetry its value will nearly be zero unless that quan-
tity changes rapidly with range and possesses marked azimu-
thal asymmetry. Since | V,<v,>" | <6(0) | w(0) | /<o>H,
where w(0) is the surface vertical velocity, the ratio of the
second to the first term in (55) is small even in the absence of
azimuthal averaging.
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Fig. 7. Approximate form of the horizontal electric field averaging ker-
nel given by (56) in the text which serves as a gross limit to the real
averaging function. The abscissa shows horizontal distance in units of
k! which is of order units of water depths.
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Fig. 8. Approximate form of the horizontal electric field averaging ker-
nel given by (57) in the text divided by the angular factor V,p. The
abscissa shows horizontal distance in units of ;' which is of order units
of water depths.

Approximating ,,~—0.5 and proceeding as for (55), the hor-
izontal magnetic field (54) becomes

Bh(—H) = u<O—>F;’H I:QJ ®<Vh>‘ + VhQ4 ®Vh'<vh>*] (58)

where Q; is the inverse Fourier transform of 1-T" and V,Q, is
the horizontal gradient of the inverse Fourier transform of
(I'=0.5)/k*. The behavior of the averaging kemels in (58) is
very different from that in (55). From Figures 4-6, 1-T is
nearly | for wave numbers smaller than about 10~#—10~* km™
for any reasonable earth structure and vanishes for larger wave
numbers. This means that Q; is approximated by (56) with £,
replaced by a much smaller value and hence has a main lobe
that is extremely broad and of small magnitude. The first term
in (58) represents a weak, large scale average of the vertically-
integrated, conductivity-weighted water velocity. The second
kernel V,Q, is similar to (57) and Figure 8, possessing the
same double dipolar symmetry and a comparable spatial struc-
ture, hence the second term in (58) is also small. These obser-
vations suggest that motional magnetic fields will be very
weak in an absolute sense. Motional magnetic fields have not
yet been detected experimentally against the background ionos-
pheric component except at tidal periods where the results of
this paper are not valid.

The vertical magnetic field (45) also contains a dimension-
less parameter kf,, which is nearly constant at —0.5 throughout
the subinertial region of frequency-wave number space using
the conductivity model of the last section. Applying the
inverse Fourier transform (10) gives

B. = p<o>H FiQs @V, <v,>" (59)
where € is the inverse Fourier transform of f,. With
kf,=—0.5, this can be approximated as

2k
Q= ——— [J V2k,
s 4mp ol P)

+ [J.(ﬁk,p)ﬂo(ﬁ k.p)

~Jo(N2k p)H, (N2 k, p)]] (60)
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where H, and H, are Struve functions. Figure 9 shows € as

given by (60). This averaging kernel is broader than that for

the horizontal electric field, but not as wide as for the horizon-

tal magnetic field. It does not have the dipolar behavior of

V,Q, or V,Q,. However, the motional vertical magnetic field

is expected to be weak because of the small size of V,<v,>.
The vertical electric field (51) becomes

E. =—(v,xF)z (61)

The vertical electric field is a measure of the local geomagnetic
west water velocity. Since the geomagnetic field is almost that
of an axial dipole, this is nearly the zonal component at mid-
latitudes. There is no spatial averaging property associated
with the vertical electric field.

DISCUSSION

A simpler operational expression for the horizontal electric
field that is less daunting than (55) is

E, =CF?zx<v;>" +N (62)

where N is a small error term containing the second part of
(55) as well as geomagnetic noise and random effects. The
horizontal averaging in (55) is implicit in (62). This equation
is similar to one given by Sanford [1971] that is in standard
use:

E,=F.5xv +J'/c (63)
where
<> 4
Va1

and M is the ratio of the conductances of the seabed and the
ocean. J* represents the effect of nonlocal electric currents of
which the second term in (55) is dominant in the absence of
topography and ocean boundaries. By comparing (62) and
(64), C is identified with 1/(1+A). Thus, the conclusions of
this paper are in agreement with those of Sanford [1971],
although a more general treatment of seafloor conductivity is
included and supported by recent geophysical data, and the
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Fig. 9. Approximate form of the vertical magnetic field averaging kemel

given by (60) in the text. The abscissa shows horizontal distance in
units of k' which is of order units of water depths.

spatial averaging properties of the electric field are made more
explicit. However, Sanford has treated the noise terms more
completely and included the effects of small topography by
perturbation analysis. Because large-scale topography in the
real ocean is not small compared to the average water depth,
such an approach has not been applied in this paper.

The interpretation of C in (62) as a constant of proportional-
ity reaffirms previous results and is consistent with standard
practice. While C is a function principally of the local conduc-
tivity structure, some insight into subseafloor geology is useful
for assessing the effect of lateral variability of the seafloor con-
ductivity structure on it. In the deep ocean away from major
tectonic features and where sediment thickness is relatively
uniform, C is likely to be invariant over a wide region. The
results of Figures 4—6 suggest that C is only weakly dependent
on details of the conductivity profile for a geologically reason-
able set of deep ocean structures. This is supported by the
observations summarized in Figure 11 of Sanford et al. [1985]
which give C=0.91-0.94 in the well-sedimented western North
Atlantic. However, a degree of caution is needed when using
(62) to compare multiple sites without individual calibrations
or with submarine cable data which yield a unidirectional hor-
izontal average of C<v,>". In addition, different scale factors
with wider variability are expected in the vicinity of mid-ocean
ridges or continental margins where the reference model of
Chave et al. [1990] may not be valid. Larsen and Sanford
[1985] computed C=0.5 for a cable spanning the Florida
Current, suggesting a rather conductive seafloor, presumably
due to the presence of 4 km thick sediments. At such loca-
tions, the effect of lateral changes in the subseafloor structure
must be investigated by careful experimental calibration of the
electric field over space; Spain and Sanford [1987] used
expendable current profiler (XCP) and Pegasus data across the
Florida Current for this purpose, verifying the spatial homo-
geneity of the seafloor conductance. It should also be noted
that new terms in (62) due to ocean boundaries could appear,
although the successful interpretation of the Florida Current
cable data using (63) suggests that these must be small. All
existing studies indicate that calibration of electric field sensors
in terms of velocity is a far less serious problem than oceano-
graphic lore holds and that boundary effects do not pose a seri-
ous limitation. In fact, the Atlantic data and geophysical model
of Figure 3 indicate that simply assuming C=0.95 would pro-
duce only small errors in the inferred integrated velocity over
large tracts of the deep ocean. It should also be noted that once
calibration is achieved in a given area, the scale factor C is
known forever.

The seawater conductivity weighting property in (41) that
appears throughout the expressions for subinertial motional
electromagnetic fields serves as a filter applied to the vertical
mode structure of the water velocity field. It is instructive to
examine the behavior of the weighting using realistic conduc-
tivity profiles. This is accomplished by reconstructing conduc-
tivity information from zonally averaged temperature and
salinity data archived by Levitus [1982] at a variety of latitudes
and expanding the conductivity in horizontal velocity structure
functions computed numerically from zonally averaged Brunt-
Viisili frequency data also taken from Levitus.  From (41), it
is clear that the terms in this expansion act as weights on the
horizontal velocity modes. Figure 10 shows typical conduc-
tivity structures at 12.5°N and 42.5°N in the Pacific and
32.5°N and 57.5°S in the Atlantic. Table 1 shows the first five
terms (barotropic plus first four baroclinic modes) in the struc-
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Fig. 10. Conductivity profiles computed using the empirical formulae of
Fofonoff and Millard [1983] with zonally averaged salinity and potential
temperature (converted to in situ temperature) data from Levitus [1982].
The locations shown are 12.5°N Pacific (upper left), 32.5°N Atlantic
(upper right), 42.5°N Pacific (lower left), and 57.5°S Atlantic (lower
right). The expansions of these profiles in horizontal velocity structure
functions are listed in Table 1.

ture function expansion for these four profiles. In general, the
barotropic mode is more accentuated and the baroclinic modes
are increasingly downweighted with increasing latitude,
reflecting the dominance of seawater conductivity by tempera-
ture and a concomitant shallowing of the thermocline toward
the poles. To quantify this, assume that the velocity modes
have identical variances. Proceeding from the equator to the
pole with the entries in Table 1, this gives a horizontal electric
field variance which is respectively 98.9%, 98.6%, 99.9%, and
99.99% due to the barotropic mode. Furthermore, independent
information on the vertical structure of the velocity field from
mooring work is available at 32.5° N in the Atlantic (the Local
Dynamics Experiment during POLYMODE) and 42.5°N in the
Pacific (BEMPEX). For the former, Owens [1985] and Hua et
al. [1986] estimate the ratio of barotropic to baroclinic variance
at 2:1 to 3:1; this translates into a 7% to 9% first baroclinic
effect on the integrated current amplitude as measured by the
electric field for the worst case where the direction of the
modes is coincident and orthogonal to the electric measure-
ment. Consideration of higher-order modes indicates a less
than 0.5% effect for the second and third baroclinic terms and
negligible effects beyond this. For BEMPEX, Luther et al.
(1990) give a barotropic to baroclinic variance of about 1:2, so

TABLE 1. Modal Expansion of Conductivity Profiles

Mode 12.5°N 32.5°N 42.5°N 57.5°S
Pacific Atlantic Pacific Atlantic

1 3.302 3.522 3.181 3.036

2 -0.334 0.419 0.053 -0.012

3 0.116 —0.051 0.067 -0.029

4 0.002 -0.043 -0.007 -0.013

5 0.029 0.029 0.025 -0.003

Conductivity (S/m)

Conductiwnity (S/m)
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the effect of baroclinicity on the electric field is about 2%.
These examples strongly suggest that a horizontal electrometer
serves as an efficient barotropic current meter even in flows
that are partially baroclinic; in the worst case examples at low
latitudes, the electric field does at least as well at measuring the
barotropic current as a modal separation or other depth-
averaging scheme with multiple-element mooring can achieve.
However, it should not be assumed that an electric field meas-
urement is useless in the presence of strong baroclinicity where
the filtering effect from conductivity weighting is less efficient
at removing higher-order modes. The motion of sea level, for
instance, is imperfectly dominated by the lowest vertical
modes, yet this has not prohibited sea level observations from
being used to study both external and internal mode
phenomena. As long as the conductivity structure is known,
the electric field constitutes a direct integral measurement of
the ocean’s velocity field with specified weighting which can
serve as a strong constraint on ocean models. For a further dis-
cussion of these points and some consideration of the influence
of time dependence in the conductivity structure, see Luther et
al. (1990)

This paper has primarily treated the interpretation of an
electric field measured by a fixed sensor, a Eulerian situation
analogous to a conventional mooring. In a moving reference
frame where an instrument is dropped or towed, the electric
field is a measure of the difference between the sensor velocity
(vector sum of the water and platform velocities) and C<v,>".
This situation has been thoroughly treated by Sanford [1971]
and constitutes the basis for a free-fall profiler [Sanford et al.,
1985] and the XCP, among others. Extension of the results of
this paper to the moving sensor is straightforward and will not
be considered further.

It has already been noted that motional magnetic fields have
not been detected outside of the tidal band in the deep ocean.
For example, Chave er al. [1989] showed that the seafloor
magnetic field was highly coherent (¥20.99) across a 300 km
by 300 km array from a period of a few minutes to about 10
days (the longest period that could be studied in a statistical
sense) during EMSLAB, implying that the magnetic field was
dominated by external sources, while the seafloor electric field
was incoherent except for a few narrow band features at
periods longer than a few days. Similar seafloor magnetic field
coherences across distances to 1000 km and out to periods of
several months have been observed in the BEMPEX data. The
reasons that motional magnetic fields are weak relative to the
external part are twofold. First, the discussion around equation
(58) indicates that motional magnetic fields are large-scale
averages of the velocity field with a net contribution that is
correspondingly small and are further reduced by the weakness
of electromagnetic interactions with the earth. Second, power
spectra of the horizontal magnetic field are similar at seafloor
and terrestrial sites and display roughly f~' behavior at periods
longer than a day at mid-latitudes. The increasing external
field with increasing period effectively masks any weak
motional component. Even if they proved detectable, it is not
clear that motional magnetic fields have real oceanographic
applications because of the large scale nature of the velocity
field averaging and the ambiguity of the relative sizes of the
terms in (58). However, the electric field appears to be dom-
inated by local motional sources at periods longer than a few
days. This is due in part to the fact that the externally induced
electric field actually decreases with increasing period below
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about a day; see Chave et al. [1989] and Luther et al. (1990)
for elaboration.

APPENDIX A: DERIVATION OF THE MODAL EQUATIONS

Using the Helmholtz representation theorem given by
Backus [1986], any vector field on the plane may be written in
terms of its vertical component, a consoidal vector field, and a
toroidal vector field

T=rz+V,s +2xVut (A1)

where s and t are scalar functions which are unique up to arbi-
trary additive constants. Uniqueness considerations usually
require that the constants be known; Backus [1986] suggests
requiring the average value of s and ¢ to vanish on a ball of
specified radius when working with a spherical geometry. In
this paper, a plane geometry will be used exclusively, and all
functions will be assumed to have a spatial Fourier transform
representation, so that uniqueness conditions are automatically
satisfied. Combining (Al) and (1), the magnetic induction
may be written in terms of scalar functions as in (5). Using
(A1), the electric field is written as

E=0z+V,p+2xV,y (A2)

The source current 6(vXF) may be expressed in a similar way
using (6). The scalar = is just the vertical component of
o(vxF), while the consoidal and toroidal parts of the source

current in (6) are solutions of

ViT =V, [c(vxF)] (A3)
and

ViY =z xV,)[o(vxPF)]z (A%)

Further simplification of (A3) and (A4) for realistic ocean
flows and models of the geomagnetic field are discussed in
Appendix D.

Substituting (5) and (A2) into (2) gives three equations
when expressed in Cartesian component form. The two hor-
izontal components are identifiable as the Cauchy-Riemann
conditions so that

o.u+iv = f(x+iy) (A5)

where
u,=9,¥-vy (A6)
vi=d.B+9M-a (A7)

and f, is an analytic function of the complex variable x+iy.
The vertical component is the redundant statement that (A6) is
harmonic. Any transformation may be made to IT and ‘¥ that
does not alter the electromagnetic fields or violate the Maxwell
equations. This makes it possible to choose u,=0, as may be
seen by writing out (5) for the fields under the transformation
W'=W—h where 0,h=u,. This means that d.u,=0, so that f, is
an imaginary analytic function and hence must be a constant by
the Cauchy-Riemann conditions. Since a constant may be
added to IT without changing (5), f, may be taken as zero, and
two conditions on the modal scalars obtain by taking (A6) and
(A7) to vanish.

It will be assumed that the electrical conductivity o is a
function only of the vertical coordinate, and that the magnetic
permeability u has the free space value everywhere. Using (3)
with (5) and (6) gives the Cauchy-Riemann conditions for the

horizontal components and an independent relation for the
vertical one. This results in the equation

Uy +ivy = fH(x+iy) (A8)
where
Uy =0.IT+ poP + uT (A9)
and
vy = Hoy+ pY - V2 (A10)
with f, an analytic function, and
Vill- poo —puE =0 (A1D)

Since d.IT is arbitrary (this is just the choice of gauge from
(5)), it is permissible to set u, in (A8) to zero. This requires
that v, in (A10) be constant, but (6) is unchanged if that con-
stant is absorbed into Y, and v, may also be set to zero.

Combining these conditions gives differential equations for
the two modal scalar functions (7) and (8) and the electric field
(9). The usual boundary conditions on the horizontal com-
ponents of E and B and the vertical components of B and J
must be satisfied at horizontal interfaces. These require con-
tinuity of W, 9.\, I, and (4.[T+uT)/uo. Since the boundary
conditions are not coupled, the PM and TM modes represented
by solutions of (7) and (8) are independent.

APPENDIX B: GREEN FUNCTIONS FOR A
CONSTANT CONDUCTIVITY OCEAN

Let the Cartesian coordinate system be the usual oceano-
graphic one with  east, y north, and 7 positive upwards, so that
the water column covers —H <z <0, and let the conductivity of
seawater be fixed at o(~H). Since all interfaces are assumed
planar and level, the horizontal coordinates will be expressed
using the Fourier transform (10), and ™ time dependence is
assumed. Considering (13), (14), and the boundary conditions
at the seafloor and sea surface, the Green functions for the PM
and TM modes satisfy

g, —P’gy =8(z-2) (B1)
with
gyt %a:gw =0 (z=0)
gw—Aa:gw=O (z=—H) (B2)
and
azzgn _Bzgn =8(Z_Z,) (B3)
with
gx=0 (z=0)
8x — KIo(~H)d.gx = WKT/o(~H) (z=—H) (B4)

where B is given by (16). The functions A and K specify the
structure beneath the seafloor and are the ratios of the boun-
dary conditions at the interfaces. They will appear in the
Green functions through complex reflection coefficients whose
computation for a layered earth structure is discussed in
Appendix C.

Obtaining the PM mode solution for (B1) and (B2) is
straightforward using the method of variation of parameters.
The complete Green function is given by
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gv(z'z') - I:e—BI:—:'I +R£Me—ﬁ(:+:'+2H)
+R:Me[3(:+:'1 +R£MR£M6,B(I:—:' |—2H):I
! [2[5(1-1&5“1&{%‘23”)] (B5)
where the solution to (7) is
0
¥ = p{ldz’gw(z,z')?(z’) (B6)
The reflection coefficients at the sea surface and seafloor are
given by
RYY = (B-k)/ (B+k) (B7)
and
R{M = (BA-1)/(BA+1) (B8)

Note that this definition is opposite in sign to the conventional
optics one.

The TM mode Green function g, for homogeneous boun-
dary conditions follows immediately from (BS) by replacing
the sea surface reflection coefficient with —1 and the seafloor
one with RJ™, giving

g,t(z,z') =- |:€—B ==l + R[Me—ﬁl2+:'+2H)
- eB(:+:') _ R[Meﬁ( |- |—2H):|
[amrempeem] (B9)

where the TM mode seafloor reflection coefficient is given by
RIM = (BK/o(—H)-1)/(BK/o(-H }+1) (B10)

A solution for TT analogous to (B6) is then added to a solution
of the homogeneous form of (B3) which satisfies the inhomo-
geneous form of the boundary conditions (B4). Integrating by
parts gives the full solution to (8):

0
(z) = pIdz' gx(2,2)E(Z)
-H

0
+ufd 0. 8,2 )T (B11)

-H

The z derivative of (BS) and both the z and 2z first deriva-
tives and the mixed second derivative of (B9) are needed to get
the field components. Note that all of the first derivatives are
discontinuous at z=z , while 9.9.’ g, possesses a delta function
discontinuity at the same point, as seen in (34).

APPENDIX C: REFLECTION COEFFICIENTS

Consider a stack of L layers below the seafloor each having
thickness h, and electrical conductivity ,. Let z=-z, denote
the base of each layer and terminate the stack in a half-space of
conductivity ¢, ., beginning at z=—z, .

The PM mode response function A introduced in Appendix
Bis

Y(-H)

= (I}
0.W(-H)

This may be generalized so that A, denotes the ratio at the ith
interface and Ay=A is the surface value (C1) used in (B8). Ina
similar way, the reflection coefficient may be generalized so

that R denotes the value at the ith intemal interface and REM
is the surface value. The PM mode scalar ¥ satisfies the
homogeneous form of (13) with 6(z)=6, in the ith layer. Using
the solution of this with the continuity conditions at the inter-
faces, it is simple to derive a recursive expression for A, in
terms of A, :

_ Br+IA:+I + tanh(B,,,.h,H)
Bl+l [1 + BI+|lanh(Bl+lhl+l)Al+l]

A, (C)

where

B, = Vk* —iwpo, (C3)

The ith reflection coefficient and the ith response function are
related by
A 1+RM 4
"B -R™)
Combining (C2) and (C4) gives an expression for the ith
reflection coefficient in terms of the (i+1)th one:
o, + €_ZB'+lh'+|Rrﬁ

RPM = (C5)
! 1+ a‘e_zamlhwerﬁ

where the interface reflection coefficient is

- Bl - BHI
Bl +BI+|

This is initialized at z=—z; with o, for a conducting half-space
or —1 when the half-space is replaced by a perfect conductor.
The TM mode response function is defined by
K = SEHIH)
o.TI(-H)

Q, (C6)

(€7

and may be generalized to the ith interface in the same manner
as the PM mode one. Following the same procedure, the recur-
sion relation is

“2By41h,+
Xt e PRI
R = =T (C8)
1 + x’e 41 HIR’Tﬁ
where the interface reflection coefficient is
G, I ] Gl
= B: +1 B +1 (C9)
BIGJH + B’+|Gl

The recursion relation is initialized at z=—z, with y, for a con-
ducting half-space, 1 if the half-space is a replaced by a perfect
conductor, or —1 if the half-space is replaced by an insulator.

Use of the recursive forms (CS5) and (C8) results in superior
numerical behavior when compared to recursions for the
response functions (C1) and (C7) as given by Chave and Cox
[1982].

APPENDIX D: SOURCE CURRENT TERMS FOR AN
INCLINED GEOCENTRIC GEOMAGNETIC FIELD

In the standard oceanographic coordinate system an inclined
geocentric dipole model for the geomagnetic field yields

F, = (%)J[g} sing — Al cosd]
F,=- (%)-‘[g?cosx —(g'cosp+h' sing)sinA]
F.= 22y [g%sinA + (g) cosp +h! sing)cosA] (D1)

4
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where @=6371 km is the mean radius of the earth, { is the
observation radius relative to the center of the earth, A is the
latitude, ¢ is the longitude relative to Greenwich, and {g/.h}}
are the Gauss coefficients for the geomagnetic field given most
recently by JAGA Division 1 Working Group 1 [1988]. Since
the depth of the ocean is much smaller than the radius of the
earth, a/{ in (D1) may be replaced with 1 except when vertical
derivatives are taken.

In a similar spirit to that of the beta-plane approximation, a
reference latitude A,, and longitude ¢, are chosen and approxi-
mate derivatives of the geomagnetic field are computed on a
tangent plane using a first-order Taylor expansion with
A=A, +v/a, =¢,+x/a, where x,y are assumed small compared
to a. The expression (D1) becomes

F=F +%r (D2)

where the components of F° are given by (D1) at (A, ¢,) with
a/{=1 and r=xx+yy+zz =Pz is the radius vector relative to
the center of the tangent plane at the sea surface. The geomag-
netic gradient tensor @is given by

o, o, o
o= o) o) o (D3)
al ol al

with elements

o) = [gicosd, + hlsing,]/a

ol =0

o] = —3[glsing, — hicosd,/a

o' = —[g]sing, — k) cosd,]sinA,/a

o =[g9sinA, + (g} cosd, + h} sing,)cosA,]/a

o =3 [g]sink, + (g} cosd, + h} sing,)cos),1/a

Y

o! = —2[g!sing, — h}cosd,lcosA,/a

o =2[g}cosh, — (g} cosd, + h}sing,)sin},/a

o = —6[gYsink, + (g} cosd, + h} sing,)cos),]/a
Separating the horizontal and vertical components of water

velocity and using some standard vector identities, the source
current equations (A5) and (A6) may be written

ViT=0¢ [(F:V,, +V,F.)xv,z

—(zx V,,v:)-F,,] (D4)
ViY=-0 l:(V,,'v,, +v,"V,)F.

+ (Fy'V,+ V' Fp) V:] (D5)

With (D2) and (D3), (D4) and (D5) together with the vertical
source current can be reduced to

E = o[v,xF{ + v, x(%0r), ] (D6)
ViT=0¢ [ [(F;' +%r2)v, + V,,@r-?)] X V)2

- [F; + (‘&r),,] “(Z % th:)] (D7)

VY= -0 l: [F? +ﬁ-r-2] Vv, + 00y, 2)
: [(F;; +%r)v, +th?-r] v:] (D8)
where @z =% ¢"z.

For the frequency range of interest in the real ocean the vert-
ical velocity is small compared to the horizontal one, and the
terms in the vertical velocity in (D7) and (D8) may be
neglected. The terms in the field gradients are neglected in the
treatment in the text, although it is relatively simple to incor-
porate them. Their effect can be included by replacing the
magnetic field terms in the text with (D2). However, it should
be remembered that the approximations used in this appendix
are formally valid only for horizontal length scales small com-
pared to the radius of the earth, and that a more complete
analysis on a sphere is needed at larger scales.

NOTATION

B magnetic induction, Wb/m?
E electric field, V/m?
Sy approximate PM mode Green function (29)
&r TM mode Green function (B9)
8y PM mode Green function (BS5)
approximate PM mode Green function
vertical derivative (30)
h, approximate TM mode Green function kernel (35)
F magnetic induction of the earth, Wb/m? (D2)
F? vertical component of geomagnetic induction
at latitude A, and longitude ¢,, (D1)
H water depth, m
I induced electric current density oE =J - 6vxF, A/m?
J total electric current density, A/m? (4)
k horizontal wave number (n,£), rad/m
Rf™  dimensionless PM mode atmospheric reflection
coefficient (B7)
R dimensionless PM mode seafloor reflection
coefficient (B8), (C5)
dimensionless TM mode seafloor reflection
coefficient (B10), (C8)
A dimensionless TM mode seafloor transmission
coefficient (28)
horizontal water velocity, m/s
self induction parameter (16)
dimensionless induction number (23)
azimuthal angle with respect to the x axis, rad
geographic latitude, rad
magnetic permeability of free space 4nx10~" h/m
electrical permittivity, f/m
vertical component of source current density, A/m’ (6)
TM mode scalar, Wb/m (5) ’
horizontal distance (x24+y2)”, m
electrical conductivity, S/m
scalar for horizontally divergent (consoidal) part of
source current density, A/m (6), (A3)

ol
g

HAa© QUu<E >XDOm s

Y scalar for nondivergent (toroidal) part of source
current density, A/m (6), (A4)

o geographic longitude relative to Greenwich, rad

b 4 PM mode scalar, Wb (5)

(i angular frequency, rad/s

V,  horizontal gradient operator d,x + 9,y
Ac  difference between the in situ seawater
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conductivity and the seafloor value, S/m (15)
<o> depth-averaged seawater conductivity, S/m (40)
<v,>" vertically-integrated, conductivity-weighted
R water velocity, m/s (41)
k unit vector in the propagation direction
X,9,Z unit vectors in the east, north, and up
directions, respectively
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