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THERMODYNAMICS OF FRACTURE GROWTH (18)

| Main topics

A Griffith energy balance and the fracture energy release rate (G)

B Energy partitioning in a cracked solid & independence of G on loading

conditions
C Fracture growth in terms of the near-tip stress field
D Fracture propagation criteria
Il Griffith energy balance and the fracture energy release rate (G)

Consider a plate with a crack in it (we do not ask how the crack got

there) under uniaxial tension perpendicular to the crack.

‘* *T
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Fracture growth can occur if sufficient energy is available, and if the
growth process causes the total energy in the body to remain the same or
to decrease. Consider the energy distribution in a plate (per unit
thickness).

Work done by loading system =

Internal Strain Energy (U) + Kinetic energy (K)+ Surface Energy (Ug)
W=U +K +US (18.1)
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The internal strain energy includes elastic and nonelastic deformation.
For (a) a perfectly elastic solid (i.e., all the internal strain energy is
stored elastically), and (b) cases where the kinetic energy is small, then
W = (Ugasic) + Us (18.2)
Now we define some terms. First, we define the total free energy of

the whole system, including the loading system, as follows:
Utotal = (Udlastic) *Us =W = (Ugagtic = W) +Ug (18.3)

Because the plate already had a crack to start with, Us>0 and hence

Utotal>0. Second, we define the potential mechanical energy M of an

elastic body as:
M=Ue-W =Umechanical (18.4)

The -W term reflects the decrease in energy of the loading system as the

elastic body deforms and stores energy. So from (18.3) and (18.4):

Utotar = M +Us (18.5)

Under equilibrium conditions (no change in the total free energy), the rate

of change of total free energy per unit area of crack front advance is:
AUipa _ d(M+Us) _ 0

da da (18.6)
or by separating the M and Us terms:
—-dn _ dyg

da da (18.7)

The term da is an incremental area of crack advance because the crack
growth increment has length and depth. We define the energy release rate

(per unit area of crack advance) as:
=40 _ d(W, —Ug)

da da (18.8)

Surface energy is gained as a crack propagates, so the mechanical
potential energy must decrease as a crack propagates under equilibrium

conditions. The energy required for a crack to increase its length by an
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amount da (i.e., to produce_two faces of length da) in a brittle material is

twice the free surface energy (y) needed for a single surface
cha=2y da. (189)

If G, = 2y, the materials are brittle. If G_, >> 2y, the materials are tough.

crit
To account for non-elastic deformation as well as elastic deformation, we

say G, = 2l , where I is the fracture toughness.

crit

Il Energy partitioning in a cracked solid & independence of G on loading conditions
Consider crack growth under two loading conditions on the plate
boundary:
Fixed Grips: no displacement by external forces, so no work is done;
fracture energy comes from strain energy
Constant Stress: driving stresses are held constant, so as boundary of
cracked body is displaced, the external forces do work

Fixed Grips Constant Stress

% b A 4

S — _
4> <+—>
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Now suppose the crack grows by an amount 2(da)

Fixed Grips Constant Stress
E
T T A
C
Load Load 2a
dv
2(atda)
0 0
0 B O B F
Plate edge displacement Plate edge displacement
Fixed Constant Stress
Grips
Ue0 Initial elastic energy [ +OAB +OAB
AW Work during fracture 0 (T)(dv) = +AEFB
Uefinal Final elastic energy [+OCB +OEF
AUe = Uefinal- | Elastic energy change [-OAC OEF-OAB = +OAE
Ue0 =AEFB/2
AW-AUe Energy used in +OAC AEFB-OAE = OAE =
fracture OAC

For infinitesimal values of dv, the area of triangle OCE in the righthand
diagram becomes negligible, and the area of triangle OAC approaches that
of OAC. So the energy used in a small increment of fracture growth is the

same under the two loading conditions (i.e., G_is independent of the

loading). Under a constant load, half the work during fracture goes into

elastic strain, and half goes into fracture, so W = 2AUE. Under a constant

displacement, all the fracture energy comes from elastic strain energy
stored in the body (it has to; there is no other energy source!). The

appendix derives the same result algebraically.
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IV Fracture growth in terms of the near-tip stress field

A Work to open a crack

A B A C ¥

THh > | 4 T D o Nk D e

Traction-free crack

\ 4

The strain energy due to the opening of the crack in illustration B is also

captured by the strain energy of the crack in A (the strain energy in C has

nothing to do with a crack: no crack is present)
+a g & /2
C(E.a o2 2?0 rAom2 _ 2n
W= [Fed= Ia(odx)%dE % X°g D_UIDE % xcg dx
- -a

The opening profile above is for plane stress. Also, both the upper and

(18.10)

lower surfaces of the crack are displaced so Fed = Fedy+ + Fedy-. The
maximum opening of 2b is at x=0: Au, =4ac/E.

The rightmost integral is simply the area of the ellipse that the slit-

like crack opens into. The length of the ellipse (twice the semi-major
axis) is 2a. The height of the ellipse (twice the semi-minor axis) is 2b,

which equals the maximum opening.

2b=4aZ
E. (18.11)
The area A of the ellipse, and hence the value of the integral, is:
A=rmab= a?eom? 9
EU E, (18.12)

The work done, which in this case will equal the elastic strain energy, is

obtained from (18.10), or by multiplying (18.12) by o:
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2
W:GAZZna 02

(18.13)
If the crack does not lengthen, all the work goes into elastic strain
energy. However, for a crack growing under constant far-field stresses,
half this work will go into elastic energy and half this work will go into

crack surface energy.
o
E (18.14)
B Equilibrium length of a crack

Ue:US:

Under equilibrium conditions, the total free energy is at a (local)
minimum, So
dUtotal _ d(M+Ug) _

da da (18.15)
dﬂ - _dUS

da  da (18.16)

Using expression (18.14) for Us, and assuming all the energy devoted to

fracture goes into creating new surface area on both ends of the crack of

length 2a:
L5220
jiE [l
O O_ -d(4y8)
da da (18.17)

—2r1a02 -4y
E (18.18)

Solving for the equilibrium length at a given load

2y

a="—
ne? (18.19)

The maximum far-field tensile load (o) that a rock with an optimally

oriented crack can sustain is

2

o= —
\ m (18.20)
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C Relationship between G and K

Consider a crack of half-length a propagating along plane to a new half-

length a+da. We can imagine this happening if the forces ahead of the

crack tip are sufficient to open the crack into its ultimate shape:

> 5a [ _») sa [&-
A ) x
‘/Tvﬁ J&Sa—x

The change in elastic energy is most easily examined by dealing with

/

fixed grips, so no work is done on the sample during fracture growth. In

this case the strain energy change just ahead of the crack tip is:
&

G, = lim 27 =2 |im ifl(awuy)dx
Ja-0 da k-0 2 (18.21)
The factor of 2 arises because two surfaces are displaced, and the factor
of 1/2 arises in the same way as in the equation for strain energy density.
Because the change in elastic energy is negative, G is positive. The
stresses and displacements we are interested in are those in front of the
original fracture along the fracture plane. No work is done by the
displacement of the wall behind the crack tip because they are traction-
free. _ The near-tip stresses a distance r ahead of the crack tip in the_left-

hand diagram are given by Lawn and Wilshaw (p. 53):

o =LEcosgg+singsin3—9
W™ lmg 2 27 2

(18.22)
Directly ahead of the crack 6 = 0 and r = x, so this simplifies to:
K|
o =
Wlo=o V2 (18.23)
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The displacements these stresses will are those that occur at a distance r

behind the crack tip in the_right-hand diagram (i.e., at 8 = ). From Lawn
and Wilshaw (p. 53):

/2
—K—DL& E(1+ V)EZK +1)sing —sin%Q%

Uy

2E LUl (18.24)
For 6=m, r = da-x, so this reduces to

/12

Uy = - K a- X& {@+v)(2x +2)

2EU 21 (18.25)
Now we substitute the expressions for oyy and uy into (18.21)

/2 [
10K k) wa-xit
G| =2 lim —j %i {@+v)(2 +2} i
5 20V2mx GRED 2 U

5007 20N 0 (18.26)
This simplifies greatly because many terms are constants
o <A@} ‘}azm xd2

0 il
ATt &-0% 5 X (18.27)
or
G = K|2{(1+V)(2K+2)} i‘}au x/éaﬂt’z
0
ATE 50 O‘Sao x/oa (18.28)

At this point we substitute sinZ2w for x/da, 28a sinw cosw dw for dx, and

change the limits of integration to get

12
Ky 2{ L+ v)(2« +2)} &0 - snzw&
G = e lim — = _[ 0% U 2sinwcosad w
%-0% o Usn“w U (18.29)
2 /2
Gi _Ki {(11‘7/1)E(2K+2)} | 20082 ad
0 (18.30)
2
G =K| {@+v)(2x +2} |sinwcosw+ al)glz (18.31)
ATE
Expression (18.31) boils down to this key result:
c K Z @+ vk +2)
! 8E (18.32)
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For plane stress:

=3—v
1+v | (18.33)

2

G Kz
E (18.36)

For plane strain:
K=3-4v | (18.34)
6 - K|2%— VZE
E (18.35)

So the fracture energy release rate is directly tied to the stresses and
displacement in the neighborhood of the crack tip and hence to the stress
intensity factor(s).

Now G is an energy term (and a scalar), and energy terms can be added,
so the expression for G when all three modes are present is:

G=G +Gj| +G) (18.37)

For plane stress

GZE(K|2+K||2 +K|||2/[1+V])
E , (18.38)

and for plane strain

)
G=%(K|2+KH2+KIII2/[1_V])_ (18.39)

If fracture toughness is a material parameter, then a critical value of G

(i.,e., G,.,), and hence a critical stress intensity factor (K_,) is needed for a

crit crit

fracture to propagate.
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V Three common different criteria for fracture propagation directions

A The direction perpendicular to the most tensile near-tip hoop stress
04 (Erdogan and Sih, 1963)
1 Advantage: Has intuitive appeal

2 Disadvantage: A bit problematic with all stresses - o«

B The direction which maximizes the energy release rate (Gell and
Smith, 1967)
1 Advantage: Has energy basis

2 Disadvantage: A bit more complicated to calculate than o,

C The direction of the minimum strain energy density (Sih, 1974)
1 Advantages: Has energy basis
2 Disadvantage: Not clear why A crack “should” propagate in the
direction of the minimum (as opposed to maximum) strain energy

density, and Sih does not provide insight into this choice.

All yield similar predictions for crack propagation directions.
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Lecture 18 Appendix
Suppose we load an elastic body with a crack but the crack can't grow.

The body will obey Hooke's Law and act like a spring:
F = kuy (18.Ala) or Uy = F/k (18.Alb)

where uy is the length change of the body in response to force F, and k is

the spring constant. Alternatively,
F =uy/C (18.A2a) or Uy = FC (18.A2b)

where C is the compliance (C=1/k).
The initial strain energy at the onset of crack growth will equal the work

done on the body by external forces:

Ue:J'yF-duy: fku duyzékuy2

0 0 : (18.A3)
If we substitute expression (18.A11b) into (18.A12) we get
U, :Ei(lzc:)2 ~lpoc

2C 2 (18.A4)

If we substitute expression (18.A10b) into (18.A12) we get

_11, .2
2c W) (18.A5)

We can differentiate equations (18.A4) and (18.A5) to see what controls
the way the elastic energy changes. If we know how the force changes

during fracture we can differentiate expression (18.A4):

aU, = ;( F2dC + Cd[F?]) = (|: dC + 2CFdF) (18.A6)

If we know how the _displacement changes during fracture we use

expression (18.A5).

2 [
du, = 1Et1:d[u 2] +u,2d[= ]D 1éuyd[uy]—u dcq
2 (18.A7)
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Now suppose the crack starts to grow. From (18.Al11lb) we relate
displacement of the plate edges to changes in the loads on the plate and

changes in the compliance of the plate:
duy =CdF + FdC

(18.A8)
Under constant stresses, dF = 0, so duy = FdC, so:
dW = F(duy) = F(FAC) = F2dC (18.A9)
Because we know that dF=0, we use (18.A15) to get
dUe = (1/2) F2dC (18.A10)

Subtracting (18.A18) from (18.A19), and comparing with equation (18.4)

yields
dn = d(-WL + dUe)= -(1/2) F2dC (18.A11)

Now consider a different case: constant displacement conditions. Here, no

work is done by external forces, so

dWL = Fduy =0 (18.A12)
Because we know that duy=0, we use (18.A16) to get
2

-1 [

U, =— L dcg
c (18.A13)

By using equation (18.A11b) we can express uy in terms of F:

-1O0FC)? 0 -1
dUe:—é(Lz)dC = -F2dc

20 C (18.A14)

Subtracting (18.A21) from (18.A23), and comparing with equation (18.4)

yields
dn = (-dWL + dUe)= -(1/2) F2dC (18.A15)

This was the same result as for the constant displacement condition

(18.A20). Hence
G = -d(-WL + dUg)/dc (18.A16)

holds independent of the loading configuration

Stephen Martel 18-13 University of Hawaii



