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Abstract. The study of extremes is frequently approached as a statistical
problem, but can be enhanced by consideration of the underlying dynamical
processes. These can cause non-Gaussian behavior or, at large amplitudes,
lead to different structures and even upper bounds. A blend of statistical
and physical reasoning provides useful frameworks for a discussion of the
occurrence of extremes, their structure, and the likelihood of changing
frequencies of occurrence in a changing environment.


Introduction


Extreme events (often defined as “associated with
the tail of a probability distribution” or “rare but in-
fluential”) are a matter of great topical importance and
interest in a variety of environmental (and social) situ-
ations. They are often studied as a statistical problem,
with the emphasis on their frequency of occurrence as
a function of magnitude, but are also investigated in
terms of their underlying mechanisms and dynamics. In
the realm of oceanographic and atmospheric phenom-
ena (such as hurricanes, rogue waves, El Niño events,
and rainfall) there is considerable benefit to be obtained
by combining the statistical and dynamical approaches
in order to address questions such as


– do extreme events have different physics than
normal events?


– are there “dynamical ceilings” which limit ex-
treme events and prevent the reliable extrapola-
tion of statistical results?


– to what extent, and how far in advance, can ex-
treme events be predicted either deterministically
or statistically?


– when can we say with confidence that an appar-
ent increase in the occurrence of extreme events
is due to a shift in the underlying system?


These and other questions were the theme of the Fif-
teenth ’Aha Huliko’a Hawaiian Winter Workshop con-
vened from 23 to 26 January 2007 with the support of
the Office of Naval Research and the participation of
22 other invited speakers (listed below in the Acknowl-
edgements) from the fields of oceanography, meteorol-
ogy, and statistics. We did not address geophysical phe-
nomena such as earthquakes (and resulting tsunamis),
discussed at other recent meetings (e. g. Huppert and


Sparks, 2006) or extreme social events. A wide vari-
ety of papers on extreme events has been compiled by
Albeverio et al. (2006).


The topic typically calls for somewhat sophisticated
mathematical analyses. In this review and meeting
summary we have chosen to avoid much of the detail
while still providing some of the mathematical essence
as simply as possible. One standard mathematical for-
mula of relevance is


(1 + a/r)r → exp a as r → ∞, (1)


which is easily checked by taking the logarithm. We will
also invoke the identity ax = exp(x lna). The overall
intent of this article is to provide some of the back-
ground that the authors wish they had had earlier, and
to summarize recent findings presented at the meeting.


Return intervals


The return period of an event exceeding a given mag-
nitude is often stated, though this obviously does not
imply recurrence at regular intervals. One standard re-
sult is that, if the events occur at random, the probabil-
ity density function P (r) of the return interval r (such
that P (r)dr is the probability of a return interval in the
range r to r + dr, with


∫ ∞
0


P (r)dr = 1) is given by the
exponential distribution


P (r) = m−1 exp(−r/m), (2)


where m is the return period (the average return inter-
val).


The derivation of (2) is quite simple. The chance of
an event per unit time is 1/m, so that the chance of no
event in a single time unit is 1 − 1/m. Hence


P (r)dr = (1 − 1/m)r(dr/m), (3)


where the first part of the right-hand side calls for r
event-free time units and the factor dr/m is the proba-
bility that there will be an event in time dr. For large


163







164 GARRETT AND MÜLLER


r and m (as is always possible by taking a sufficiently
short time unit), (3) gives (2) after using (1). The for-
mula in (2) is a valuable building block in any study of
extreme events, though we discuss later how clustering
can occur in the typical geophysical situation in which
events are not independent.


The return period m of an event must increase as the
magnitude of the event increases. We discuss next the
possibility of general laws describing this dependence.


Extreme value theory


The choice of variable is often a key issue in a discus-
sion of extremes. Consider the time series ζ(t) of some
variable ζ as a function of time t. The variable might
be sea level, wind speed, or rainfall rate, to give some
examples. If ζ is made up of a large number of inde-
pendent sinusoids, as might be the case for ocean waves,
then its probability density function P (ζ) is Gaussian
(normal) with


P (ζ) = (2πσ2)−1/2 exp
(
− ζ2


2σ2


)
(4)


where σ2 is the variance ζ2 of the surface elevation. By
the central limit theorem, a Gaussian distribution is ex-
pected under the more general conditions that ζ is the
sum of any independent and identically distributed ran-
dom variables with finite variance. The probability of
values greater than a prescribed value is easily deter-
mined from (4).


In a practical situation, of course, extra physics
might limit the probability distribution for large values
of ζ, and, if this is of interest, it is inefficient to focus too
much attention on the small values of ζ. Thus the next
step might be to examine only the crests and troughs.
For a sea of random surface waves distributed over a
narrow frequency band and with a Gaussian distribu-
tion of ζ, Longuet-Higgins (1952) has shown that the
wave height H (from trough to crest) has a probability
distribution given by the Rayleigh formula


P (H) =
H


4σ2
exp


(
− H2


8σ2


)
. (5)


Departures from a Rayleigh distribution at large values
of the wave height would be of great practical interest
as well as indicating extra physics.


Once more, though, most of the probability distribu-
tion of wave height is of limited relevance and interest,
so one could instead examine only the maxima in wave
height within blocks of an arbitrary size. We start by
defining H ′ = H/(23/2σ) and, after integrating (5), find
that the probability that H ′ is no more than some ar-


bitrary value y is


P (H ′ ≤ y) = 1 − exp(−y2). (6)


Assuming that each block contains n independent
waves (which is a reasonable assumption if the block
length is much greater than the autocorrelation time of
the heights), the probability that the maximum Mn of
all these is less than y is just


[
1 − exp(−y2)


]n
. This


tends to zero as n → ∞, but normalization of the
threshold and the scale is helpful. We first write


P


(
Mn − bn


an
≤ y


)
=


{
[1− exp[−(any + bn)2]


}n (7)


and choose


an =
1
2
(lnn)−1/2, bn = (ln n)1/2. (8)


As n → ∞ the right hand side of (7) tends to the simple
form exp[− exp(−y)], so that, after writing η = any+bn,


P (Mn ≤ η) = exp
[
− exp


(
−η − bn


an


)]
. (9)


This is the Gumbel distribution. We have seen that,
for simple, narrow-band, surface waves, the distribution
changes from Gaussian, to Rayleigh, to Gumbel as one
changes the focus from surface elevation, to wave height,
to maximum wave height within a given block of data.
Naess (1985) has considered the extension to wave spec-
tra for which the narrow band assumption does not hold
and finds that the Rayleigh distribution (5) still applies
though with σ2 multiplied by a factor less than one by
an amount which depends on the bandwidth. A Gum-
bel distribution for block maxima still follows.


Other phenomena are generally less simple and the
distributions may be different. Nonetheless, as de-
scribed in texts such as those of Coles (2001) and Lead-
better et al. (1983), the Gumbel distribution is part of
a general family of Generalized Extreme Value (GEV)
distributions in which the right hand side of (9) is re-
placed by


G(η) = exp


{
−


[
1 + ξ


(
η − b


a


)]−1/ξ
}


, (10)


with the understanding that if the contents of the
square brackets are negative they are replaced by zero,
giving G(η) = 1. The limiting case with ξ → 0 is
the Gumbel distribution. The GEV distributions with
ξ = 1 and −1 are known as the Fréchet and Weibull
distributions, respectively. The basic Extreme Value
Theory asserts that these GEV distributions are ap-
proached if the events are independent and identically
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distributed, irrespective of the probability distribution
of the events.


We note that the probability of the block maximum
exceeding η is just 1 − G(η), given to a good approxi-
mation for large η by


1 − G(η) =
[
1 + ξ


(
η − b


a


)]−1/ξ


. (11)


The inverse of this gives the return period, in number
m of blocks, of the value η. Alternatively, the result
may be expressed as


η = b + aξ−1
(
mξ − 1


)
(12)


to give the value η that is exceeded on average every m
blocks. If a, b and ξ are chosen to provide a best fit to
available return period data, (12) permits an extrapo-
lation to longer periods than have been sampled. The
form of (12) corresponding to the Gumbel distribution,
with ξ = 0, is


η = b + a lnm, (13)


suggesting a plot of η against ln m (as in Figure 1,
though this figure scales the x axis using (9) rather than
the approximate form (13)).
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Figure 1. Ordered annual maxima and minima (in meters,
relative to annual mean sea level) for Halifax, Nova Scotia,
Canada. For ease of visual comparison the annual minima
have been multiplied by -1. The lines are the best fits of
the GEV result (10) plotted such that the Gumbel limit (9)
would appear as a straight line. The upper curve is the
fit to the annual maxima; the lower curve is the fit to the
annual minima (after multiplying by -1). From Thompson
and Bernier (2007).


A well-known drawback in using the block maxi-
mum approach described above is that it is wasteful
as it disregards all the “runners-up” in blocks, even


though they may also be large. However, as described
by Coles (2001), the distribution of the individual val-
ues of a variable above a high threshold is also de-
scribed by (11), known as the generalized Pareto dis-
tribution. Hence (12) and (13) also apply for the ex-
ceedance of high thresholds. To return to our simple
example of the Rayleigh distribution for the height of
surface waves with a narrow-band spectrum, the indi-
vidual wave height which is expected to be exceeded
after m waves is given approximately by


y =
1
2
b +


1
2b


ln m, (14)


for large b provided that y > b, i.e. m > exp(b2). (Here
(14) is, of course, only an approximation of the exact
formula y = (ln m)1/2 from (6), but (12) and (13) ap-
ply to a very wide class of situations where the precise
dynamics is unknown.)


In summary, from the point of view of a statistician
faced with a limited data set and asked to predict fu-
ture extremes, the approach is to determine which of the
canonical distributions best fits the extremes from the
existing data, and then to use the chosen distribution
for predictions. This procedure is clearly fraught with
uncertainty, and it is highly desirable to see if other con-
siderations, perhaps dynamical ones, can provide extra
information and constraints. We return to this later.


Overall, extreme value theory concerns itself with
both the probabilistic and statistical aspects of extreme
events. Probabilistic aspects include rates of conver-
gence to the GEV distributions, their domains of valid-
ity, extension of the theory to dependent and nonsta-
tionary random variables, and models for thresholds.
In statistics one studies the properties of estimators of
the GEV distributions and faces the usual trade-offs
between bias and variance, when, say, choosing block
lengths. These and other statistical issues are magni-
fied for extreme events, which suffer from the curse of
short samples.


Large deviation theory


The evolution of extreme events, as well as their fre-
quency of occurrence, is of interest and importance.
What, for example, is the likely history of surface el-
evation ζ(t) in the neighborhood of an extreme value?


Large deviation theory states that extreme events,
should they occur, do so in the overwhelming majority
of cases by following a path that is the least unlikely
(e.g. Bühler, 2007). Impressive explicit results can be
obtained for the case that ζ(t) is a Gaussian random
variable with variance σ2. The joint probability of val-
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ues ζ1 and ζ2 at a time separation τ is then


P (ζ1, ζ2) =
1


2πσ2(1 − ρ2)1/2
exp


[
−ζ2


1 − 2ρζ1ζ2 + ζ2
2


2σ2(1 − ρ2)


]


(15)
where ρ(τ ) is the autocorrelation function. It is a mat-
ter of simple integration to demonstrate that


E(ζ2|ζ1 = a) = aρ(τ ), (16)


E(ζ′2
2|ζ1 = a) = σ2(1 − ρ2) (17)


where E(X|ζ1 = a) denotes the expected value of vari-
able X subject to the condition that ζ1 = a, and ζ′2 is
the deviation of ζ2 away from its expected value (e.g.
Phillips et al., 1993, citing earlier work by P. Boccotti).


These results show that the most likely configura-
tion near any value a is just a times the autocorrelation
function. The mean square deviation from this scales
with 1 − ρ2 and so is increasingly large as τ increases
and ρ decreases, but it also scales with σ2 rather than
a2. Thus the use of the autocorrelation function to pre-
dict the shape is increasingly reliable as a increases, i.e.
for extreme events.


We note that, no matter what the starting point, the
neighboring values of the variable are predicted to be
less (since ρ < 1). The variance of the deviation takes
care of the situations in which the variable is on the rise
to or fall from a maximum. For large starting values a
further increase is unlikely so that, as remarked above,
prediction of the shape becomes more reliable. Figure
2 shows the success of the theory in accounting for the
shapes of three El Niño peaks, using the autocorrelation
function derived from the whole record.


Beyond the basic theories – statistical
considerations


Clustering


We described earlier how uncorrelated events with
a return period m have a probability distribution for
the actual return interval given by (2). For the events
to be uncorrelated the signal would need to have a
“white” spectrum with equal amounts of variance at all
frequencies. Most geophysical variables, however, have
a “red” spectrum with more energy at low frequencies
than at high frequencies. Extreme values may be as-
sociated with contributions from many frequencies, but
will clearly tend to occur in clusters near large values
of the low-frequency contribution to the signal.


Many climate variables are found to have simple
power law spectra of the form ω−β , with β ' 0.3 for
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Figure 2. The sea surface temperature anomaly (SSTA) in
area Niño 3 for 1950 to 2000. The shape predicted by (16) is
shown for the three peaks (corresponding to El Niño events)
in 1973, 1983, 1998. Courtesy of Axel Timmermann.


continental temperature records and 0.7 for sea surface
temperature, to give two examples. Using synthetic
data with this general spectral shape, Bunde (2007) has
shown empirically that the pdf of the return interval for
events exceeding a given threshold takes the form


P (r) ∝ exp
[
−


( r


m


)1−β
]


. (18)


This reduces to (2) when β = 0, for which the under-
lying process has a white spectrum with uncorrelated
data. For typical values of β between 0 and 1, (18)
shows that the range of return intervals is broader than
for β = 0. Another interesting result is that the return
period expected for the next extreme is no longer ran-
dom, but depends on recent history (Bunde, 2007), as
shown in Figure 3.


Sea level is interestingly different. Its power spec-
trum contains strong tidal peaks as well as an underly-
ing storm surge signal with a red spectrum. Most ex-
tremes occur through a combination of medium surges
and large tides (Merrifield et al., 2007; Thompson and
Bernier, 2007); clusters of extremes occur at times when
the tides are large rather than at times when the un-
derlying mean sea level is high.


Nonstationarity


A major assumption in the standard treatments of
extremes is that the underlying data are stationary, in
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Figure 3. The mean return interval m+/− following a re-
turn interval that is shorter-than-average (lower dashed line)
or longer-than-average (upper dashed line), normalized by
the return period m and as a function of the spectral slope
β. The solid colored symbols are derived from reconstructed
records, in order from the top of the list, of the northern
hemisphere air temperature record, the water level of the
Nile, the precipitation record for New Mexico, the air tem-
perature on Baffin Island, and the run-off of the Sacramento
River. The open symbols are obtained from shuffled data;
this destroys the autocorrelation and, as expected, leads to
conditional return periods close to the overall average. The
error bars on the dashed lines are the standard deviations
obtained from simulated data sets with the same length as
the real data. Courtesy of Armin Bunde. See Bunde (2007)
for details.


the sense that their statistical properties do not change
with time. There are many situations where this as-
sumption breaks down. Climatological trends are a key
example. Seasonal changes provide another example;
winter data can be very different from summer data.


One interesting aspect is that, if the data have non-
stationary variance, there can be more extreme events
than predicted by theory based on the assumption that
the data are stationary. This is easy to see for the case
of surface waves: the Rayleigh distribution based on the
average wave height of a record (the blue curve in Fig-
ure 4) has less of a tail at high values than the average of
the Rayleigh distributions for the times of small waves
and large waves (the red curve in Figure 4). Thus more
extreme waves would be observed than would have been
expected under the assumption of stationarity.


While this effect can occur in a time series at a fixed
point, it will also influence the statistics of waves ob-
served by ships travelling through seas with a distri-
bution of wave height variance rendered uneven by the
refractive effects of eddy fields (Heller, 2006).
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Figure 4. The blue curve shows the Rayleigh distribution
of wave height for waves with significant wave height Hs.
The black and green dashed lines show the Rayleigh distri-
butions for records with variance 1/2 and 3/2 that of the
average, respectively. The red line is the average of these
two distributions. Courtesy of Johannes Gemmrich.


The discrimination between nonstationary series, cor-
related series (which may exhibit clustering of extremes)
and highly non-Gaussian series is a major statistical
challenge. Appearance might be quite misleading, as
Figure 5 demonstrates. The major event at the end of
the record seems to be out of character with the previ-
ous ones, though this series has been generated as the
cube of a stationary AR(1) process and so is itself sta-
tionary. Discrimination, of course, improves with sam-
ple size, but a small or insufficient sample size is a key
characteristic of records of extreme events. It is there-
fore very difficult to infer from an observational record
whether an increased incidence of extremes is a random
fluctuation, or a consequence of a shift into a regime
with more extremes. We return later to this important
question.


Beyond the basic theories – extra
physics?


Asymmetry


One obvious way in which dynamics intrudes on
statistics is that, in most geophysical situations, there
is a marked difference between positive and negative
events. There are no “antihurricanes” with intense
high-pressure eyes, perhaps partly because centrifugal
and Coriolis forces act in opposite directions in an an-
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Figure 5. A time series which appears nonstationary but
is simply the cube of the output of the stationary AR(1)
process y(n) = 0.999y(n − 1) + θ(n), where θ is Gaussian
noise (Wunsch, 2007).


ticyclone rather than reinforcing each other as a low-
pressure system (e.g. Holton, 2004). Surface waves have
a tendency towards steep crests and broad troughs. El
Niño events are somewhat shorter-lived and more in-
tense than La Niña events. Surface heating and cool-
ing tend to produce different responses as the latter
can trigger convection, with the consequence that the
sea surface temperature can have more extreme positive
than negative values (Thomas, 2007). These asymme-
tries indicate non-Gaussian behavior and lack of inde-
pendence of different contributions to the signal. For
surface waves, for example, forced second harmonics are
phase locked to the primary signal in such a way as to
sharpen crests and flatten troughs.


What do such asymmetries imply for extreme events?
The approach to GEV distributions should not be
greatly affected, but asymmetry implies that positive
and negative extremes need to be treated separately
and might have different statistical patterns (see Fig-
ure 1).


Non-Gaussian behavior does, however, affect the ap-
plication of the Large Deviation Theory that we de-
scribed earlier. The asymmetry expected from dynam-
ical considerations is sometimes allowed for in a some-
what ad hoc manner by using the statistical theory for
random processes but adjusting the local shape of the
variable in question. For example, in treating extreme
surface water waves, Walker et al. (2004) have started
with the shape predicted by (16) and modified this to
include the “Stokes” corrections to the local shape that
would occur if the wave were part of a periodic wave
train. This sharpens the peak and flattens the neigh-
boring troughs. The non-Gaussianity implied by the
slight asymmetry of the El Niño signal shown in Figure
2 does not seem to be a significant factor, however.


There are other situations where one might expect
the failure of Large Deviation Theory to accurately pre-
dict the form of a variable during an extreme event.
For example, the time history of wind speed during the
passage of a hurricane might look very different from
the autocorrelation function of the wind speed because


long records are dominated by dynamical balances dif-
ferent from those prevailing during a hurricane. (We
are, however, unaware of such an analysis.) Thus, in
the absence of all the other information we have which
shows the uniqueness of hurricanes, we might be able to
conclude from a wind record alone that there was extra
physics to be investigated.


Coherent structures


While not necessarily extreme in magnitude, coher-
ent structures occur in numerous situations in fluid dy-
namics. Such structures may be defined as flow pat-
terns which persist for longer than would be expected
from simple scaling analysis. For example, an eddy in
a turbulent flow with length and speed scales L and U
respectively might be expected to retain its form for a
time of order L/U . An eddy, or filamentary structure,
that lasts longer than this is termed coherent. This
can, again, be described in terms of the phase locking
of different Fourier components.


For the canonical problem of three-dimensional tur-
bulence, the classic approach of Kolmogorov, which as-
sumed that eddies lose any memory of their origins as
energy cascades from large to small scales, has had to
be modified to allow for small-scale structures that are
different depending on whether they originated from
strong or weak events at a large scale (Jiménez, 2007).


Investigations of coherent structures tend to discuss
the probability of a variable itself, rather than a block
maximum, frequently finding a probability density func-
tion


P (X) ∝ exp (−cXα) (19)


for values of X that are significantly larger than aver-
age (McWilliams, 2007). This “stretched exponential”
is just a Gaussian distribution if α = 2. For any value
of α the block maxima still fit a Gumbel distribution, as
can be shown by examining the asymptotic probability
for exceedance of a particular value and finding trans-
formations similar to those of (8). As stated earlier, this
procedure provides a means of focusing on extreme val-
ues and so taking less notice of the much more common
small values.


The presence of coherent structures greatly affects
the diffusion of tracers (Ferrari, 2007) and makes a sig-
nificant difference to the extreme values of tracer con-
centration by inhibiting dilution. This can be particu-
larly important if the scalar is non-conservative, such as
a phytoplankton bloom; exponential growth of a patch
that is not being dispersed can lead to extreme values
(Guirey et al., 2007).
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Dynamical ceilings


Extra physics could provide upper bounds for ex-
tremes. A knowledge of these could be of immense
value. Consider, for example, a statistician and a physi-
cist in a gym, both watching a colleague exercising on
a trampoline. The statistician might, on the basis of a
few minutes’ observation, predict a 50% probability of a
jump of over 3 m in the next ten minutes. The physicist
might worry about nonlinearities in the spring system
affecting the response of the trampoline to large forces.
Meanwhile, the janitor might point out the presence of
a ceiling just 2.8m above the trampoline!


Firm barriers do exist in some situations of envi-
ronmental interest. For example, energy considerations
predict an upper bound to the strength of a hurricane,
though in practice Emanuel (2000) finds a nearly uni-
form probability for the strength of a hurricane between
the minimum required for designation as a hurricane
and the upper bound. To take another example, that
of surface waves, it is known that a periodic progres-
sive wave in deep water has a limiting form when the
slope at the crest becomes discontinuous with a crest
angle of 120◦. The height H is then a fraction 1/7 of
the wavelength (Miche, 1944). If the wavelength is re-
lated to the wave phase speed by the dispersion relation
for linear waves, and the phase speed is taken equal to
the wind speed U , this suggests an upper bound for H
of 2πU2/(7g), 37m for a wind speed of 20m s−1. In
practice, wave breaking might occur before this limit is
exceeded, or the larger values of H might come from
the non-periodic wave caused by brief superposition of
different wave trains, but the dynamical limit is still a
useful guide.


Limitations imposed by wave breaking can impose
approximate but useful dynamical ceilings in other sit-
uations. In the case of internal waves the onset of insta-
bility at a critical Richardson number of 1/4 can provide
a robust upper bound to the vertical shear of horizontal
currents. Moreover, extreme internal waves generated
near steep topography by tidal flow can overturn and
lead to mixing without the intermediate energy cascade
to smaller scales that seems to occur with gentle forcing
(MacKinnon, 2007).


It is thus clear that dynamical considerations can
lead to important changes to the expected frequency
and form of extreme events, and offer guidance as to
what to expect. Conversely, analysis of extremes can
provide clues to the physical processes that may kick in
to modify the extremes.


Predictability


Dynamics


It is difficult to make any other than rather obvious
remarks about the predictability of individual events,
with no obvious general results. There are some situa-
tions in which an understanding of the physics, com-
bined with adequate computer power, makes predic-
tions with useful lead times possible. Hurricanes seem
to be an example of this. In other cases, such as sur-
face waves perhaps, the governing equations are estab-
lished, but sensitivity to a paucity of initial data, com-
bined with inadequate computer power, make useful
lead times unlikely.


Statistics


The basic approach to Extreme Value Theory con-
sists of plotting observed return times versus magnitude
and fitting a GEV distribution to the data (see Figure
1). Such a plot is then used to predict the return times
of events of higher than observed magnitude. This ap-
proach involves two aspects. The first aspect is the
estimation of the parameters of the GEV distribution
from the sample at hand. This is a statistical estimation
problem. An understanding of the underlying dynam-
ics may be helpful. For example, as discussed earlier,
extreme values of coastal sea level occur preferentially
at times when storm surges are combined with large
tides, with the latter being precisely predictable well in
advance. A prediction scheme based on first separating
observations into tides and residuals requires less data
than one that fits a GEV distribution to the raw data
(Thompson and Bernier, 2007).


The second aspect is that the extrapolation requires
a leap of faith, albeit one that is based on a rational
asymptotic theory. There is no way around this leap
of faith, other than waiting for more data, unless a dy-
namical ceiling exists and is being approached.


Impact


Extremes are usually regarded in a negative light be-
cause of the damage they can do to ecosystems or hu-
man infrastructure. Particularly in ecosystems, how-
ever, they can be beneficial, for example by storms stir-
ring the upper ocean and making nutrients available in
the euphotic zone.


Overall, the cumulative impact I of some phenomenon
ζ can be regarded in terms of the integrated combina-
tion of the probability P (ζ) of ζ and the consequence
C(ζ), so that


I =
∫ ∞


0


P (ζ)C(ζ)dζ. (20)
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We generally assume that the increase of C with in-
creasing ζ is strong enough to overwhelm the decrease
of P , but this need not be the case; frequent medium-
sized events may have more of a cumulative impact than
rare very large events. Establishing the range of ζ in
which the integrand of (20) peaks can provide guidance
on the urgency of improving estimates of the tail of P .
In some situations, the same phenomenon may have dif-
ferent weightings depending on what is impacted. For
example, frequent but moderate precipitation events
may dominate accumulated moisture, but occasional
extremes leading to floods can dominate the impact on
human infrastructure or the landscape.


Furthermore, the importance of the physical sciences
in improving estimates of impact may much be less than
that of social trends. As shown by Pielke (2007), in-
creasing damage from hurricanes in the US is dominated
by population movement and the increase in human in-
frastructure, with only a minor influence of alleged or
predicted increases in hurricane strength and landfall
frequency!


Are extremes becoming more frequent?


This is a key question in a number of important soci-
etal situations and can be approached by relying solely
on data which, after the occurrence of a sufficient num-
ber of extreme events, will convincingly reveal any dra-
matic increase in the number of extremes. The trouble
with this approach is that extremes are, by definition,
rare, so that it may take a long time before the situation
is clear.


In practice one is likely to be influenced by a priori
expectations. In the case of hurricanes, for example, one
might expect, based on dynamics and historical data
analysis (Emanuel, 2007; see later), that an increase
in upper ocean heat content would lead to an increase
in hurricane frequency (or intensity). In a situation
in which the heat content is observed (or predicted)
to increase, one might thus accept weaker statistical
evidence for changes in hurricanes than if one did not
have the expectation.


Bayesian statistics


The discussion can be put on a more rigorous ba-
sis within the standard formalism of Bayesian statistics
(see Cowan (2007) for a concise introduction or Jaynes
(2003) or Mackay (2003) for more detail). Briefly, we
write the probability of both A and B in two different
ways as


P (A and B) = P (B|A)P (A) = P (A|B)P (B). (21)


where P (B|A) denotes the probability of B given A,
P (A) is the probability of A and similarly for the inverse


expressions. This immediately shows that P (B|A) is
not in general equal to P (A|B). This is important in,
for example, medical tests where false positives make
it very likely that P (cancer|positive test) is less than
P (positive test|cancer).


In the context of the example cited earlier, let us
consider, say, the probability of the extra number N
of category 5 hurricanes making landfall for a given in-
crease in heat content of some region of the ocean. The
appropriate form of Bayes’ theorem is then


P (N |D) ∝ P (D|N )P (N ). (22)


where P (N ) is the so-called “prior” probability distri-
bution, based, perhaps, on model simulations, P (D|N )
is the likelihood of the new data D being compatible
with N , and P (N |D) is the updated, or “posterior”
distribution taking the data into account. The constant
of proportionality is determined by taking the sum of
P (N |D) over N to be equal to 1.


In the absence of any prior expectation, i.e. with a
flat P (N ), then P (N |D) = P (D|N ) from (22) so that
the data completely determine the expected probability
of N . Conversely, with very limited new data, P (D|N )
might be a rather flat function of N and P (N |D) would
be little different from some prior P (N ). The more
likely situation is that both the prior P (N ) and the
data-determined P (D|N ) are localized in N , but peak
at different values of N . As shown in Figure 6, the
subsequent P (N |D) is shifted away from P (N ) and to-
wards P (D|N ). The narrower that P (D|N ) is (as a
consequence of increasing amounts of data), the more
that the posterior will shift towards it, whereas a nar-
row prior P (N ) will allow only a small shift if P (D|N )
is broad.


All this is really just a mathematical way of stating
that any reasonable person will modify his or her expec-
tation based on evidence, with the change of position
being most if the data are convincing, and small if the
person has a narrow prior view! The subjective element
remains, but the Bayes approach, strongly supported by
a number of speakers at the meeting (e.g. Kadane, 2007;
McIntyre, 2007) allows for the subjectivity to be quan-
tified. If people with different views can be persuaded
to state their prior probability distribution functions,
then they should accept the Bayesian shift required by
new data.


Examples of extremes and trends


A number of interesting results on the presence or ab-
sence of trends in extremes were presented at the meet-
ing. Smith (2007) reported on a tendency for increased
extremes in rainfall in the continental USA from 1970
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Figure 6. A schematic of possible probability functions for,
say, the extra number N of category 5 hurricanes making
landfall for a given increase in heat content of some area
of the ocean. P (N) is the “prior” distribution, P (D|N)
the likelihood based on limited new data, and P (N |D) the
Bayesian estimate. After Cowan (2007).


to 1999, but with a very patchy pattern. Von Storch
(2007) discussed the complicated patterns and trends of
storminess in NW Europe, with an increase from 1960
to 1995 following on from a decrease from 1900, and
succeeded by a decrease since 1995. Emanuel (2007) re-
ported a strong correlation between hurricane strength
in the North Atlantic and sea surface temperature (Fig-
ure 7), remarking on the radio silence that may have led
to under-reporting during the 1939 to 1945 war years.
Pielke (2007), however, showed that all of the recent
increase occurred in the eastern North Atlantic.
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Figure 7. North Atlantic power dissipation (from the prod-
uct of the cube of the maximum wind speed of a storm
and its duration) compared with the August to October sea
surface temperature in the tropical North Atlantic. Both
time series have been smoothed with a 1-3-4-3-1 filter. From
Emanuel (2007).


Extremes in models


Numerical models are being used increasingly to
help understand extreme events, particularly in climate
studies. Careful consideration is needed to be sure that
the models include the relevant physics and have ad-
equate resolution, or that their results can be “down-
scaled” to the phenomena of interest. However, the
models can produce larger sample numbers than obser-
vational records and, through adjustment of the repre-
sentation of processes, be invaluable in elucidating the
physics responsible for extreme events. Models can also,
of course, help to predict extremes in possible future
regimes.


It is frequently argued on the basis of simple physics
and model output that extreme weather events will be-
come more frequent in a warming world. Schneider and
O’Gorman (2007) have shown that high quantiles of
the precipitation distribution in an idealized general cir-
culation model exhibit a relatively simple scaling over
a wide range of climates, increasing linearly with sur-
face temperature at approximately the same fractional
rate as the mean precipitation. They point out, how-
ever, that model predictions of more extreme precipita-
tion events are very sensitive to the parameterization of
deep convection, demonstrating the need for increased
research on the basic physics.


One interesting conclusion to emerge from model
studies concerns the “clustering” discussed earlier, where
we reported the way in which, for a red spectrum, ex-
tremes have a tendency to occur preferentially at times
when the low- and high-frequency signals reinforce one
another. This assumed a purely additive process. It has
been found, however, that extreme wind events occur
in a multiplicative manner: the high-frequency variance
tends to be correlated with the low-frequency signal,
leading to an even greater clustering and stronger ex-
tremes (Yin and Branstator, 2007).


Conclusions


Returning to the questions posed in the introduction,
our answers are generally “maybe”! To be more specific:


– extreme events can have different physics from nor-
mal events, though definitive examples of this, such as
hurricanes, are rare.


– “dynamical ceilings” that would invalidate simple
extrapolation of statistical distributions can occur, but
the ceilings are often too high to be particularly useful.


– the deterministic prediction of extreme events with
a useful lead time is very dependent on the process. Sta-
tistical prediction, in the sense of a knowledge of the
likely return period of a particular event, can be en-
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hanced by recognition that events can arrive in clusters
if there is a connection, either multiplicative or simply
additive, between low- and high-frequency parts of the
signal.


– statements about the increased incidence of ex-
treme events due to a shift in the underlying regime
can only be probabilistic and are best treated within
the framework of Bayesian statistics, which allows in a
well-defined way for differing prior expectations.


Overall, the study of extremes provides a splendid
and important opportunity to combine statistical tech-
niques and dynamical theories, with both introducing
elegant mathematical considerations.
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FOREWORD 
 
The 15th `Aha Huliko`a Hawaiian Winter Workshop was held January 23 – 26, 2007 in Honolulu, Hawaii.  Its 
topic was “Extreme Events ”. 
 
Extreme events are characterized by adjectives such as “rare”, “exceptional”, “surprising”, “unexpected”, and 
“catastrophic”, and they are defined as “events on the tail of a probability distribution”. Extreme events occur 
in natural, technical, and societal environments, and their description, understanding, and prediction are of 
great importance. Extreme events may be studied as a statistical problem (with emphasis on their frequency of 
occurrence as a function of magnitude) or as a dynamical problem (with emphasis on the underlying 
mechanisms). The workshop brought together researchers from the fields of oceanography, meteorology, and 
statistics to assess whether benefit can be obtained from combining the statistical and dynamical approaches 
in order to answer important questions such as these:  
 


-  Do extreme events have a special physics that occurs rarely in space and time?  
- Are there “dynamical ceilings” that limit the magnitude of extreme events and prevent the reliable 


extrapolation of statistical results?   
- To what extent and how far in advance can extreme events be predicted, either deterministically or 


statistically?   
- When can we say with confidence that an increase in the occurrence or magnitude of extreme events is 


due to a shift in the underlying system rather than to a statistical fluctuation?   
- What are the commonalities, analogies and universalities among different types of extreme events?  


 
The workshop participants addressed these and other questions, using examples from oceanographic and 
meteorological phenomena (such as hurricanes, waves, turbulence, rainfall, sea level, storms, and El Niño 
events), and needed to distinguish between the frequentist, Bayesian, and personalist approaches to statistical 
inference.  
 


The lectures of the workshop are published in these proceedings.  The order of the papers loosely follows the 
agenda of the workshop, covering observations, statistical and theoretical analyses, numerical modeling results, 
and methodological considerations. Also included is a summary of the workshop. 


 
The workshop was supported by the Office of Naval Research grant number N00014-00-1-0168.  It was 
hosted by the Department of Oceanography, School of Ocean and Earth Science and Technology, University 
of Hawaii.  The excellent facilities and the capable staff of the Imin Conference Center contributed greatly to 
the success of the meeting.  Local organization and logistical arrangements were expertly handled by Sharon 
Sakamoto. 
 
This proceedings volume came into existence through the creative and dedicated research of the scientists 
who gathered in Hawaii and provided the articles that follow.  
 


† `Aha Huliko`a is a Hawaiian phrase meaning an assembly that seeks into the depth of a matter. 
 
Peter Müller Chris Garrett  Diane Henderson 
Department of Oceanography Department of Physics Publication Services 
1000 Pope Road        and Astronomy School of Ocean and Earth  
University of Hawaii University of Victoria     Science and Technology 
Honolulu, HI 96822 Victoria, British Columbia, Canada University of Hawaii 
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The prairie ocean 


E. J. Guirey1, A. P. Martin1, M. A. Srokosz1, and M. A. Bees2


1National Oceanography Centre, Southampton, UK, 
2Department of Mathematics, University of Glasgow, UK 


Abstract. Life is distributed patchily in the ocean regardless of which organism 
or length scale we look at. This may not surprise us for creatures such as 
shrimps, fish or cetaceans, as we are familiar with their tendency and ability to 
form shoals, schools and pods. But how do phytoplankton, the microscopic 
plants in the ocean, maintain their heterogeneity in the face of perpetual mixing 
and stirring? Why does the extreme event of a uniform oceanic prairie never oc-
cur? By viewing the ocean as a vast number of coupled dynamical systems, each 
describing the population dynamics of the various organisms in a particular par-
cel of water, it is possible to use synchronization theory to address these ques-
tions. The mathematical field of synchronization theory has demonstrated that 
two biological populations exhibiting different dynamical behaviors may never-
theless synchronize given the right level of mixing between them. The precise 
conditions that give rise to synchronization are shown to be very sensitive to 
model structure, to model spatial resolution and to the fine details of spatial 
variability in forcing. So is mixing in the ocean simply too weak to give us a 
prairie ocean or are other phenomena spoiling the view? 


Introduction 


By numbers, or shear cumulative mass, micro-
scopic phytoplankton dominate marine plant life. 
Nearly half of all new plant growth (primary produc-
tion) generated anywhere on Earth each year is in the 
form of phytoplankton. Consequently they form the 
foundation of the marine food web and play a major 
role in the global carbon cycle. Determining the con-
trols on their distribution is therefore of significantly 
broader interest than the intrinsic fascination of solv-
ing one of oceanography’s longest standing problems 
(Bainbridge, 1957): what is responsible for the spa-
tial heterogeneity, or patchiness, of the plankton? 


Patchiness in plankton occurs at all scales from 
millimeters to basin-wide. Figure 1 shows a typical 
example at the mesoscale (~1-100 km) – the regime 
of primary interest to this paper. Looking at this im-
age, one may be tempted to think that the physical 
circulation is the primary control on the distribution, 
that the tendrils and filaments of milky water are the 
product of a larger blob of discolored water being 
teased out by the straining flow. In general, there is 
no such clear-cut explanation, however, with the dis-
tribution of plankton often having little relationship 


to those of physical fields such as temperature, den-
sity, and salinity (e.g., Martin (2003), Martin et al. 
(2005)). 


 


  
Figure 1. False-color satellite image of a phytoplankton 
“bloom” in waters south of SW England. The phytoplank-
ton responsible is Emiliana huxleyi, forming such dense 
concentrations that, despite its minute size, causes a phe-
nomenon known as “milky waters”. The image is roughly 
110 km across and is courtesy of Andrew Wilson and 
Steve Groom of Plymouth Marine Laboratory, UK.  
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 This paper approaches the topic of plankton 
patchiness from a somewhat left-field perspective: 
given that they are totally at the whim of the currents 
due to their minute size, and that their rapid growth 
rates allow them to proliferate from just a small seed 
population wherever they end up, why are phyto-
plankton not uniformly distributed throughout the 
ocean? More succinctly, why don’t we have a prairie 
ocean? 


The title is, admittedly, rather tongue-in-cheek and 
there are many more processes controlling plankton 
populations than those discussed here. Nevertheless, 
the phenomena exhibited by the first order depiction 
of the plankton ecosystem used here – non-linear bio-
logical interactions of predator and prey plus simple 
mixing – sheds light on how spatial structure arises 
and, in doing so, raises concerns regarding how ro-
bust models may be in making predictions regarding 
plankton biogeochemistry. 


Synchronization theory 


To attack this question of why phytoplankton are 
not homogeneous we make use of synchronization 
theory. Put simply, this branch of mathematics inves-
tigates the circumstances under which networks of 
coupled oscillating systems become synchronized 
such that each component oscillates with the same 
frequency and phase as its neighbors. Like most theo-
ries of note, this one can be used to explain a vast 
range of natural phenomena.  


The classic example concerns fireflies. As dusk 
falls on certain South American riverbanks, the fire-
flies start to flash, first randomly, then in increasingly 
large synchronized clusters, until large stretches of 
riverbank are flashing in step. This large-scale effect 
is a simple consequence of one firefly being able to 
see its neighbor’s flashing and to modify its own 
flashing accordingly. The coupling is visual. 


A second example is that of the Millennium 
Bridge, spanning the River Thames between St 
Paul’s Cathedral and the Tate Modern museum in 
London, UK. As the opening day crowds started to 
cross, the vibrations of their footfalls excited a reso-
nant frequency of the bridge into which the walkers 
fell in step, leading to a cycle of positive feedback 
which culminated in an unnervingly swaying bridge, 
and hasty closure. In this case, although the sound of 
a neighbor’s walking would have tended to bring 
them into step, in the same way that clapping audi-
ences start to synchronize, the dominant effect was 


that of the large scale resonant frequency of the 
bridge imposing itself on the walker’s strides – an 
(intricate) example of a phenomenon known as the 
Moran effect (Moran, 1953). 


Ecological interactions between phytoplankton, the 
nutrients they need to grow and the organisms (zoo-
plankton) that seek to consume them are inherently 
non-linear. At scales significantly larger than the size 
of individual plankton (typically only a few µm) the 
ocean can therefore be viewed from an Eulerian per-
spective as a matrix of small non-linear ecological 
systems, coupled together by advection and by the 
mixing action of the currents. With this perspective it 
is apparent how synchronization theory may be of 
relevance. 


The model 


The model we use comprises a horizontal grid of 
100×100 cells. Each of these cells contains an eco-
logical model of identical structure.  


There is a vast array of marine ecological models, 
displaying a variety of behaviors including stable 
steady states, limit cycles and chaos. As much of 
synchronization theory to date has focused on the 
more tractable case of limit cycles, we choose a 
model that exhibits this phenomenon (Steele and 
Henderson, 1981). Future work will address whether 
the results carry over to models with other intrinsic 
behavior.  


The specific model confines itself to representing 
the bare essentials of plankton ecosystems: a nutrient 
to provide “fuel” for phytoplankton growth, phyto-
plankton and a zooplankton consumer of phytoplank-
ton. A schematic of the model is given in Figure 2. 


 


Figure 2. Schematic of the ecological model used in the 
study with arrows indicating flow of matter. 


The governing equations for the ecological model 
are as follows: 
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For the nitrate (N) equation, the first term repre-
sents the supply of nitrate by vertical mixing, the 
second term consumption of nitrate by phytoplankton 
growth, the third, fourth and fifth terms restoration of 
nitrate via decomposition of dead P, “messily eaten” 
P and dead Z respectively. For the phytoplankton (P) 
equation, the first term represents losses due to verti-
cal mixing, sinking and mortality respectively (there 
are assumed to be no P below the mixed layer), the 
second term phytoplankton growth and the third term 
loss of P due to grazing by zooplankton. For the zoo-
plankton (Z) equation, the first term represents 
growth due to the fraction of grazing that is ingested 
whilst the second term represents losses such as ex-
cretion and mortality. The last term for all equations 
represents mixing with horizontally adjacent cells, as 
described below. Parameter values are given in Table 
1. All parameters bar one are held constant and uni-
form throughout the model. Only the phytoplankton 
growth parameter, a, takes a different constant value 
in each grid-cell, this value being randomly chosen 
from a uniform distribution of range 0.195-0.205 m-1 
day-1 at the start of the model run. Each grid-cell re-
tains the same value of a for all of the model runs 
described using different mixing strengths (ε).  The 
spatial variation in µ gives rise to slight variations in 
the frequency of the limit cycle exhibited by the eco-
logical model in each grid-cell, in the absence of 
mixing. 


In the above equations, mix(X) represents the mix-
ing of biological entity X between neighboring cells. 
The coupling between grid-cells takes the simplest 
possible form. Considering a one-dimensional array 
for illustrative purposes, the phytoplankton concen-
tration in cell i, Pi, is mixed with that in i+1 and i-1 
via mix(P)=ε*(Pi+1-2Pi+Pi-1). Note that ε~κ/l2 where κ 


is the effective diffusivity at the scale of the size of 
the grid-cell l.  


 
Table 1.  Parameter values used in the biological model. 


Parameter Value Units 
a 0.195-0.205 m-1 day-1


b 0.2 m-1


c 0.4 m2 gC-1


d 0.14 day-1


f 0.03 gC m-3


k 0.05 day-1


r 0.15 day-1


s 0.04 day-1


N0 1.0 gC m-3


α 0.25  
β 0.33  
γ 0.5  
ζ 0.6 day-1


µ 0.035 gC m-3


 


The model is initially run until the mean and vari-
ance of model fields are statistically steady. Only 
model output from beyond this point is used for 
analysis.  


The model has non-periodic boundary conditions 
such that grid-cells on the boundaries only feel the 
influence of neighboring interior grid-cells. Further 
runs have been done to check that the results are not 
altered if periodic boundary conditions are used. 


Results 


The model is run for a range of different strengths 
of mixing, ε. The range 0 ≤ ε ≤ 0.05day-1 is chosen to 
match the range of effective diffusivities suggested 
by the empirical relationship of Okubo (1971) for 
grid-cells in the size range 0–100 km.  


Results are similar for nutrients, phytoplankton and 
zooplankton. We therefore restrict our attention to 
phytoplankton. 


Figure 3 shows a composite of the frequency of 
oscillation of the plankton within each of the 10,000 
grid-cells, ωi, as a function of ε. It also shows two 
measures of the degree of synchronization: Ω quanti-
fies the spread in frequencies throughout the model, 
domain at a given time and so relates to frequency 
synchronization, with Ω=0 indicating full frequency 
synchronization; R quantifies the coherence in phase 
between grid-cells, with a value of 0 indicating none 
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and a value of 1 indicating full phase synchroniza-
tion. Details regarding the definitions and calculation 
of Ω and R can be found in Guirey (2007). Note that 
phase synchronization can only occur after frequency 
synchronization has taken place. 


ε


Ω R


ωi


ε


Ω R


ωi


 
Figure 3. Top: frequency of oscillation, ωi, for biology in 
each grid-cell, i, as a function of coupling strength, ε. Bot-
tom: Parameters representing variability in frequency be-
tween grid-cells (Ω − dashed) and degree of phase syn-
chronization (R - solid) versus coupling strength. 


There are a number of features worth commenting 
on. First, there is a very abrupt transition to synchro-
nization as ε is increased past a critical value, 
εc~0.02 day-1. This transition is most marked in fre-
quencies, with Ω demonstrating a sudden drop to 
zero. Phase synchronization is seen to increase sig-
nificantly at this point but still to require a somewhat 
greater coupling strength before total phase synchro-
nization is achieved. Second, there is a regime 
roughly extending from ε=0.002 day-1 to εc where 
there is significantly greater variability in the fre-
quency of oscillation of individual grid-cells than is 
present in the absence of mixing. Mixing is broaden-
ing the range of frequencies exhibited by individual 
grid-cells. This interval is characterized by low levels 
of phase synchronization and a near constant value of 
Ω. It will be seen later that this does not imply that 
the nature of the system is not changing as ε increases 
through this regime. Third, between ε=0day-1 and 
ε~0.002 day-1 there is an interval of “anomalous” 
synchronization (Blasius et al., 2003) with a mini-
mum in Ω at εa~0.002 day-1. As mixing is first turned 
on and gradually increased, the degree of synchroni-
zation is seen to slightly decrease. However, as ε ex-
ceeds ~0.001 day-1 the system begins to synchronize, 
with mixing exerting its influence on neighboring 


populations such that Ω is nearly zero and R > 0.6 for 
ε = εa. As ε exceeds εa, however, the synchronization 
collapses, entering the second, disordered regime de-
scribed above. Increased mixing is somehow leading 
to a breakdown of a system well-ordered at a lower 
mixing rate. 


Analysis of the dominant spatial scales in the bio-
logical distributions sheds further light on the behav-
ior of the system, as the rate of mixing increases. 
Figure 4 shows how two measures of spatial structure 
vary as ε increases: C quantifies the dominant spatial 
scale: the length (in grid-cells) of positive segments 
on each row of the phytoplankton field, once the 
mean has been subtracted, is calculated and C is 
equal to the median over all rows (repeating the cal-
culation over rows instead gives the same results). G 
quantifies the spatial gradient in the phytoplankton 
field: for every grid-cell the largest difference in con-
centration of phytoplankton between it and all of its 
neighbors is calculated and G is the median of this 
over all grid-cells, normalized such that it varies be-
tween zero and 1. 
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Ω
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Ω


Ω


ε
Figure 4. Dominant spatial scale (C - solid), dominant 
spatial gradient (G - solid), and degree of frequency syn-
chronization (Ω - dashed) versus coupling strength (ε). The 
heavy vertical lines indicate the coupling strengths for the 
distributions shown in Figure 5. 


As ε increases from zero, there is, as expected, a 
maximum in spatial scale, and a small minimum in 
gradient, at εa. Figure 5 shows that although large 
clusters develop at εa, the system is clearly still some 
way from total synchronization. This is primarily a 
result of the phases of the oscillating sub-populations 
not being synchronized (Figure 3). Moving into the 
second regime, described above, it is seen that, al-
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though Ω remains roughly constant as ε increases, the 
dominant spatial scale of the phytoplankton distribu-
tion gradually increases to εc following an initial 
sharp decrease as ε exceeded εa. Correspondingly, the 
index of spatial gradient, G, decreases over this inter-
val. The third frame of Figure 5 shows a typical snap-
shot of the phytoplankton distribution for a value of ε 
(0.01 day-1) within this regime. The structures present 
are clearly smaller than those at the peak of “anoma-
lous” synchronization, ε=εa. They are also of some-
what different shape. The clusters for ε=εa are 
roughly circular whilst those for 0.002<ε<0.02 day-1 
are less symmetrical with an elongated or branched 
form common. Movies of the time evolution of the 
phytoplankton distributions, for a fixed ε, reveal that, 
although the characteristic spatial scale and gradient 
remain constant, the clusters do not. They move, 
merge and disintegrate. Therefore, the shape of the 
clusters is not simply the manifestation of some un-
derlying correlation in the initially randomly selected 
growth rates for each grid-cell. 


For ε<εc, the gradients at the edges of clusters are 
quite sharp, making the method of estimating C a 
robust one. For ε>εc, the gradients at cluster edges are 
much weaker and the reliability of C breaks down. 
The last two panels of Figure 5, however, illustrate 
the more gradual onset of phase synchronization rela-
tive to frequency synchronization for this regime: Ω 
is essentially zero for ε>εc but spatial structure re-
mains, albeit extending to larger and larger scales. 
Correspondingly R continues to increase as ε in-
creases, but is still below the value of 1 expected for 
full phase synchronization at the upper mixing limit 
of ε = 0.05 day-1 (Figure 3). 


The model runs described above were carried out 
with an NxN matrix of grid-cells with N fixed but ε 
varying. This is analogous to varying simultaneously 
the size of the grid-cell and the size of the model do-
main, if the Okubo (1971) relationship (ε~l1.15) is 
used to estimate ε from grid-cell lengthscale l. Runs 
have also been carried out in which the size of the 
 


Figure 5. Snapshots of the phytoplankton distribution for 
the 5 coupling strengths indicated in Figure 4. From the 
top: ε = 0, 0.002, 0.01, 0.02, 0.05 day-1. All subplots use 
the same color scale and units are g C m-3. 
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model domain remains fixed (at 512 km × 512 km) 
but N varies; equivalent to varying the spatial resolu-
tion and therefore ε, the latter once more sensu 
Okubo (results not shown).The same regimes as be-
fore are seen as the spatial resolution is increased, 
though the exact value of εc is unpredictable. The 
implication of our results, therefore, is that the 
strength of mixing required for synchronization is 
sensitive to the resolution of the physical grid used 
for the model. As ε~κ/l2, and Okubo’s relationship 
has κ~l1.15 we see that ε increases as l decreases. 
Therefore, perhaps counter-intuitively, synchroniza-
tion is more likely in models of high spatial resolu-
tion. 


In addition to displaying the interesting phenomena 
described above, our simple model of coupled plank-
ton ecosystems also displays disturbing sensitivity. If 
model runs are repeated using a different random se-
lection of phytoplankton growth rates, though taken 
from the same uniform distribution, then the qualita-
tive feature of an abrupt transition to frequency syn-
chronization as ε increases is robust, but the value of 
εc for which this is achieved varies over a large range 
of ε. Incidentally, if the growth rates are sorted post-
selection such that they increase monotonically 
across the matrix, then the system requires a larger ε 
to synchronize than the system with randomly dis-
tributed growth rates (Osipov and Sushchik, 1997). 
The onset of synchronization in the system is there-
fore seen to be very sensitive to the precise distribu-
tions of the phytoplankton growth rates.  


Previous work on coupled plankton ecosystem 
models exhibiting chaotic dynamics also indicates 
that the onset of synchronization may be very sensi-
tive to the structural details of the ecological model 
used (Guirey et al., 2007). 


Conclusions and discussion 


For an inert tracer, if two water parcels initially 
have different concentrations, then the action of mix-
ing will inevitably lead to their homogenization with 
time. Synchronization theory indicates that the same 
is not true for reactive tracers, an example being the 
plankton ecosystems discussed here. This represents 
a fundamental difference in how spatial uniformity 
may arise in the distributions of inert and reactive 
tracers. Clearly the two scenarios must agree in some 
limit: if the ratio of the timescale associated with 
mixing to that associated with the biological dynam-


ics is sufficiently small then plankton will behave as 
an essentially inert tracer. However, at the mesoscale, 
for the first order depiction of the ecosystem used 
here, it has been shown that the prediction of the 
minimum level of mixing required to produce full 
spatial synchronization - the extreme event of the 
prairie ocean - is an exercise fraught with difficulties. 


The system we have investigated displays strong 
sensitivity to the spatial resolution of the model, to 
the spatial distribution of phytoplankton growth rates 
and to the structure of the biological model. Clearly 
none of these sensitivities is desirable in a coupled 
physical-biological model being used to model and to 
predict regional or global plankton biogeochemistry.  


So, should we be concerned about the conclusions 
hitherto drawn using equally simple biological mod-
els embedded in physical circulation models? Such 
extant modeling exercises have not carried out the 
sensitivity analyses of model structure or resolution 
necessary to answer this question.  


Perhaps more progress, therefore can be made ap-
proaching the issue from the other direction. If re-
gional or global biogeochemical models do not ex-
hibit the phenomena we have described here, why is 
that? Is it because they generally have quite coarse 
spatial resolution, whereas our model most readily 
synchronized at higher resolutions? Or is it because a 
more realistic, explicit circulation is a much more 
effective “mixer” than the crude parameterization we 
have used? For example, we neglect time variation in 
mixing, whereas intermittency is a hallmark of fluid 
turbulence. Does occasional strong mixing draw re-
gions sufficiently into synchronization that they lose 
it only slowly when the local mixing weakens again? 
Or is it that the phenomena described here are an arti-
fact of the biological model and that using a more 
“realistically” complex model would dampen out 
such behavior? It is true that a variety of different 
behavior can be obtained by making minor changes 
to simple spatial ecosystem models (Fussman and 
Heber, 2002; Fussmann and Blasius, 2005). This is 
not restricted to ecosystem models but is a feature of 
any low-dimensional nonlinear model. It is equally 
possible that the results of simple models that predict 
possible shutdown of the thermohaline circulation 
(e.g., Marotzke, 2000) may not carry across to more 
realistically complex models.  


Taking a broader perspective, there is a fundamen-
tal problem when seeking to understand and to pre-
dict extreme events. Danger may lurk in simplicity. 
Simple models may give the clearest depiction of 
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cause and effect but clarity should not necessarily be 
confused with truth. The answer is not to simply use 
the most “realistic” model available, however. The 
more complex the model, the more data are required 
to constrain it if it is to give robust predictions. Yet 
the prediction of extreme events, whether the prairie 
ocean or a marine ecosystem’s response to pollution 
or rapid climate change will, by definition, be hin-
dered by the paucity of data for such events. A more 
sensible approach would seem to be to use a range of 
simple models and only have faith in features com-
mon to all.  
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Extremes, patterns, and other structures


in oceanographic and climate records


C. Wunsch


Massachusetts Institute of Technology, Cambridge, MA 02140


Abstract. The human eye and brain are powerful pattern detection instruments.
Coupled with the clear human need to perceive the world as deterministic and
understandable, and the often counter-intuitive results of probability theory, it
is easy to go astray in making inferences. In particular, many examples exist
where attention was called to apparent extreme behavior, whether in time or space
series, or in the appearance of unusual patterns, that are just happenstance. Used
carefully, and with a residual open-mindedness, it is possible to employ some


simple statistical tests to avoid the outcomes of inferring unusual behavior where
none is present, or in rejecting a major finding as being insignificant.


Introduction


“My eye is better than any statistical test.” Well-
known paleoceanographer, circa 2001.


Many of the most important inferences that are made
about the climate system and its changes are based upon


statistical or probabilistic inferences. These inferences in-


clude the deduction of occurrence of extreme events in a


general sense (including, e.g., exceptionally large El Niño


events, stronger than expected trends, covariances beyond
that expected between disparate records, unusual “runs”).


Probability and statistics are, however, among the least in-


tuitively accessible of all mental constructs, and a very large


literature now exists (e.g., Kahneman et al., 1982; Gilovich


et al., 2002) showing how counter-intuitive many important


statistical inferences are—with serious implications not only
for science, but for economics and public policy generally.


Kahneman, although a psychologist, won the Nobel Prize in


economics because his discussions of how people make de-


cisions in the presence of uncertainty captured so much of


their real (as opposed to ideal) behavior. A classic discus-
sion of economic behavior is Mackay (1852); a more recent


one is Malkiel (1999). Coupled with a very powerful human


instinct that the world must be deterministic (predictable)1,


the scientific literature too, is riddled with misguided or mis-


taken conclusions. A number of authors (e.g., Diaconis and


Mostelle, 1989) have noted the very great difficulties people,


including scientists, have in dealing with apparently amaz-


ing, but expectable, coincidences.


1“Human nature likes order; people find it hard to accept the notion of


randomness. No matter what the laws of chance tell us, we search for pat-
terns among random events wherever they might occur...” (Malkiel, 1999).


This paper has a primarily pedagogical intention—there


are no original results; rather it arises out of attempts to


teach students some of the most basic of statistical infer-


ence skills, while simultaneously cautioning them to remain
open-minded and skeptical.


Most of what follows is nothing more than a series of ex-


amples where some statistical or probabilistic inference was


made of a remarkable event that is less clear-cut than the au-


thors seemed to believe, and/or where a certain skepticism
would have been better retained despite the temptation to


make an exciting inference. The possible connection with


the widespread wish for attention in the popular media will


be obvious. An earlier, more limited version of these exam-


ples was discussed by Wunsch (1999).


Single time series examples


Time domain


Consider Figure 1 showing the negative of the anomaly
of atmospheric pressure in Darwin, Australia, and used by


Trenberth and Hoar (1997) as a measure of the strength of


the Walker circulation. Figure 2 displays the sea surface


temperature (SST) Niño3.4 index commonly used as a mea-


sure of the strength of El Niño. Trenberth and Hoar (1997)
infer that ENSO behavior shifted after about 1970 to more


frequent and larger El Niño events. (The change was inter-


preted as the result of global warming and to be “unprece-


dented” in the historical record.) Solow (2006), however,


noted that their anomalous test period, 1992-mid-1995, in


Figure 1 was not independent of the earlier interval of sup-
posedly normal behavior; he used the subsequently longer


record to recalculate the probability that the nature of ENSO


had changed in some significant way. His conclusion was, in
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Figure 1. Negative of the anomaly of atmospheric surface pressure


at Darwin, Australia (Trenberth and Hoar, 1997) and used by them


as a measure of the Walker circulation strength. Curve is normal-


ized to be dimensionless. An 11-year low-passed version is plotted


as the heavy curve.


Figure 2. Time series of the Niño-3 index (from Trenberth and


Hoar, 1997). A baseline of the first 30 years sets the zero, and El


Niño and La Niña identified events are indicated by the black and


gray areas.


Figure 3. Thin line shows the so-called winter North Atlantic Os-


cillation (NAO) Index from Hurrell and van Loon (1997). Thick


line is a low-pass filtered version. The subject of discussion is the


apparent trend beginning about 1960, and inferred to represent a


climate change.


contrast, that while the test period appears different from the


earlier one, subsequently there was essentially no evidence


that the nature of the physics had changed. The compara-
tively dramatic story of the original authors is thus replaced


by a much more ambiguous and unexciting, but presumably


more soundly based, description of the nature of ENSO.


Figure 4. Example of a record that might be inferred by visual in-


spection to have non-stationary behavior. In practice, it is simply


the cube of a stationary AR(1) process, x (n) = 0.999x (n − 1) +
θ (n − 1) , where θ (n) are iid Gaussian pseudo-random. Small


sample determination of non-normal (which this is) as distin-


guished from non-stationary behavior is difficult.


Another example of simple pitfalls can be seen in Fig-


ure 3. Hurrell and van Loon (1997) inferred that the ap-


parent trend at the end of this record represented another


unprecedented shift in a climatologically important index—
that of the so-called North Atlantic Oscillation (NAO). Wun-


sch (1999) showed, however, that such apparent trends were


characteristic of ordinary red noise processes and did not


necessarily have any significance beyond that of a random


walk. Subsequently, Percival and Rothrock (2005) noted that


the statistical significance of such a trend, if calculated us-
ing ordinary least-squares fits over the interval from 1965 to


the record end, could produce results differing by an order


of magnitude from the correct inference. The gist of their


argument was that the conventional tests do not permit one


to choose the interval for the test by visual examination—
that has the effect of using posterior knowledge (the region


with an apparent trend) with a statistical test that assumes no


such knowledge. These debates are related to those about


“regime changes” (Rudnick and Davis, 2003; Overland et


al., 2006 and subsequent comments) and non-stationarity.


For the latter, consider Figure 4 showing a record that many
would probably visually declare to be non-stationary, the


major event near time 1300 appearing out of character with


the previous and later intervals. This record is in fact station-


ary, having been generated as the cube of an AR(1) process


(Wunsch, 1999). Visual inspection is quite misleading, and
one would need to attempt to distinguish the hypothesis of


non-stationarity from non-normal behavior of an autocorre-


lated process—a very difficult problem with small sample


sizes.


How significant must a signal be?


For most of the history of physical oceanography and cli-


mate studies generally, the results were primarily of inter-


est world-wide to a handful of mainly academic scientists.
The stakes, from the point of view of the wider community,


were low, and no dire effects arose from mistaken infer-


ences. A commonly accepted measure of significance was
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beyond one standard deviation (a 65% confidence interval
for Gaussian distributions), or 95% confidence intervals or


levels for Fourier analyses. One might contrast that situation


with e.g., a drug trial, where one would like to be confident


at the 99.9% level, that a new drug does not generate excess


mortality in its users. In a world troubled by climate shifts,
and the tendency of the latest scientific results to make head-


line news, the impact of erroneous inferences in climate and


oceanography now can have enormous social consequences


(see e.g., Kerr, 2006; Chylek, 2007). Much of the comfort-


able scientific obscurity has vanished.


A level-of-significance of 95% implies the expectation of


about 5% false positives. With one million independent sam-


ples, there will be 50,000 false signals (large sample fluctu-


ation extremes become an issue e.g., in David Thomson’s


tests for true periodicities in geophysical records; see Perci-


val and Walden, 1993, p. 513, who quote him as suggest-


ing confidence levels above 1 − 1/N where N is the num-


ber of samples.) In an interesting paper, Seife (2000) dis-


cusses numerous physics signals apparently significant at the


five- and six-standard deviation level that ultimately proved


ephemeral or simply incorrectly interpreted. The astronomer
John Bahcall is quoted as observing “Half of all three-sigma


results are wrong.” As discussed by Seife (2000), sometimes


the context is the wish to call a press conference so as to fore-


stall a competing high-energy-physics team from announc-


ing first and thus winning a Nobel Prize for a new particle
discovery. One can be desperately torn between being cau-


tious, wanting a tighter error bar, and the need to announce


first—a trade-off between possibly appearing quite foolish,


and losing fame and fortune. Earth sciences, fortunately,


rarely demand such fraught statistical decisions!


In contrast, and in a different but related problem worth


mentioning, Lanzante (2005) makes note of the tendency to


compare overlaps of ordinary error bars as a test of consis-


tency of data sets. He notes that such a comparison can be


quite misleading—and overly conservative. Where feasible,
one needs to use two-sample rather than one-sample tests.


Being overly conservative is thus a major problem as


well—leading to rejection of a important new conclusions.


A conspicuous public example of such failure was the rejec-


tion by NASA scientists of observations demonstrating the
ozone hole—the values seen by a spacecraft were deemed


so low as to be erroneous. It was only later, with the detec-


tion of the ozone hole by ground-based measurements, that


the NASA data were resurrected, and it was clear that the


ozone hole could have been discovered much earlier (see


references in Solomon, 1999). Fortunately, someone had
the good sense to retain the data. The history of science


is filled with missed discoveries with conclusions rejected


on the grounds that they were “outliers.” One nice example


is the failure of optical astronomers to realize that Mercury


rotated 2/3 of a revolution per orbit, not once/orbit as stated


by all the textbooks before about 1965, when a radar pulse
was bounced off the planet. Hindsight showed ample obser-


vations inconsistent with once/orbit revolution, but that were


not taken seriously.


Fourier methods


Spectra


Fourier spectral density estimates are very powerful anal-


ysis tools in many contexts. As a combination, however, of


Fourier analysis and statistics, they are perhaps unrivaled in
the literature in giving rise to elementary misconceptions.


Consider for example, the spectral densities displayed in


Figure 5 for the purpose of conveying the importance of the


so-called Milankovitch cycles in ice core records. The peaks


(here considered “extreme events”) strongly suggest record
dominance by the astronomical forcing periods lying in the


vicinity of 100, 41 and 21 thousand years. (Notice the ab-


sence of any uncertainty estimates in these figures).


If one plots the power density spectral estimate over the


entire frequency band, not just that restricted part visible in
Figure 5, and uses a logarithmic power scale (so that the


displayed 95% confidence interval is constant with power),


one infers a completely different picture of the underlying


time series: one in which the record is described at zero-


order as nearly red-noise, and in which the apparent peaks at


the astronomical frequencies, while likely real, contain only
a very small fraction of the record variance (see Wunsch,


2004). Hundreds of examples of such exaggerated display


of “peaks” can be found in the literature. Often the energy


fraction in the peak is so slight as to be of truly questionable


importance. (For example, see Wagner et al., 2001, for the
so-called solar DeVries cycle.)


Bivariate and Multivariate


Correlation and Coherence


Perhaps the most insidious issues lie with inferences that


two or more records are correlated. Indeed, much of the


paleoclimate literature indulges in what is candidly labelled


“wiggle matching”. In that method, two spatially distant
records with uncertain time bases are assumed to be re-


lated, the time axes being then shifted to align the events in


the records. Sometimes after shifting, correlations are cal-


culated and proclaimed to be statistically significant (e.g.,


Bond et al., 2001). Figure 6 displays a classical example of


records apparently showing compelling visual correlation,
but that disappeared when the record became long enough


(see Pittock, 1978).


The possibility of excursions of any stationary Gaussian


time series far from the apparent mean value can be con-


sidered in several ways, including the use of extreme value
statistics. Alternatively, the approach of Rice (1945), sum-


marized, e.g., by Cartwright and Longuet-Higgins (1956)


or Vanmarcke (1983), provides considerable insight. In
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Figure 5. From Vimieux et al. (2001) showing spectral peaks in a


proxy measured in an Antarctic ice core and analyzed over different


time intervals. Note the linear power scale and the small frequency


interval displayed.


that approach, it is shown that for any time series with a


known power spectral density Φ (ω) , that the rate of thresh-


old crossings (upward or downward) depends only upon the


low order spectral moments,


λn =


∫ π/2∆t


0


ωnΦ (ω) dω,


where ∆t is the sampling interval. Unless one can show that


some particular excursion is exceptional, no claim can be


Figure 6. Upper panel is from Brooks (1923) showing the apparent


correlation of Wolf sunspot numbers with central African lake lev-


els. Lower panel shows the disappearance of the apparent sunspot


cycle in the lake levels (reproduced from Pitto, 1978).


made that anything unusual has transpired.


In other examples (e.g., Chapman and Shackleton records


are computed, sometimes properly, but at such low levels of
no significance (in that example, 80%) that the number of


frequency bands apparently related in the two records is so


large as to vitiate the entire test. Another example, shown


in Figure 7, was clearly intended to convince the reader


by visual inspection that the two records were causally re-
lated,.and that the time-lag of six years introduced in the


time shift was justified by the cross-correlation also dis-


played. It is left to the reader to judge whether these two


records are convincingly connected. A few more examples


are discussed by Wunsch (2006).


A common practice in the geophysical sciences is to com-


bine theory with empiricism and to relax even the usual weak


tests of statistical significance. One example, in which I


was directly involved, concerns the so-called pole tide. The


Earth’s rotation axis wobbles about the geographical north


pole with a period of approximately 14 months (see Munk


and MacDonald, 1960). This motion induces a changing


centrifugal force at all locations, and which acts dynamically


as a broadband tide.


Analysis of periodograms and spectral density estimates


of long tide gauge records showed (see Fig. 8) excess en-
ergy in this band only in the North Sea region, increasing


eastward into the Baltic Sea. The apparent amplitude was


several times that expected for so-called “equilibrium tide”.
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Figure 7. Curry and McCartney (1996) in which the red and blue


curves are inferred to be causally related. Note that the red curve


has been shifted by six years relative to the blue one. The number


of statistical degrees of freedom here is very small.


A formal analytical theory explaining this phenomenon was


offered (Wunsch, 1986). Subsequently, attempts to repro-


duce the phenomenon with numerical models proved neg-
ative; furthermore, as the record length subsequently grew,


the apparent pole tide strongly diminished with time. It now


appears (Wunsch, 2001 and the references therein) that the


signal was nothing but the random fluctuation of energy in


the meteorological forcing, coincidentally in the pole tide
frequency band, and that the entire oceanographic literature


on this subject was directed at a will-o’-the-wisp. As this


topic has been of interest to a tiny scientific community, no


great harm was done. It does strongly suggest, however, that


one should use more formal Bayesian methods (e.g., Gauch,
2003) in combining a priori theoretical knowledge with ob-


servations (although precisely what was prior and what was


posterior in such situations is not completely obvious).


Patterns and formulas


The so-called Titius-Bode Law, providing a formula for


the spacing of the planets (including Pluto), has been known


for hundreds of years. It says, in one form, that the spac-
ing (in astronomical units) is d = 0.4 + 0.3 × 2j where


j is the j-th planet (see Fig. 9 and Murray and Dermott,


1999). Work over hundreds of years has been devoted by


physicists and astronomers to the derivation of this formula


as a physical law—to no avail. The futility leads to the ques-


tion of whether it is not simply a statistical accident, as con-
vincing as the results in the table might be. The statistician


Good (1969) concluded that there was only one chance in


130 that it was a statistical fluke. But another well-known


Figure 8. From Miller and Wunsch (1973) showing the growth


of periodogram amplitudes with distance into the North Sea. The


period of excess energy coincides with that known from the Chan-


dler Wobble and was inferred to represent a non-equilibrium “pole


tide”. With hindsight, the simplest explanation is just a random


fluctuation in the periodograms in this region.


statistician (Efron, 1971) inferred that the probability was


about 50% that it was indeed a statistical accident. With-


out attempting to analyze the remarkable difference between


these two conclusions (it appears to lie with differing null-
hypotheses—see Huyber, 2004), it stands as an example


both of the treachery of certain kinds of statistical inference,


but also the ability of nature to provide intriguing patterns


that are indistinguishable from chance.


A somewhat different form of pattern was the focus of
attention by the well-known British physicist A. Edding-


ton whose book (1946) described a number of seemingly


important expressions for the fundamental constants of na-


ture. For example, Lenz (1951) noted that the ratio of the


proton to electron mass was nearly µp/µe = 6π5; or in
Wyler (1969), the fine structure constant by observation is


α−1 = 137.03611± 0.00021. One then finds


α−1 =
(


9/8π4
) (


π5/245!
)


= 137.03608245, (1)


which appears to call for explanation. But it turns out (e.g.,
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Figure 9. The Titius-Bode Law of planetary separation in AU


(Murray and Dermott, 1999) where j is the planet number. Is the


rule coincidence?


Roskies, 1971) that there exists an infinite number of such
formulae in small integers and π, e, and expressions such as


Eq. (1) have no apparent physical significance, intriguing as


they are.


Interesting classroom examples


In teaching it helps to suggest some of the pitfalls of su-


perficial, non-objective, inference. Here are some examples
intended to make a class think a bit.


• Consider Figure 10, which resembles many star charts.


Are these dots structured? From the earliest days of
astronomy, people have been finding patterns in such


pictures (viz., the constellations). The particular pat-


tern shown is completely random, but one’s eye is at-


tracted to various clusters and one might even gener-


ate a theory of these patterns. Ability to recognize
patterns has a clear evolutionary advantage, with false


positives commonly being less dire than false nega-


tives (failure to detect the tiger in the jungle). For this


reason, astronomers have long been concerned about


the inference of spurious patterns (see Julesz, 1982;
Barrow and Bhavsavar, 1987; Newman et al., 1994).


Figure 11 compares the patterns seen by eye on Mars


in the late nineteenth and early twentieth centuries,


with a Hubble telescope image of the same part of the


planet.


• A couple has two children. One of them is a girl. What


is the probability that the other child is a boy?2


• Consider the game of Peter and Paul in which a true


coin is flipped sequentially. Every time the coin comes


2Two-thirds. See Gauch (2003).


Figure 10. A “star-chart” generated by determining horizontal and


vertical positions by drawing two numbers from uniform distribu-


tions in [0, 1] . The eye seeks non-existent patterns.


Figure 11. On the left is a view of Mars drawn in 1894 by Gio-


vanni Virginio Schiaparelli and on the right is from the Hubbell


Telescope (Tom Ruen, Eugene Antoniadi, Lowell Hess, Roy A.


Galllant, HST, and NASA.


up heads, Peter pays Paul $1, and Paul pays Peter the


same amount if the coin is tails. Draw a picture exam-


ple of Paul’s winnings through time.3


• In a game, 20 marbles are distributed randomly among


5 players. Two example outcomes are:


Player: A B C D E


Game 1: 4 4 5 4 3 Type I outcome (non-uniform)


Game 2: 4 4 4 4 4 Type II outcome (uniform)


Which is more probable in the long run?4 (Related


3Feller (1957)
4The second is more probable. Kahneman et al., (1982) P. 36
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to the so-called law of small numbers—the common
expectation that small samples should display the sta-


tistical properties of a large-sample.).


• Basketball player A tends on average to make 30% of


his shots. Player B averages 35%. Player A has just


made 8 shots in a row. Player B has missed his last


two. Should you bet on player A or player B?5


• Cause and effect inference confounded by tendency


of regression toward the mean: Anecdote of pilot


school—instructors find that when giving praise for a
good landing, the next time out, the student seems of-


ten to do worse. But when, instead, a bad performance


is harshly criticized, the next time out, the student


does better. Pedagogical conclusion is that one should


not praise, only criticize! A statistical test shows the


difference is no greater than expected from chance.6


• A population of women is known to have a probabil-


ity of 1 in 100 of having breast cancer. One woman
has a mammogram which shows a lump, believed ma-


lignant. It is known that when a tumor is present, the


test has an 80% accuracy (that is, shows as malignant).


When no tumor is present, the test shows a false posi-


tive 10% of the time. What is the probability that the
woman has cancer?7


• The Monte Hall Game—more formally known as Ber-


trand’s (1889) paradox. Named for the host of the
television quiz show “Let’s Make a Deal.” Contes-


tant is faced with three doors. She is told that behind


one door is a car, and behind the other two doors are


goats. Contestant is asked to pick a door—which is


not opened. Host (who knows where the car is) then
opens one of the two remaining doors to show a goat.


Contestant is then asked if she wishes to switch her


original choice to the remaining closed door. Should


she switch?8


Discussion


I have omitted here discussion of the interesting phe-


nomenon of “pathological science” (see Park, 2000). Mis-


use or misinterpretation of statistics and probability is only


5A run of eight shots in a row must occur by chance. Empirically, the
idea of a “hot hand” in basketball cannot be distinguished from happen-


stance and on average one is advised to nonetheless bet on player B.
6Kahneman et al. (1982). It was suggested at the Aha that one should


criticize successful landings and applaud bad ones. Presumably that exper-
iment has not been conducted.


7Eddy (1992). From Bayes’s theorem, the correct answer is 8%.
8She should switch, assuming the contestant prefers a car to a goat,


as there is a 2/3 chance that the car is behind the other door, as op-
posed to the 1/3 probability that it is behind the first choice. See


http://math.ucsd.edu/˜crypto/Monty/montybg.html. Also Wikipedia which
has an extended discussion.


one way for scientists to get into trouble. Wishful thinking
and general self-delusion are not unknown. The moral of the


story is that statistical and probabilistic inference needs to be


done carefully, with as many of the assumptions the inves-


tigator is aware of being made plain and explicit (National


Research Council, 2006). There are many ways to go astray,
but in general, careful use of existing statistical methods,


transparency, and lingering skepticism are safe harbors for


the scientific investigator. Statisticians sometimes remind


people of the words of Oliver Cromwell to the Church of


Scotland (J. Kadane, private communication, 2007): “I be-
seech you, in the bowels of Christ, think it possible you may


be wrong” (Bartlett, 1968). Locale aside, it seems like good


advice for scientists.
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What is an “extreme event”?
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Abstract. Intuitively an “extreme event” is one in the tail of a probability
distribution. So to understand extreme events requires an understanding of
probability. This paper contrasts two meanings of probability: frequentism
and personalism. I then discuss various examples that might be regarded as
extreme in this light, and how that the same ambiguity that affects statistical
tests of significance from a frequentist viewpoint also affects extreme events.
I conclude that “extreme events” are personal statements, and that people
can reasonably disagree about whether an event is extreme.


Introduction


Roughly what is meant by an extreme event is an
event in the tail of a probability distribution. Figure 1,
below, illustrates this idea.


Some questions immediately occur about this ac-
count – what is the x-axis, and what is meant by the
probability distribution? To address these questions,
it is necessary to be much more precise about what is
meant by probability.


The old way of thinking about
probability: frequentism


Nearly all of us were taught that the meaning of the
phrase “if I flip a coin, the probability of a head is 1/2”
is that if I flip the coin many times, the proportion of
times it will come up heads is 1/2.


Figure 1. Schematic Diagram of an Extreme Event *


The hallmark of this approach is that probability is
thought of as a function only of the event (flip of a
coin) and not a function of the observer. Thus if you
flip the coin, the proportion of times it will come up
heads will also approach 1/2. Therefore, it is proposed,
the number 1/2 is objectively associated with the event
that a flip of the coin will come up heads.


This conception is difficult to use in practice. Sup-
pose, for example, we wish to discuss the probability
that it will rain in Honolulu tomorrow, January 24,
2007, a Wednesday. With what long sequence of past
weather records should I associate this event? Should it
be all previous January 24th’s, all previous Wednesdays,
all previous days in January with similar weather 300
miles to the west of Honolulu, or what? And how can
I argue that my choice among these alternatives leads
to an objective probability, one that you are intellectu-
ally compelled to agree with? Issues of this kind have
led people to abandon frequentism and adopt instead a
different view of probability: personalism.


The new way of thinking about
probability: personalism


What is different about personalism is that it accepts
the idea that probabilities can reasonably depend on
the observer as well as the event. To see how this might
work, reconsider the example of the flip of a coin.


Suppose I flip a coin that we both concede is fair.
Thus we each have probability 1/2 that it will come up
heads. Now I look at the coin, and see that it did come
up heads, but I do not show it to you. My probabil-
ity is now 1, but yours might still be 1/2. However,
perhaps you saw that I lifted my right eyebrow when
I saw the coin, and think that I am more likely to do
so if I look at heads than if I look at tails. Therefore
perhaps your probability is now 60%. Finally, I show
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you that the coin came up heads, and your probability
rises to 1. Thus our probabilities can be different, if we
have different information or beliefs, even though we
are discussing the same event.


This perspective about probability can be made rig-
orous as follows:


Let P{A} be the price for which you would either
sell or buy a ticket that pays $1 if A occurs and nothing
otherwise. Similarly, let P{A | B} be the price for
which you would either buy or sell a ticket that pays $1
if A and B both occur, nothing if B occurs but A does
not, and is called off if B does not occur. (Being called
off means that the price of the ticket is returned).


Then the following theorem obtains:
Your probabilities satisfy the following:


P{A} ≥ 0
for all events A.


P{S} = 1
where S is the sure event.


P{A ∪B} = P{A}+ P{B}
where A and B are disjoint.


P{A | B}P{B} = P{A}


if and only if you cannot be made a sure loser by choice
of the tickets you have offered.


(The proof is available on request, and is to be found
in the first two chapters of the book on uncertainty that
I am currently writing).


Since these are the fundamental laws of probability,
the rest of the theory of probability follows.


Avoidance of sure loss does not make you a winner.
The most extraordinary nonsense can be expressed in a
way that satisfies the laws of probability. For example,
a person who is sure that the moon is made of green
cheese can choose prices for events that reflect those
beliefs. Thus expression of beliefs in the form of proba-
bilities need not compel another person to adopt those
probabilities as their own. Thus probabilities are re-
garded from this perspective as personal, leading to the
name “personalism.”


I think of the laws of probability as being like the
grammar of a language. Violate them, and I am left
in doubt as to what you mean. But just as in ordi-
nary language, grammatical expression does not com-
pel agreement or consent to what is being said, neither
should expression of opinion expressed in probabilistic
language.


Associated views of statistical inference


There are two main views of statistical inference.
Since these are so closely tied to the views of prob-


ability described above, it is worthwhile to trace the
connections.


In both views, there are two fundamental quantities:
data (either before or after observation) and parame-
ters describing the distribution of the data. In sampling
theory statistics, the data are regarded as random, even
after they have been observed, and the parameters are
regarded as fixed, unknown quantities that do not have
a probability distribution. By contrast, in Bayesian
statistics, the data and parameters are both regarded
as random before the data are observed, and are taken
to have some joint probability distribution. The condi-
tional distribution of the data given the parameters is
called the likelihood; the marginal distribution of the
parameters is called the prior distribution. Once the
data are observed, they are regarded as known, and
conditioned on. The conditional distribution of the pa-
rameters given the observed data is called the posterior
distribution. Computation of the posterior distribution
from the prior and the likelihood requires use of Bayes
Theorem, whence the name.


A standard method in sampling theory is to perform
a test, variously a significance test (Fisher) or a hy-
pothesis test (Neyman and Pearson). In such a test, a
null hypothesis is established (such as that a parame-
ter takes a particular value). A test statistic, namely
some real-valued function of the data, is also estab-
lished. These determine a probability distribution for
the statistic under the null hypothesis, before the data
are observed. If the observed data fall in the extreme
tail (or tails) of this distribution, significance is declared
and the null hypothesis is rejected. Thus extreme events
and significance testing have much in common.


In practice, with a small sample size, null hypothe-
ses are not rejected, while with a large sample size they
typically are rejected. Thus whether a hypothesis is re-
jected is driven by sample size. Usually better measures
of sample size are available.


A more subtle issue with tests of significance lies in
the choice of the reference distribution once the data
are observed. As the next section shows, this same am-
biguity affects the interpretation of extreme events.


Consequences for extreme events


Consider the following examples of possible extreme
events:


a. Is it extraordinary that today is January 23,
2007? It never happened before, and won’t hap-
pen again. And yet it had to be some date.


b. Suppose I flip a fair coin five times. There are
25 = 32 possible outcomes; each with probabil-
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ity 1/32. Is it extraordinary that the result is
HHTHT?


c. Think of the statistics announced in sports com-
mentary, such as “This is the first time in the his-
tory of baseball that a third baseman has hit three
triples in a row on the third day of the month.”
Is this extraordinary? Should we care?


In each case, the ambiguity stems from the question
of the space of events that did not occur.


And what of Katrina? We could say that this is
the first time a major American city suffered structural
damage from a storm since Galveston was destroyed in
a hurricane about 100 years ago.


On the other hand, readers of the Times-Picayune
had been aware that New Orleans was vulnerable to
levee failure from a serious hurricane, and the only sur-
prise was the exact date of the catastrophe.


Another issue is that there is this underlying assump-
tion of independent and identical events. Does anyone
believe that the phenomena we study are stationary?
Perhaps over short time frames, but not with respect
to the climate.


Conclusion


From the modern view of probability, an “extreme
event” is an event in the tail of my probability distribu-
tion for it. I can’t expect it, necessarily, to be surprising
or extreme to you. I have to persuade you to buy into
my view, my probability distributions, in order to get
your agreement that an event is extreme.


Whether an event is extreme is legitimately a matter
of opinion.


Acknowledgments. I thank the organizers for a great
conference.
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chapters available on request.)


4. Computing


(a) Gamerman, D. and Lopes, H.F. (2006) Markov
Chain Monte Carlo: Stochastic Simulation for
Bayesian Inference, Chapman and Hall: Boca
Raton (2nd edition).


A general book on MCMC.


(b) Gelman, A. , Carlin, J.B., Stern, H.S. and Ru-
bin, D.B. (2003) Bayesian Data Analysis, Chap-
man & Hall: Boca Raton, (2nd edition).


A general view of what the authors take to be a
correct way of analyzing data.


(c) Gilks, W., Richardson, S. and Spigelhalter, D.
Markov Chain Monte Carlo in Practice, Chap-
man and Hall/CRC: Boca Raton.


A collection of papers, some of them fundamen-
tal, about MCMC. Several important “tricks of
the trade” in these papers.


(d) Robert, C.P. and Casella, G. (2004) Monte Carlo
Statistical Methods, Springer-Verlag: New York
(2nd edition).


A competitor to Gamerman and Lopes. Good
detail on many of the methods.


5. Elicitation


(a) Garthwaite, P., Kadane, J.B., and O’Hagan, T.
(2005) Statistical Methods for Eliciting Prob-
ability Distributions, Journal of the American
Statistical Association, 100, 680–701.


A review paper.


(b) O’Hagan, A. et al. (2006) Uncertain Judgments:
Eliciting Experts’ Probabilities, J. Wiley and
Sons, Chichester.


An extensive report on the psychology, philoso-
phy and practice of elicitation.


6. Testing Hypotheses


(a) Berger, J. and Selke, T. (1987) Testing a point
null hypothesis: the irreconcilability of p-values
and evidence, Journal of the American Statisti-
cal Association, 82, 112–122.


The non-Bayesian character of significance tests.


(b) Jeffreys, H. (1961) Theory of Probability.


A very influential early book. Proposes that the
prior should be different for testing than for es-
timation. Proposes “automatic” priors that de-
pend on the likelihood.


7. Recent books by Physicists on Bayesian Statistics.


(a) D’Agostini, G. (2003) Bayesian Reasoning in
Data Analysis: A Critical Introduction, World
Scientific Publishing Co., Singapore.


I think many physicists would find this book use-
ful.


(b) Jaynes, E.T. (2003) Probability Theory: The
Logic of Science, Cambridge University Press,
Cambridge.


An idiosyncratic book by a controversial figure.


8. Extreme Values


(a) Beirlant, J., Goegebeur, Y., Segers, J. and Teugels,
J. (2004) Statistics of Extremes: Theory and
Applications, J. Wiley and Sons, Chichester.


Chapter 11 is on Bayesian methods.


9. Organization and Journal


(a) The International Society for Bayesian Analy-
sis (ISBA) publishes an on-line (free) journal,
Bayesian Analysis.


You can find it at www.bayesian.org.
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Case studies in disaster losses and climate change 


Roger A. Pielke, Jr., University of Colorado, Boulder, 
with contributions from Peter Hoeppe (Munich Re) and Steve McIntyre (climateaudit.org) 


Abstract. A series of idealized experiments is presented, comparing internally 
stratified Boussinesq flow over three-dimensional ridges of varying height and 
horizontal aspect ratio (i.e., the ratio of cross-stream to stream-wise length 
scales).  However, those experiments are not described in this example, which is 
a patchwork of well-done bits and pieces from former contributors to provide 
examples for proceedings papers. 


 


Introduction 


This paper has three independent sections that to-
gether address important issues related to recent in-
creasing losses related to extreme weather events.  
Part I relates a consensus perspective on this subject 
as developed at a 2006 workshop in Hohenkammer, 
Germany.  Part II seeks to explain an important, and 
overlooked, aspect of trends in hurricane statistics in 
the North Atlantic, where a large fraction of increas-
ing economic losses has occurred in recent decades.  
Part III looks to the future to explain why it is that 
regardless of climate change, societal factors will 
continue to be the most important factors driving loss 
trends. 


Part I: Disasters and climate change (co-
authored with Peter Hoeppe 


In summer 2006 we organized a workshop to bring 
together international experts in the fields of clima-
tology and disaster research.1  The general questions 
to be answered at this workshop were: 
 


• What factors account for increasing costs of 
weather-related disasters in recent decades? 


• What are the implications of these under-
standings, for both research and policy? 


In total, 32 participants from 13 countries attended 
the two day workshop.   
                                                                 
1 The workshop was sponsored by Munich Re, the U.S. 
National Science Foundation, the Tyndall Center for Cli-
mate Change Research, and the GKSS Institute for Coastal 
Research.  The full report can be found at: 
http://sciencepolicy.colorado.edu/sparc/research/projects/e
xtreme_events/munich_workshop/ 


We adopted the IPCC definitions of climate 
change and climate variability.  According to the 
IPCC (2001) climate change “refers to a statistically 
significant variation in either the mean state of the 
climate or in its variability, persisting for an extended 
period (typically decades or longer)” and can be due 
to natural or human causes.2  Climate variability re-
fers to “variations in the mean state and other statis-
tics (such as standard deviations, the occurrence of 
extremes, etc.) of the climate on all temporal and spa-
tial scales beyond that of individual weather events.”  
Such variability also may be due to natural or human 
causes. We therefore use the phrase anthropogenic 
climate change to refer to human-caused effects on 
climate. 


A wide range of datasets and analyses from around 
the world paint a consistent picture: Direct economic 
losses (adjusted for inflation, but not otherwise ad-
justed) have been increasing rapidly in recent decades 
around the world (Figure 1).  Disaster losses have not 
increased in every region at a constant rate.  Some 
regions, like Australia, have seen decreasing trends.  
Since the 1980s there has been a particularly large 
increase in the frequency and magnitude of disasters.  
The trend in the global numbers of great natural ca-
tastrophes since 1950 shows a steep increase in the 
largest weather-related disasters—from about 1 event 
in the 1950s to about 5 in recent decades while geo-
physically caused disasters (earthquakes, tsunamis, 
volcano eruptions) have increased from 1 to less than 
2 in the same time (Munich Re, 2005).  Weather-
related disasters therefore are the major contributor to 
increasing losses due to natural disasters. 


                                                                 
2  http://www.grida.no/climate/ipcc_tar/wg1/518.htm 
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Figure 1. Global disaster losses, 1950-2005.  
 


Climate change and variability are important fac-
tors which shape patterns and magnitudes of disaster 
losses.  For example, even after adjusting for changes 
in inflation, wealth, and population in the 1970s and 
1980s the United States experienced approximately 
$41 billion and $36 billion in hurricane losses, re-
spectively.  By contrast, the 1990s and 2000s 
(through 2005) saw $87 billion and $167 billion (up-
dated data from Pielke and Landsea 1998).  The 
1970s and 1980s were characterized by below aver-
age hurricane activity and storm landfalls, whereas 
the period since 1995 has seen very active seasons 
and correspondingly more landfalls, particularly in 
2004 and 2005.   Similarly, in Australia 13 tropical 
cyclones made landfall along its east coast from 
1966-1975 whereas 7 made landfall from 1996 to 
2005 (and 1976-1985 had 7 landfalls and 1986-1995 
had 6) (Crompton, 2005).  Similar results have been 
found for floods and other weather events in different 
regions around the world.   


Attribution of a trend to anthropogenic climate 
change is difficult (IPCC, 2001).  With respect to 
climate events in some cases there are often insuffi-
cient record lengths, which consequently do not al-
low the exclusion of long-term natural variability as 
causes of observed trends. Other problems arise from 
inhomogeneous data sets.  For instance hurricane 
wind speeds were measured by empirical observation 
of wave characteristics from ships, by using pressure-
wind relationships, by measuring velocities of air-
borne sondes dropped from aircrafts or by Doppler 
radar techniques.  Changing river discharges over 
time might depend on changing flow regimes ac-


counted for by changing land use patterns or chang-
ing hydrodynamic characteristics of rivers brought 
about by hydro-engineering construction work over 
time. Since IPCC 2001, additional research results 
have been published on the changing nature of ex-
tremes and the IPCC will report again on this subject 
in 2007. 


Regardless of what is found with respect to trends 
in extremes, societal change and economic develop-
ment are the principal factors responsible for the 
documented increasing losses to date.  Such results 
have been found looking at disasters globally and in 
specific regions and for specific phenomena, such as 
with respect to US tornados, Australian weather-
related hazards, floods in the United Kingdom, U.S. 
hurricane and floods, Indian tropical cyclones, Chi-
nese floods and storms, Latin American floods and 
storms, and Caribbean hurricanes.3 


Societal changes include population growth and 
migration to exposed locations, increasing wealth at 
risk to loss, policies which lead to increased (or in 
some cases, decreased) vulnerabilities, and develop-
ment characteristics.  Changes in various societal fac-
tors vary according to context.  For instance, China’s 
economy has grown as fast as 8.5% annually, and 
regions such as Florida in the United States have seen 
population growth at a rate far greater than the U.S. 
national average.  Europe has seen little population 
growth overall, but significant increases in wealth.  
Different patterns of societal change result in corre-
spondingly different effects on trends in disaster 
losses.  There is evidence that in some locations dis-
aster mitigation policies have reduced vulnerabilities, 
but the effect on losses and loss trends remains to be 
quantified. 


The impact of extreme weather events varies be-
tween the developing and the developed world.  
While the developed world sees the highest absolute 
direct economic losses from weather extremes, the 
largest numbers of casualties and affected people oc-
cur in poor communities.  Unsustainable exploitation 
of natural resources in many regions in the world 
may exacerbate the impacts of natural disasters, for 
instance by deforestation that may increase the fre-
quency and intensity of floods. The relative role of 
disaster mitigation activities in addressing disaster 
losses remains poorly documented and understood.  
Recent studies comparing relevant cost-benefit analy-
                                                                 
3 These are documented in our report: 
http://sciencepolicy.colorado.edu/sparc/research/projects/extreme
_events/munich_workshop/workshop_report.html  







CASE STUDIES  133


sis conclude, in spite of the methodological chal-
lenges, that the benefit to cost ratio of investments in 
disaster mitigation are about 2-4 (e.g., Mechler 
2005). 


Because of issues related to data quality, the sto-
chastic nature of extreme event impacts, length of 
time series, and various societal factors present in the 
disaster loss record, it is still not possible to deter-
mine the portion of the increase in damages that 
might be attributed to climate change due to green-
house gas emissions. Long time series disaster loss 
data for some regions are either unavailable or of 
poor quality for various phenomena, particularly be-
fore the 1980s (e.g., for China) and the 1970s (Aus-
tralia, Canada, Caribbean, Central America, China, 
Europe, India, Japan, Korea, United States).  The his-
torical loss record is strongly influenced by a small 
number of very large events such as hurricane 
Katrina, which accounted for about 50% of global 
storm and flood losses in 2005.  Thus there is a 
strong element of chance in short-term records. 


The quantitative attribution of trends in storm and 
flood losses to climate changes related to GHG emis-
sions is unlikely to be answered unequivocally in the 
near future because the problems described above are 
expected to persist. As a consequence we urge deci-
sion makers not to expect a definitive solution of 
questions about the linkage of growing disaster losses 
and anthropogenic climate change, as this area will 
remain an important area of study for years to come.  
Such uncertainty need not preclude proactive deci-
sion making.  to extreme weather events should play 
a central role in reducing societal vulnerabilities to 
climate and climate change.  There are three main 
reasons for this conclusion.  


Adaptation to climate variability and extremes has 
always been necessary and future adaptation can be 
most effectively designed if it continues and builds 
upon experience.  Declining global and U.S. trends 
over the long term in mortality and morbidity (or in-
jury) rates due to various extreme weather events 
suggest that adaptation might successfully help con-
tain economic losses.  


Mitigation of greenhouse gas emissions will take 
substantial time to become effective and in the mean-
time adaptation will become increasingly necessary.  


There is a current adaptation deficit, and practices 
of maladaptation and unsustainable development are 
serving to increase vulnerability in many places.  In 
particular, the insufficient pricing of adaptation and 
its benefits in terms of goods and services preserved 


in the face of changes and extreme events' impacts 
leads to inappropriate valuation of risk reducing 
measures in investment and financial calculations 
both at the public and private sector level, particu-
larly in developing countries.  


In all socio-economic sectors impacts of climate 
variability and extremes occur now and adaptation 
policies and measures are used to help to reduce ex-
posure and impacts.  Climate change, regardless of 
cause, may require a broader perspective in adaptive 
capacity than has been the case in the past.  Generally 
these activities are in the domain of  specialized pro-
fessionals such as agronomists for agriculture, engi-
neers and hydro-meteorologists for water manage-
ment, irrigation, flood control etc., structural and de-
sign engineers for infrastructure , buildings etc., pub-
lic health officials for infectious and vector borne 
diseases etc.  The work of these professionals is not 
referred to as adaptation but may be described as 
plant breeding and selection, flood control or flood 
damage reduction, and so forth. Current adaptation as 
now practiced is not sufficient to prevent the growth 
of losses from climate change, variability, and ex-
tremes. 


Decision processes that are dependent upon un-
equivocal quantitative linkages of disaster losses to 
anthropogenic climate change might be reconsidered 
in the context of this expected continuing uncertainty.  
Decision makers might embrace more fully an alter-
native approach to decision making, e.g., based on 
no-regrets vulnerability reduction or proactive risk 
management.  


Mitigation of greenhouse gas emissions should 
also play a central role in response to anthropogenic 
climate change, though it cannot decrease the hazard 
risk for several (or more) decades.  Carbon dioxide 
contributes most to the anthropogenic greenhouse 
effect and primarily is released when burning fossil 
fuels like coal, oil or natural gas.4 Once released into 
the atmosphere, carbon dioxide has an average resi-
dence time in the atmosphere of up to 200 years.  
This means that emission reductions of carbon diox-
ide cannot reduce its concentration on a short term 
and therefore cannot result in immediate changes to 
the climate system.  Emission reductions, however, 
influence the future levels of carbon dioxide in the 
atmosphere and thus the further increase in global 
temperatures and the potential for more frequent and 


                                                                 
4 Other relevant green house gases are methane, N2O and 
CFCs and water vapor. 
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intense extreme events. Emission reductions reduce 
the risk of abrupt climate changes and climate proc-
esses that could become irreversible.  


With respect to disaster losses, we recommend the 
creation of an open-source disaster database accord-
ing to agreed-upon standards. Currently, only a few 
global databases exist, the most comprehensive being 
the NatCatSERVICE® database of Munich Re, the 
Sigma reports by Swiss Re, and the EM-DAT data-
base of CRED at Leuven University.  The most com-
prehensive disaster databases are currently not pub-
licly available.  An open-source database would en-
able the scientific community to study worldwide 
disaster characteristics and trends as well as contrib-
ute to assessing and improving its quality.  


But improved policies with respect to disasters and 
anthropogenic climate change need not await the 
creation of such a database.  The major factors under-
lying increasing disaster losses are manifestly appar-
ent.  Greater detail may be useful, but it will not 
change the conclusion that effective policies must 
focus on both adaptation as well as mitigation. 


Part II: Deconvolving trends in North Atlan-
tic power dissipation (co-authored with Steve 
McIntyre)  


In 2005, Emanuel (2005a) published a paper argu-
ing that an index of power dissipation (PDI, defined 
as the time integral of the cubed wind speed) has 
doubled in the Atlantic basin over the period 1949-
2004.  In replies to this paper, Landsea (2005) noted 
that a time series of trends in PDI at landfall in the 
United States showed no such increases, and Pielke 
(2005) presented similar results looking at normal-
ized economic losses.  In reply, Emanuel (2005b) 
accepted these findings and argued that the difference 
between trends at landfall and those found in the ba-
sin as a whole could likely be explained by simple 
randomness, suggesting that the dataset that he used 
contained “about 100 times more data” than the land-
fall data set and that his results accordingly had “a 
signal-to-noise ratio that is ten times that of an index 
based on landfalling wind speeds.”  In other words, 
the landfall data might simply reflect the randomness 
of a small subset of the overall Atlantic basin hurri-
cane dataset. 


We utilize the identical dataset used in Emanuel 
(2005a) and find that the trend reported in Atlantic 
PDI is confined exclusively to the eastern portion of 


the Atlantic basin.  In the western portion, where all 
U.S. landfalls occur, there is in fact symmetry be-
tween trends in the overall basin PDI and that ob-
served at landfall.  Our analysis presents several new 
empirical results: 


 
• a trend to the east in median annual longitude of 


NATL tropical cyclone tracks; 
• a lack of trend in the western 60% of the NATL 


basin in all relevant integrals (storm-days, hurri-
cane-days, power dissipation index); the entire 
NATL increase in relevant integrals is derived 
from the eastern 40% (and especially eastern 
20%) of the NATL basin. 


• A corresponding decrease in the proportion of 
storms that make landfall in the United States. 


 
We discuss the significance of these findings for 


the ongoing debate over trends in metrics of NATL 
tropical cyclone activity.  


 
Analysis 
 


The North Atlantic track dataset used here is the 
HURDAT data, (http://www.nhc.noaa.gov/tracks 
1851to2006_atl.txt) as archived on Feb 1, 2007, and 
is the same dataset used in Emanuel (2005a). Wind 
speeds were adjusted according to the Emanuel 
(2007) implementation of the adjustment proposed in 
Landsea (1993), reflecting the exchange between 
Landsea (2005) and Emanuel (2005b). “Storms” de-
note cyclones with adjusted wind speeds exceeding 
35 knots (hurricanes – 65 knots). Landfall data are 
from http://www.aoml.noaa.gov/hrd/hurdat/ushurrlist 
18512005-gt.txt, as downloaded on Jan 17, 2007. 


The first panel of Figure 1 shows total North At-
lantic hurricane counts and U.S. from 1851 to 2006.  
Researchers differ on when the dataset becomes reli-
able for trends analysis, but most agree that data 
since 1970 are of the highest quality (WMO 2006).  
The second panel of Figure 1 shows the NATL power 
dissipation index (following Emanuel 2005a) with a 
bolded smooth covering 1950-2004.  The bottom 
panel of Figure 1 shows the median annual longitude 
of storm tracks in the HURDAT data base. The me-
dian longitude has moved nearly 16 degrees - from 
76W in the decade preceding World War I to 60W in 
the 1997-2006 decade.  
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Figure 2. Top: Black – Total North Atlantic cyclone 
count; red – U.S. landfall hurricane count. 2006 values 
also highlighted.  Middle: PDI smoothed as in Emanuel 
2005a. Bottom : Mean longitude of North Atlantic storm 
tracks (>= 35 knots) smoothed as in Emanuel 2005a.  


In order to analyze the impact of the eastward 
trend of track measurements on storm and hurricane 
day counts, we classified the Emanuel (2005a) data 
(>= 35 knots) for the 1851-2006 period into five lon-
gitude quintiles (quintiles at 51W, 63W, 73W and 
83W, see Figure 3). Most U.S. landfalls occur in the 
two western quintiles (west of 73W), while the two 
eastern quintiles (east of 63W) – especially the 
southern portions – are relatively remote from land.  


 


 
Figure 3. Longitude quintiles. Each track measurement in 
the HURDAT database indicated by a dot. 


and as smoothed in Emanuel (2005).  Slope of 1949-2004 
(as in Emanuel,(2005) trend shown at top of each panel.  


Figure 4. North Atlantic PDI.  Top – two eastern quintiles; 
bottom – three western quintiles, together with linear trend 


Figure 4 shows the NATL PDI for 1851-2006, 
with the two eastern quintiles in the top panel and for 
the three western quintiles in the bottom panel. Also 
shown is the smoothing (a 1-2-1 filter applied twice) 
used in Emanuel (2005a as corrected by Emanuel 
2005b) and the 1949-2004 trend (the period used in 
Emanuel 2005a).  There is a trend in the two eastern 
quintiles, but not in the three western quintiles.  In 
the western quintiles, 2004 and 2005 were extremely 
active years, but 2006 was one of the most inactive 
years. 


Emanuel 2005b argued that lack of a trend in U.S. 
landfall PDI (identified by Landsea 2005) corre-
sponding to the overall increase in NATL PDI was 
likely a random fluctuation.  However, our analysis 
shows that there is no inconsistency between the lack 
of landfall trend and the lack of trend in the western 
quintiles using the same HURDAT data employed by 
Emanuel. 


Figure 2 indicates a declining proportion of land-
falls throughout much of the twentieth century.  
Thus, it necessarily must be true that either the his-
torical data are flawed or there are real changes in the 
characteristics of NATL tropical cyclone climatol-
ogy, or perhaps both.  In addition, there is no simple 
relationship between the percentage of landfalling 
storms and Atlantic June-October sea surface tem-
perature anomalies with a correlation of less than 
0.006 (http://www.cpc.noaa.gov/data/indices/sstoi.atl.indices)  
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Discussion 
 


In the 1990s, tropical cyclone research generally 
indicated that there was no statistically significant 
upward trend in North Atlantic hurricane activity 
(e.g., Landsea et al. 1996, Solow and Moore 2000; 
Landsea 2001). This view has been challenged in 
several recent studies that claimed to observe “statis-
tically significant” upward trends in indices related to 
North Atlantic (NATL) tropical cyclones (power dis-
sipation index: Emanuel, 2005a, Mann and Emanuel, 
2006; number of storms: Holland and Webster, 2007; 
proportion of  intense Category 4+ hurricanes: Web-
ster et al. 2005).  In contrast, other analyses have re-
ported a lack of trend in indices related to landfalling 
NATL cyclones (number:  Landsea 2005; normalized 
damage: Pielke 2005) and a lack of trend in global 
storm and hurricane counts and days (Webster et al 
2005). These discrepancies have not been resolved 
(WMO, 2007, IPCC 2007). 


Some have argued that offshore storm data are un-
der-measured in earlier parts of the historical record, 
noting potential biases through changing detection 
and measurement methodologies and technologies, 
which include not just the introduction and improve-
ment of aircraft and satellite reconnaissance, but 
changes from sail to steam and diesel vessels and the 
introduction of the telegraph (e.g., Solow and Moore, 
2000, 2002; Landsea et al. 2006; Kossin et al. 2007).  
In contrast, those claiming to have identified signifi-
cant trends argue that the record is adequate for cli-
mate research. For example, Mann and Emanuel 
(2006) stated: 
 


A reasonably reliable record of annual North At-
lantic tropical cyclone counts is thus available back 
into the late nineteenth century. 


 
Holland and Webster (2007) made a similar claim 
 
… we consider that the veracity of the NATL tropi-


cal storm data base is sufficient to enable the broad 
brush analysis that we undertake in this study. Prior 
to 1945 we concentrate on the total number of tropi-
cal cyclones, irrespective of intensity. 


   
The analysis presented here shows that the lack of 


trend in U.S. landfall data accurately reflect a corre-
sponding lack of trend in power dissipation, storm 
and hurricane-days west in the western 60% of the 
NATL basin, i.e., west of 63W. The combination of 


no trend in the western NATL and a strong trend in 
the eastern NATL means that the entire NATL in-
crease is contributed by events in the eastern NATL. 
These trends have coincided with many changes in 
observational technology and techniques that could 
easily have had a stronger impact on measurements 
in the east Atlantic, ranging from the introduction of 
aircraft reconnaissance and satellite surveillance in 
the more recent period to earlier changes such as the 
change from sail to steam and then diesel vessels at 
sea and the introduction of telegraph reporting (Land-
sea et al. 2006). Given that the increase in activity 
only exists in the portion of the Atlantic that was 
relatively more remote from U.S. surveillance, it is 
possible that this trend in the eastern Atlantic (and 
thus the count for the entire basin) is due to differen-
tial impact of technical advances on detection in 
more remote locations.  


Of course, it is also possible that the changing 
mean longitude and decreasing proportion of U.S. 
landfalls is at least in part a reflection of the actual 
behavior of the climate system. However, if one is to 
argue that the trend in east Atlantic quintiles is due to 
climatic, rather than methodological or technological 
changes, then a climatic explanation of the differ-
ences between eastern and western quintiles is re-
quired. Candidate explanations might include an ex-
pansion of the parts of the NATL basin favorable to 
tropical cyclone development and tracks, or a change 
in track patterns.   If, indeed, climatic changes and 
not changes in observing systems are responsible for 
the decreasing proportion of U.S. landfalling storms, 
then these changes have had the fortuitous result of 
causing no increase in the activity level of the storms 
that cause the most damage and casualties.  


 
Conclusion 
 


This short analysis has revisited trends in North 
Atlantic tropical cyclone activity showing a marked 
easterly trend in median annual longitude through the 
20th century. The entire increase in Atlantic cyclone 
took place east of 63W, while there was no trend in 
the western part of the NATL basin. This lack of 
trend is completely consistent with a previously ob-
served lack of trend in U.S. landfall hurricanes, all of 
which occur in the western part of the basin.  It is 
possible to rule out a hypothesis of randomness as the 
basis for the discrepancy between lack of trend in 
landfall data and the seemingly significant trends in 
other overall basin indices of hurricane activity. 
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There are several possibilities that can explain 
these findings: 


 
• Data from earlier time periods may be relatively 


more deficient in the more remote eastern NATL 
and the lack of trend in the western Atlantic may 
have also existed in the eastern Atlantic.  If so, 
the trend in eastern NATL cyclone activity and 
PDI may simply be an artifact of changing meas-
urement and detection methods. Since the overall 
Atlantic trend is a result of the eastern NATL 
trend, then this implies that the overall Atlantic 
trend would also be an artifact of changing meth-
odologies.     


• Alternatively, trends in the total number of 
storms may reflect increasing activity that occurs 
only in the eastern NATL. The decreasing pro-
portion of activity in the western part of the basin 
and related decrease in landfall proportion would 
then result from some yet unknown climate proc-
ess that may or may not have a relationship to 
human activity.   


• There is no obvious relationship between SSTs 
and landfall proportions. 


 
Hurricane activity in the western NATL basin was 


historically low in the 1970-1994 period and decision 
makers should take care not to overlook that these 
levels are likely to be frequently exceeded in the fu-
ture whether due to global warming, randomness, 
natural causes, or some combination. Given the im-
portance of landfalling storms to society, the research 
community should place even greater attention to the 
challenging and important scientific questions of 
tropical cyclone landfall climatology 


Part III: Projecting global tropical cyclone 
losses on the basis of range of assumptions  


The impacts of climate on society result from the 
interaction of a climate event and societal vulnerabil-
ity to experiencing impacts.  Pielke (in press) em-
ploys a sensitivity analysis to examine various com-
binations of climate change and societal conditions 
(and the relationship of the two) to assess future eco-
nomic impacts of tropical cyclones and the relative 
potential for different approaches to their mitigation.  
The goal is not to perform a cost-benefit analysis of 
policy options.  Nor is the goal to predict future im-
pacts or to arbitrarily select among different scientific 


understandings.  Rather the goal is to explore the po-
tential effectiveness of alternative approaches to ad-
dressing future tropical cyclone losses in the context 
of a wide range of assumptions about the future. 


In order to assess possible future damage to tropi-
cal cyclones relative to today requires a number of 
assumptions.  Pielke (in press) uses assumptions 
about societal changes (two different changes in per 
capita wealth and population), climate change (two 
different scenarios for changes in intensity), and the 
relationship of climate change to damage (three dif-
ferent relationships).  These various combinations 
give 2 * 2 * 3 = 12 possible outcomes which are 
meant to bound the space of possible outcomes under 
plausible ranges of assumptions for each of the key 
factors.  Table 1 summarizes these assumptions, 
which are documented in detail in Pielke (in press).5 


 
Table 1. Assumptions of the sensitivity analysis in 
Pielke (in press) to 2050 
 


Societal change 
Annual combined increase in wealth and popula-
tion (based on expert projections):  2.5% and 4.7% 
 
Climate change 
Total increase in tropical cyclone intensity (based 
on an informal expert elicitation):  8% and 36% 
 
Relationship of climate change to damage 
Damage varies as (based on a literature re-
view):   3rd , 6th, and 9th power of the storm in-
tensity 
 
The analysis begins with $1.00 in damages today 


and asks how that value will increase by 2050.  Table 
2 and Figure 5 illustrate the analysis step-by-step as-
suming that all tropical cyclones increase in intensity 
by 18% by 2050, population/wealth increases by 
180% above today’s levels (i.e., 2.5% annual 
growth), and damage is proportional to the cube of 
the intensity.  Under these assumptions the total costs 
of tropical cyclone damage in 2050 is $4.60.  Table 3 
shows the results for the full range of assumptions.  


 
 


                                                                 
5 Note that the assumptions used in Nordhaus (2006), cited 
by Stern, are within the bounds of the assumptions used by 
Pielke (in press).   
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Table 2. An overview of the approach in Pielke (in 
press)  
 
Assumptions for 2050: 
 


1. Change in tropical cyclone intensity = 18% 
2. Change in population and wealth above pre-
sent baseline = 180% 
3. Damage function = cubic  


 
A = tropical cyclone damages today = $1.00 
B = increase in tropical cyclone damages in 2050 = 


64%, i.e., damage increase = (($1.00 * 
0.18))^3-$1.00 = $0.64 


C = increase in tropical cyclone damage in 2050 = 
Today’s damage + 180% increase = $1.00 * 
1.80= $1.80 


D = combined effect of B and C = $1.80 * 0.64 = 
$1.16 
E = Total increase in costs = B + C + D = $0.64 + 
$1.80 + $1.16 = $3.60 
F = Total tropical cyclone economic damage in 2050 
= A + E = $4.60 


 


 
Figure 5. Display of values presented in Table 2. The col-
ors refer to the effects of societal change (blue), climate 
change (green), and the combined effects of climate and 
societal change (green-blue).  


 
This analysis allows for a comparison of the poten-


tial effectiveness of mitigation policies and adapta-
tion policies.   For example, consider a hypothetical 
emissions reduction policy that leads to a 10% reduc-
tion in the projected increase atmospheric greenhouse 
gas concentrations in 2050.   Carbon dioxide concen-
trations are about 380 parts per million in 2006, and 
assuming that carbon dioxide concentrations will be 
500 ppm in 2050 under business as usual, a 10% re-


duction equates to a 12 ppm decrease (i.e., 10% = 
12/[500 – 380])6  Assuming that greenhouse gas re-
ductions have an instantaneous (i.e., contemporane-
ous with the reductions) and proportional (i.e., a 50% 
decrease in emissions decreases the projected in-
crease in tropical cyclone intensity by 50%) effect on 
tropical cyclone intensity,7 then policies that lead to a 
10% decrease in atmospheric carbon dioxide concen-
trations in 2050 would (under the assumptions here) 
decrease the projected increase in hurricane intensi-
ties by 10% in 2050.  The corresponding reduction in 
projected damages would be therefore about $0.21 
(i.e., the increase in intensity would be reduced from 
18% to 16.2%, see Pielke, in press, for details of the 
calculation) reducing losses in 2050 from $4.60 to 
$4.39, a reduction of about 4.5%. Under these as-
sumptions, 100% success in implementation of a pol-
icy about five times more ambitious than Kyoto is the 
equivalent in its effect of about a 4.5% success rate in 
addressing ever-increasing vulnerability through ef-
forts to build societal resilience.  


Greenhouse gas mitigation may certainly be justi-
fied for other reasons, such as its cost-effectiveness, 
but if the case of tropical cyclones is representative of 
other disaster-related phenomena, then even if green-
house gas mitigation polices were cost-free, then vul-
nerability reduction would still have far greater po-
tential to address the mounting toll of disaster losses 
because emissions reduction policies can only ad-
dress a subset of the multiple causes of increasing 
losses.  It should be underscored that this exercise 
was conducted using conservative projected societal 
changes (i.e., wealth, population) as well as unrealis-
tic assumptions about climate behavior.  Using larger 
societal changes and more realistic assumptions 
about climate science would result in a larger poten-
tial effectiveness ratio in favor of vulnerability reduc-
tion.  Thus, the effectiveness of mitigation is cer-
tainly overstated in this analysis.  These results are 
robust even under the full range of assumptions about 
changes in tropical cyclone intensities.  


Table 3 also shows the potential effectiveness of 
                                                                 
6 By contrast under the Kyoto Protocol if fully and suc-
cessfully implemented by 2012 (including participation of 
the U.S. and Australia) the corresponding carbon dioxide 
reduction would be 2 ppm by 2012 and, absent other poli-
cies, about 2.5 ppm by 2050. 
7 Of course, the real climate system does not work this 
way, and the effects of mitigation on hurricane behavior 
remain poorly understood, but it is certainly less direct 
than the oversimplification offered here. 
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instantaneous climate stabilization at 2006 values.  
Under no scenario does this form of mitigation result 
in a greater potential effectiveness than vulnerability 
reduction.  It is therefore appropriate to conclude that 
vulnerability reduction is potentially more effective 
under any theoretically possible mitigation scenario.  
Under any plausible mitigation scenario, vulnerabil-


ity reduction vastly exceed mitigation in terms of its 
potential effectiveness.  These conclusions are quali-
tatively insensitive to the magnitude of the projected 
increase in tropical cyclone intensity or population 
scenarios.  The longer the time scale, the greater the 
role of the societal factors assuming continued 
growth in wealth and/or population.  


To emphasize, the analysis summarized here 
should not be interpreted as an argument against 
mitigation of greenhouse gases.  And there is no sug-
gestion here that human-caused climate change is not 
real or should not be of concern.  Instead, this simple 


analysis under the most favorable assumptions for 
mitigation indicates that in the coming decades any 
realistically achievable mitigation policies can have 
at best only a very small and perhaps imperceptible 
effect on global tropical cyclone damage, whatever 


 
Table 3.  For a range of assumptions about intensity change and changes in population/wealth, the growth of 
$1.00 in global tropical cyclone damage today into damage in 2050 using damage functions that assume 
damage as being proportional to the 3rd, 6th, and 9th powers of windspeed.  The first column of Table 2.1 
shows the values from the example shown in Table 3.  Values expressed in constant 2007 dollars. 
 


 
3a. 18% increase in intensity by 2050     
Societal Change 180% 180% 180% 600% 600% 600% 
Damage Function Cubic 6th Power 9th Power Cubic 6th Power 9th Power 
Climate 0.64 1.70 3.44 0.64 1.70 3.44 
Society 1.80 1.80 1.80 6.00 6.00 6.00 
Climate/Society 1.16 3.06 6.18 3.86 10.20 20.61 
Total Damage 4.60 7.56 12.42 11.50 18.90 31.05 
Maximum effect of 10% 
Reduction in 2050 CO2 
Concentrations 0.21 0.67 1.60 0.52 1.66 4.01 


Maximum Mitigation 1.80 4.76 9.62 4.50 11.90 24.05 
Maximum Vulnerability 
Reduction 4.60 7.56 12.42 11.50 18.90 31.05 
       
       
3b. 36% increase in intensity by 2050     
Societal Change 180% 180% 180% 600% 600% 600% 
Damage Function Cubic 6th Power 9th Power Cubic 6th Power 9th Power 
Climate 1.52 5.33 14.92 1.52 5.33 14.92 
Society 1.80 1.80 1.80 6.00 6.00 6.00 
Climate/Society 2.73 9.59 26.85 9.09 31.97 89.50 
Total Damage 7.04 17.72 44.57 17.61 44.29 111.42 


Maximum effect of 10% 
Reduction in 2050 CO2 
concentrations 0.54 2.63 9.56 1.36 6.59 23.90 


Maximum Mitigation 4.24 14.92 41.77 10.61 37.29 104.42


Maximum Vulnerability 
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the costs of those policies might happen to be.   This 
reality explains why adaptation necessarily must be at 
the center of climate policy discussions and must be 
viewed as a complement to mitigation policies, rather 
than being viewed simply as the costs of failed miti-
gation, as suggested by the Stern Review.  It also 
helps to explain why mitigation policies in the short-
term necessarily must be focused on their non-
climate benefits.  These are decidedly different con-
clusions than were presented in the Stern Review.  


Most importantly these results show how mislead-
ing it is to use tropical cyclone damage – and disaster 
losses more generally -- as a justification for green-
house gas mitigation when other actions have far 
more potential effectiveness.  The images of storm-
spawned death and destruction are no doubt compel-
ling, but it is misleading or disingenuous to suggest 
that energy policies can have an appreciable effect on 
future damages.  The only way to arrive at effects on 
damages from human-caused climate change that 
exceed the effects of  societal change is to hold soci-
ety constant and focus only on the climate compo-
nent, which is what was done in the ABI reports and 
subsequently done (apparently unknowingly) in the 
Stern Review.  Climate change deserves serious at-
tention, and policy action on mitigation makes sense, 
but when compared with available alternatives for 
addressing the escalating costs of disasters, adaptive 
policies deserve to be in the fore.  
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Large deviation theory and extreme waves
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Abstract. The mathematical tools of large deviation theory for rare events are
illustrated with some simple examples. These include discrete and continuous
Gaussian processes, importance sampling, and evolution equations of the Langevin
type. Some of these methods have been used in the study of rogue surface waves
but it seems that large deviation theory could have much wider application in
geophysical problems.


Introduction


Our knowledge of many small-scale processes in atmo-
sphere and ocean dynamics is necessarily statistical in na-
ture. For instance, this obviously applies to ocean surface
and internal waves, which in large part must be treated as a
random field whose statistics are described (or at least con-
strained) by observed spectra. When such processes show
extreme behaviour (e.g., rogue waves, or large-amplitude in-
ternal waves that may lead to wave breaking) then a natu-
ral question to ask is whether ‘new physics’ is involved, or
whether the extreme event is just that, i.e., an extreme form
of the same physical dynamics that also governs the non-
extreme, typical events. Statistical methods using observed
‘normal’ spectra can be used to study the second kind of ex-
treme event but not the first kind, and this offers a test for
detecting the presence of new physics.


In this context an important general tool from applied
probability is large deviation theory (LDT). This theory is
well-developed in the mathematical community (e.g.,Frei-
dlin and Wentzell [1998],Varadhan [1994]) and it has being
applied successfully to diverse problems such as communi-
cation network behaviour, chemical reactions, conformation
changes between meta-stable states, and phase transitions in
general. There are two basic facts that make LDT relevant
to these applications: first, it turns out that events with very
little likelihood, when they occur, do so in the overwhelming
majority of cases by following the path that isleast unlikely.
In other words, the probability distribution conditional on
the occurrence of a rare event is tightly localized around the
most likely way in which the rare event can be realized. In
this sense, the shape of rare events of a stochastic process
becomes nearly deterministic.


Second, in problems where multiple time scales are in-
volved a rare event on one time scale is not rare when viewed
from another timescale. For example, a chemical reaction
(or the folding of a protein) are rare when compared to the
natural time scale of molecular oscillations, but they are not


rare when viewed from a macroscopic time scale. This sec-
ond point obviously applies to geophysical systems in which
fast small-scale processes (such as internal wave breaking
and the concomitant ocean mixing) are known to contribute
significantly to the slow large-scale evolution of the global
system.


This indicates that LDT might be useful in geophysical
problems involving extreme events. In fact, some aspects of
LDT have been rediscovered independently in the surface
oceanography community (e.g.,Boccotti [1989], Phillips
et al. [1993]), but it appears that LDT itself is not well
known. Here the basic tools of LDT are illustrated with
some simple examples. Perhaps the most important feature
of LDT is that it is disarmingly easy to use in practice, be-
cause it converts the problem of finding the most likely shape
of a rare event into a problem of constrained minimization
of a certain action functional. This allows the use of calculus
of variations and numerical optimization on these problems
and it also allows a very flexible definition of the rare event
itself, which can be a lot more complex than simply exceed-
ing an amplitude threshold at some point, say.


Discrete Gaussian random variables


This is the simplest context in which to discuss large
deviations because here an exact solution for simple large-
amplitude events exists and can be compared with LDT. We
consider a discrete random process that is a sequence of real-
valued random variablesXi with i ∈ Z. For instance, the
Xi could represent measurements of sea surface height at a
fixed position and at timest = i∆t where∆t is the time
resolution of the instrument. We assume that the first two
moments ofXi are


E [Xi] = 0 and E [XiXj ] = Cij (1)


whereE [] denotes statistical expectation. Thus the variables
have zero mean and covariances given by the positive defi-
nite covariance matrixCij = Cji. In the special case of a
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stationary processCij = C|i−j|. We will alwaysassume that
Cij goes to zero as|i− j| goes to infinity. The information
in (1) is enough to define a normal distribution for theXi as
follows: if we select anyN variables out of theXi then the
N -point probability distribution is given by the multivariate
normal density


p(x1, . . . , xN ) =
1
Z


exp



−1


2


N∑


i,j


xiC
−1
ij xj



 (2)


whereZ = (2π)N/2
√


detCij. (Note that this definition
of a Gaussian process far exceeds the requirement thatXi


should be normally distributed for a single valuei.) This
holds1 for any finiteN and completely specifies the statistics
of the process. For instance, the probability to find all of
the selectedXi in some arbitrary intervalsBi can now be
computed as


P [X1 ∈ B1, . . . , XN ∈ BN ] =
∫


x1∈B1


. . .


∫


xN∈BN


p dx1 . . . dxN .


(3)
The key component of the Gaussian density in (2) is the posi-
tive definite2 quadratic form in the exponent. By inspection,
it suggests that “likely configurations” of the random pro-
cess will be associated with smaller values of this quadratic
form. More precisely, we can define coarse-grained config-
urations by pickingN real numbersφi and settingBi =
[φi − δ, φi + δ] with small bin-sizeδ. This yields


P
[
max


i
|Xi − φi| ≤ δ


]
≈ (2δ)N


Z
exp



−1


2


N∑


i,j


φiC
−1
ij φj






(4)
as δ → 0, which exhibits the role of the quadratic form.
Clearly, the most likely configuration isφi = 0 for all i,
which corresponds to a flat ocean surface at all times. This
shows vividly that the most likely configuration (which for
a Gaussian distribution always coincides with the mean con-
figuration) need not dominate the statistics, because the ag-
gregate probability of all other possible configurations may
far exceed (4). This changes once we look at conditional
probabilities for extreme waves, where the most likely con-
figuration can indeed dominate the statistics.


Conditional distribution


We now make the assumption


A : X0 = a (5)


1In this example we pickedN consecutive members ofXi but (2) holds
with obvious modifications in the general case.


2This is easily extended to singular covariancematricesCij , which have
a zero eigenvalue associated with a linear combination of theXi that yields
a deterministic variable. In this case the quadratic form in (2) is defined by
its action on the orthogonal eigenvectors and is set to+∞ when acting on
the null eigenvector.


for some positive amplitudea > 0 and then consider the
conditional distribution of the processXi under this assump-
tion. The motivation is that we want to investigate the pro-
cess under the assumption that an extreme amplitudea has
been recorded att = 0. This is particularly easy for a Gaus-
sian process because the conditional distribution is again
Gaussian with conditional means and covariances that are
given by the standard linear regression formulas, which are
exact for Gaussian variables. This yields


E [Xi|A] = a
Ci0


C00
and E


[
X ′


iX
′
j |A


]
= Cij −


Ci0C0j


C00
(6)


whereX ′
i denotes the deviation ofXi from its expected


value. The Gaussian distribution corresponding to (6) has
a number of remarkable features:


• the conditional mean configuration is nonzero and
equal to the scaled covariance vectorCi0 (or autocor-
relation vector) of the original process. For a Gaussian
process this is also the most likely configuration.


• The conditional variance vectorE
[
X ′2


i |A
]


is zero at
i = 0, where the conditional process is equal toa
by assumption; if the original covariance vectorCi0


goes to zero for large values ofi then the conditional
variance matrix relaxes toCij if both i andj are large.


• Most importantly: the conditional covariance matrix
is independent of the valuea.


Crucially, the last point implies that the standard deviation of
Xi divided by its mean value scales explicitly as1/a, which
goes to zero for very largea. In other words, the condi-
tional shape of the Gaussian process becomes deterministic
asa → ∞ in the sense that the relative size of statistical
fluctuations goes to zero in this limit. For instance, for a
stationary process withCij = C|i−j| andσ =


√
C0 the


signal-to-noise ratio for the conditional process under (5) is


E [Xi|A]√
E [X ′2


i |A]
=
a


σ


Ci√
σ2 −C2


i


. (7)


This shows that for fixedi the relative error becomes small
if a � σ. Also, for fixed relative amplitudea/σ the relative
error becomes large ifi becomes large andCi goes to zero.
This shows that in the case of a very large amplitudea/σ at
i = 0 the shape of the random process neari = 0 (where
Ci ≈ σ2) is essentially deterministic. Far away fromi = 0
(where|Ci| � σ2) the influence of the extreme event has
faded away. Based on this fact the easily computed autocor-
relation function of a random process emerges as a simple
candidate shape for large-amplitude waves.


Draupner rogue wave


As said before, the basic results in the last section are
well known in surface wave oceanography as are their nat-
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Figure 1. Draupner rogue wave data together with large deviation
estimate (termed “NewWave”) based on (6a) combined with Stokes
corrections. The covariance function was estimated from 20 mins
of storm data near the time of the rogue wave. The top panel shows
the bare prediction (dot-dashed line) and its modification including
Stokes corrections to fifth order (dotted line). The bottom panel
shows the fit of actual wave (full line) by the prediction (dotted
line). FromWalker et al. [2004].


ural extensions to continuous functions, in which both the
function value and a zero slope can be specified at one point.
For moderate values ofa/σ this helps discerning maxima of
the wave field, although for largea/σ a zero slope is vir-
tually implied by the large function value, which with high
probability corresponds to a maximum of the wave field.


This approach has also been used to analyze data sets
from rogue waves such as the Draupner wave, although
there are far too few data sets to allow a comprehensive
study. Of particular interest is the recent work on the Draup-
ner wave byWalker et al. [2004], who adjusted the most
likely shape in (6a) with nonlinear Stokes corrections up to
fifth order. This heuristic procedure, in which the classi-
cal Stokes correction expansion for nearly monochromatic
small-amplitude surface waves is applied to the Fourier com-
ponents of the most likely large wave, narrows the peaks
and widens the troughs of the shape. Figure 1 shows that
this improves the fit with the Draupner wave. Importantly,
this nonlinear procedure also breaks the explicit linear up–
down symmetry in (6a), which is clearly unrealistic for sur-
face waves because according to this theory the most likely
shape of a wave with large surfacedepression X0 = −a
would be given by the inverted shape in (6a).


Large deviation theory


The previous results are examples of large deviation the-
ory (LDT), which deals quite generally with the structure
and the probability of rare events in random systems. LDT
allows access to asymptotic results similar to (6a), but in a
much wider range of settings. There are two key ingredi-


ents: first, that the set of configurations that contribute sig-
nificantly to the probability of a rare event is tightly localized
around the most likely configuration; and second, that the
most likely configuration can be computed by constrained
minimization of a suitable action functional. Both points are
neatly illustrated by the present example of a discrete Gaus-
sian process.


To this end it is convenient to consider the family of
scaled processesεXi with covariance matrixε2Cij where
ε > 0 is a small parameter. We then consider the event that
εX0 ≥ a for some fixeda > 0, which is clearly a rare event
for small values ofε. It is intuitively obvious that for large
a/(εσ) the most important contributions to the probability of
this event will come from configurations in whichεX0 − a
is small. We can check this becauseP [εX0 ≥ a] is easily
computed from the one-point marginal distribution forX0


as


1
εσ


√
2π


∫ ∞


a


exp
(
− x2


2ε2σ2


)
dx =


exp
(
− a2


2ε2σ2


)
1


εσ
√


2π


∫ ∞


0


exp
(
− ay


ε2σ2
− y2


2ε2σ2


)
dy


after the substitutiony = x − a. Hereε2σ2 = ε2C00 is the
variance ofεX0. By Laplace’s method for exponential inte-
grals, the final integral is very well approximated byε2σ2/a
if ε � 1. This implies localization betweenεX0 = a anda
plus a modest multiple ofεσ2/a. We then have the simple
explicit result


P [εX0 ≥ a] =
ε√
2π


σ


a
exp


(
− a2


2ε2σ2


)
as ε→ 0.


(8)
The structure of this expression is typical for the probabil-
ity of extreme events: an algebraic prefactor related to the
size of the set of relevant configurations times an exponen-
tially small term that dominates the decay of the probability
for small ε. Estimating and computing the exponent in the
dominant second factor is the central topic of large deviation
theory.


Indeed, we can now determine the most likely coarse-
grained configuration by minimizing the quadratic form for
εXi ≈ φi in (4), which is


1
ε2
I[φ] =


1
2ε2


N∑


i,j


φiC
−1
ij φj, (9)


subject to the constraintφ0 ≥ a that defines the rare event.
It is clear that the minimum is achieved atφ0 = a. Us-
ing a Lagrange multiplierλ it follows for any constraint
g(φ1, . . . , φN) = 0 thatI is extremal where


N∑


j


C−1
ij φj = λ


∂g


∂φi
⇔ φi = λ


N∑


j


Cij
∂g


∂φj
(10)
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holds for a value ofλ determined from the constraint. The
extremal value ofI is


1
2ε2


N∑


i,j


φiC
−1
ij φj =


λ2


2ε2


N∑


i,j


∂g


∂φi
Cij


∂g


∂φj
. (11)


In the present caseg = φ0 − a and therefore∂g/∂φj = δj0
andφi = λCi0 follows. Substitution in the constraint yields
λ = a/C00 and this recovers the most likely shape asφ∗


i =
aCi0/C00, say, consistent with the conditional expectation
in (6a). Now, the minimum of (9) is


1
ε2
I∗ =


1
ε2
I[φ∗] =


a2


2ε2C2
00


N∑


i,j


δi0Cijδj0 =
a2


2ε2C00
,


(12)
which is indeed equal to minus the exponent in (8) with
σ2 = C00. So this exponent can be computed in LDT as
the constrained minimum of the relevant action functional.
This is a generic result for LDT in all applications. It can be
stated in general form as (e.g.,§4 in Freidlin and Wentzell
[1998])


lim
ε→0


ε2 lnP [εX ∈ G] = − inf
φ∈G


I[φ] (13)


whereG denotes the set of configurations that defines the
rare event,X andφ refer to the corresponding vectors, and
I[φ] is a scaled action functional. In our caseφ ∈ G ⇐⇒
φ0 ≥ a andI = 0.5φTC−1φ. The formula makes explicit
that the logarithm of the probability can be computed from
LDT and the corresponding minimization procedure in the
limit ε→ 0.


The key observation here is that LDT works for very gen-
eral constraints. For instance, it is easy to add further thresh-
olding constraints at different locationsi by adding further
Lagrange multiplier terms to (10), which again yields re-
sults consistent with the standard extension of the regres-
sion formula (6a) for multiple conditions. Nonlinear event
constraints involvingεXi at multiple locations (e.g.φ ∈
G ⇐⇒ φ2


1 + φ4
2 ≥ a) can be treated in precisely the same


way in LDT even though there is no simple regression for-
mula such as (6a) available in this case. This illustrates the
great flexibility of LDT as a numerical tool.


Finally, the localization property of rare events near the
most likely configuration can also be made precise in general
form as


lim
ε→0


P
[
max


i
|εXi − φ∗


i | < δ|εX ∈ G
]


= 1. (14)


Hereδ > 0 is arbitrary andφ∗ is the conditional minimizer
of I[φ]. This is an impressive mathematical theorem about
uniform convergence although it flatters the physical reality
a little bit because it is only the scaled processεXi that fits
arbitrarily closely (i.e., for any finiteδ) to the minimizerφ∗


at all locationsi. In a physical application such as ocean


waves it might be more natural to consider the processXi


as fixed and let the constraint scale up asX0 ≥ a/ε. Then
(14) still holds but withδ replaced byδ/ε, which is large in
absolute value but again finite and of arbitrary size compared
to the large wave amplitudea/ε. A more practically useful
expectation for the shape of extreme waves is that near the
maximum their shape is tightly localized around the most
likely shape predicted by LDT whereas far away the process
reverts to its unconstrained variability as described by (7).


Continuous Gaussian processes


Both the theory for Gaussian random variables and LDT
are easily extended to continuous random functionsX(t) of
continuous timet, which is the usual setting for presenting
observational data and power spectra. In practice, the con-
tinuous case can always be reduced to the discrete case by
considering a discrete sampleXi = X(i∆t). Such an ap-
proach with∆t → 0 is also necessary in order to construct
a probabilistic measure in the space of continuous functions,
which yields the analog of (2). However, the continuous ver-
sion allows some useful analytical tools to be used, most
notably Fourier series and the calculus of variations for the
action functional of LDT. We restrict ourselves to station-
ary random functions and thus we consider the real-valued
continuous random functionX(t) such that


E [X(t)] = 0 and E [X(t)X(t + s)] = C(s) (15)


with an even covariance functionC(s) = C(−s). We now
restrict to periodic random functions such thatX(t + T ) =
X(t) for some periodT . This allows the use of Fourier se-
ries and if we chooseT much larger than the autocorrela-
tion time of our process then the assumption of periodic-
ity plays a very limited role. If we denote the domain by
L = [−T/2,+T/2] then we have the spectral representa-
tion


C(t) =
1
T


∑


ω


eiωtĈ(ω) and Ĉ(ω) =
∫


L


e−iωtC(t) dt.


(16)
Here the frequencyω = n2π/T with n ∈ Z andĈ(ω) is
the discrete energy spectrum3 of our process. By the nature
of C(s), the energy spectrum̂C(ω) is real, even, and non-
negative. As usual, inner products are related by


(a, b) =
∫


L


a∗b dt =
1
T


∑


ω


â∗b̂ (17)


where the star denotes complex conjugation and convolu-
tions satisfy


c = a ∗ b =
∫


L


a(t− s)b(s) ds ⇒ ĉ = âb̂. (18)


3In observations the energy spectrum is often given by a continuous
functionS(ω) such that


∫ ∞
0


S dω = C(0). In this caseπS(ω) = Ĉ(ω).
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Now, it can be shown (e.g.,Yaglom [1962]) thatX(t) can be
represented by the following random Fourier coefficients:


ω > 0 : X̂(ω) =


√
T Ĉ(ω)


2
(Aω + iBω)


ω = 0 : X̂(0) =
√
T Ĉ(ω)A0


ω < 0 : X̂(ω) = X̂∗(−ω).


Here all theAω andBω are independent random numbers
drawn from a normal distribution with zero mean and unit
variance (note the special treatment for theω = 0 mode).
This explicit formula allows the easy numerical generation
of samples from the random process. (In fact, this is of-
ten the easiest method even for discrete stationary Gaussian
variables.)


In order to compute the action functional for the contin-
uous process we need to find the analog of the quadratic
form in (4) and (9) of the discrete case. This involved
the inverse covariance matrixC−1


ij and it can be shown
(e.g.,§4 in Freidlin and Wentzell [1998]) that for continuous
functions this involves the inverse of the self-adjoint non-
negative covariance operatorC defined by the convolution
φ(t) = Cψ = C ∗ ψ such thatφ̂ = Ĉψ̂. Using this operator
the LDT action functional is defined as


I[φ] =
1
2
(φ, C−1φ). (19)


This gives a well-defined answer ifφ(t) is in the range ofC.
If that is not the case then we setI = +∞, as before. For-
mally, the most likely configuration subject to a functional
constraintg[φ] = 0 can be computed using a Lagrange mul-
tiplier just as in (10) and yields


φ = λ C δg
δφ


= λC ∗ δg
δφ


(20)


for the minimizerφ(t) in terms of the functional derivative
of g. For instance, ifg = φ(t0) − a we haveδg/δφ =
δ(t−t0) and thereforeφ = λC(t−t0). This shows again that
the most likely shape of the process conditioned on taking a
certain value at some position is given by the autocorrelation
function centred at this position. More generally, if a setG of
admissible configurations is defined as before then we again
have the LDT results (13-14), where in the second equation
the maximum over the indexi is replaced by the supremum
overt ∈ L.


Now, using (17-18) the action can be written explicitly as


I[φ] =
1


2T


∑


ω


φ̂∗ ̂(C−1φ) =
1


2T


∑


ω


|φ̂|2


Ĉ
. (21)


This remarkable formula shows that computing the action
density in spectral space reduces to division by the energy


spectrumĈ(ω). This allows easy numerical computation of
the action and therefore nonlinear optimization procedures
can easily be used to find the most likely shape of extreme
waves using LDT. This expression also makes explicit that
finite I[φ] implies thatφ̂ is zero whenever̂C = 0, otherwise
φ is not in the range ofC and the action is infinite.


Another advantage of (21) is that in some cases this action
density can be converted into an explicit differential operator
acting on the fieldφ(t). We give some examples in the next
section.


Three examples and numerical LDT


The first example is the stationary Ornstein–Uhlenbeck
process (see also (34) below), which is the prototypical ex-
ample of red noise and also arises as the invariant distribu-
tion of the linear Langevin equation. It is characterized by


C1(t) =
1
2


exp(−|t|) and Ĉ1(ω) =
1


1 + ω2
. (22)


The sample paths are almost surely everywhere continuous
but nowhere differentiable. This non-smooth behaviour is
typical for processes driven by white noise and its trademark
is the slowω−2 decay of the energy spectrum for largeω.
The action functional is


I1[φ] =
1


2T


∑


ω


|φ̂|2(1 + ω2) =
1
2


∫


L


(
φ2 + φ2


t


)
dt, (23)


which follows from (17) and(̂φt) = iωφ̂. This explicit dif-
ferential form allows the use of calculus of variations. For
instance, the Euler–Lagrange equation for (23) is the ODE
φtt − φ = 0 and minimizers constrained to have fixed val-
ues at two pointst1 andt2, say, will satisfy those boundary
conditions as well as this ODE. The autocorrelationC1(t)
satisfies this ODE together with a decay condition at infinity,
which shows once more thatC1(t) is the most likely shape
conditional on an isolated fixed value.


Clearly, whenever the energy spectrum is the reciprocal
of a polynomial inω2 then the action functional can be writ-
ten as an integral over a quadratic form in the derivatives of
the function. For instance, a smoother version of (22b) is
Ĉ2(ω) = 1/(1 + ω4) with covariance function


C2(t) =
1
2


exp
(
− |t|√


2


)
cos


(
|t|√
2
− π


4


)
(24)


and action


I2[φ] =
1
2


∫


L


(
φ2 + φ2


tt


)
dt. (25)


On the other hand, the spectrum̂C3(ω) = ω2/(1+ω4) with
covariance function


C3(t) =
1
2


exp
(
− |t|√


2


)
cos


(
|t|√
2


+
π


4


)
(26)
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Figure 2. Staggered plot of the autocorrelation functionsC1(t),
C2(t), andC3(t). These are the most likely shapes of a Gaussian
process under the constraint that the value at the origin exceeds a
given positive threshold.


does not lead to a simple expression for the action in terms
of local derivatives. This third process is interesting because
its spectrum has an interior maximum atω2 = 1, which
is typical for many energy spectra in geophysical fluid dy-
namics such as the frequency spectrum of surface waves, for
instance. The three autocorrelation functions are plotted in
Figure 2.


It is easy to minimize the action functional of LDT with
a numerical method for very general kinds of constraints.
A simple method combines a down-gradient flow together
with a penalty term that enforces the constraint. Specifically,
we introduce a marching timeτ and define a smooth flow
of φ(t, τ ) such thatφ converges to the minimizerφ∗(t) as
τ → ∞. The minimization procedure is then defined by


∂φ


∂τ
= −C−1φ+ h ⇔ ∂φ̂


∂τ
= − φ̂


Ĉ
+ ĥ. (27)


The first, down-gradient term is just minus the functional
derivativeδI/δφ and it is easily computed in spectral space.
The second, penalty term is usually more easily computed in
real space. For example, if the constraint isφ ≥ a in some
setB ⊂ L then one can use


h = α(1 − tanh(β(φ− a))) if t ∈ B (28)


andh = 0 otherwise. The constantsα andβ are adjusted to
make the scheme work; hereβ = 100 was always used and
α varied between20 and100. The second equation in (27) is
evolved inτ by freezingh at the beginning of the time step,
which leads to


φ̂(ω, τ+∆τ ) = e−
∆τ


Ĉ φ̂(ω, τ )+
(
1 − e−


∆τ


Ĉ


)
Ĉĥ(τ ). (29)


It is the constraint that couples different Fourier modes. This
scheme is applied for a finite range ofω and alternated with


Figure 3. Most likely shapes subject to constraints indicated by
the black lines. On the leftφ ≥ 1 is enforced at two points and on
the right the same constraint is enforced over the closed intervalB
between the points.


recomputingh from (28) until convergence is reached. Two
examples are shown in Figure 3. In the left column the con-
straint wasφ ≥ 1 at two pointst0 andt0 + 2 whilst in the
right column this constraint was enforced throughout the in-
tervalB = [t0, t0 +2]. There are several interesting features
here. ForC1 the most likely shapes are non-negative, they
are identical outsideB (which could have been guessed from
(23b)), and the first shape dips insideB to lower the action
whilst the second shape hugs the constraintφ = 1 for the
same reason. In contrast, forC3 the shapes are not identical
outsideB and there are also negative undershoots outsideB;
these are depression precursors before the high wave hits.


In the case ofC2, the two-point shape bulges upward in
B and thereforeexceeds the thresholdφ = 1 there. This im-
plies that both shapes are completely identical, because the
two-point constraint already implies the interval constraint.
This would have been hard to guess and indeed the occur-
rence of this overshooting feature depends on the width of
the interval. This can be understood from the exact solution
for the two-point problem, which from (20) with botht0 = 0
andt0 = d is the linear combination of covariance functions


φ∗(t) =
C(t) + C(t− d)
C(0) +C(d)


. (30)


Overshooting means that this function exceeds unity for
somet ∈ (0, d). This is impossible ifC(t) is convex for
all t > 0 (which here rules outC1) but for non-convexC
this can be possible. For instance, under the assumption that
the overshoot occurs at the midpointt = d/2 (which must
be true for very smalld) overshooting occurs ifC(d/2) >
(C(0) +C(d))/2. By visual inspection of Figure 2, this cri-
terion rules outC3 but notC2, which is concave near the
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Figure 4. Autocorrelation function and most likely shape for stan-
dard JONSWAP spectrum dominated by10 second surface waves.
The constraintφ > 1 is enforced first at the centre and then over2
seconds as indicated by the black lines. There are notable depres-
sion precursors in either case.


origin. Indeed, any smooth covariance function att = 0
satisfies this criterion for smalld and therefore any differen-
tiable random function such that−C′′(0) = E[Ẋ2] < ∞ is
capable of overshoots for small enoughd.


Finally, Figure 4 shows the analogous results for a stan-
dard JONSWAP spectrum for surface waves with central fre-
quency of0.1 Hertz. Clearly, for a two-second threshold
constraint the most likely shape overshoots the threshold, in
this case by some30%.


Importance sampling using LDT


The minimal actionI[φ∗] correspondingto the most likely
shapeφ∗ gives the exponentially small part of the probabil-
ity of the rare event under consideration. However, it does
not give the prefactor in front of the exponential (cf. (8)),
which must be evaluated separately, usually by using numer-
ical sampling. In fact, one very practical use of the maximal
shapes predicted by LDT lies in importance sampling, which
greatly improves convergence for the numerical estimation
of the probability of rare events. Basically, by concentrat-
ing samples near the most likely shape the variance of the
estimator can be sharply reduced because the exponentially
small part of the probability is known explicitly and need not
be estimated. This is a great practical advantage.


In general, we may wish to estimatepG = P [X ∈ G]
for some setG by drawingN independent samples of the
processX and computing the proportion of samples that fall
in G. By the law of large numbers this proportion converges
to pG and the variance of this estimator ispG(1 − pG)/N ;
this follows directly frompG = E[χ(X ∈ G)] whereχ(·)


is the indicator function. The expected relative error afterN
samples is √


1 − pG


NpG
≈


√
1


NpG
(31)


for smallpG. This shows thatN � pG samples are needed
to estimate the probability of a rare event such thatpG � 1.
If pG is exponentially small, then this is a hopeless numerical
task.


For example, (8) gave the probability for the event that a
single zero-mean Gaussian variableεX with varianceε2σ2


exceeds the thresholda. This probability is∝ exp(−I∗/ε2)
and hence would be impossible to estimate directly for small
ε. Now, the most likely configuration isX = a/ε and the
equation preceding (8) can be viewed as giving the proba-
bility that Y = X − a/ε exceeds zero. The sought-after
probability is now an explicit exponential prefactor (with the
now familiar minimum action in the exponent) times an inte-
gral that can be viewed as the expected value of the function
χ(Y > 0) exp(−Y a/(εσ2)) relative to a normal distribu-
tion of Y with zero mean and varianceσ2. It is easy to show
that both the expectation and the variance of this function are
O(ε) and therefore the relative sampling error from (31) is
now small ifN � 1/ε. This is a vast improvement over the
conditionN � exp(−I∗/ε2) without importance sampling.


Analogous results hold for multiple variables and discrete
or continuous processes: the dominant partexp(−I∗/ε2) of
the probability can be computed explicitly and the remain-
ing prefactor can then be estimated with a well-conditioned
numerical procedure by consideringεY = εX − φ∗ where
φ∗ is the minimizer of the action relative to the constraint.


LDT for evolution equations


The general methods of LDT are not restricted to Gaus-
sian processes and in particular can be applied to many
evolution equations that contain some random component.
Examples include Markov chains, autoregressive processes,
and dynamical equations under random forcing (seeVarad-
han [2003] for a discussion of such applications using en-
tropy as a unifying principle). A simple example is the
Langevin equation for the time-evolution of a continuous
vectorXt ∈ Rn such that


dXt = b(Xt)dt+ ε dWt and X0 = x. (32)


This is a stochastic differential equation in whichdWt is an
increment of the Wiener process, or standard Brownian mo-
tion. This is a vector of random numbers(dW 1


t , . . . , dW
n
t )


that are independent and identically distributed with a nor-
mal distribution that has zero mean and variance equal todt
(e.g.,Gardiner [1997],Oksendal [2002]). Without this ran-
dom term (32) would be a deterministic initial-value prob-
lem forXt such thatẊt = b with t ∈ [0, T ], say. For in-
stance, this could describe truncated evolution equations for







16 BÜHLER


waves or other geophysical processes and the added random
forcing term might represent unresolved degrees of freedom
or other external influences and parametrizations that are not
explicitly resolved.


For smallε the solution stays close to the deterministic
trajectory, but it is now possible to deviate from this path and
the probabilities to do so satisfy an action principle based on


I[φ] =
1
2


∫ T


0


∣∣∣φ̇− b(φ)
∣∣∣
2


dt (33)


such that the probability ofsupt |Xt−φ| < δ is proportional
to exp(−I[φ]/ε2). Hereφ(t) ∈ Rn is a function satisfying
φ(0) = x and without further constraints the minimal action
is achieved ifφ satisfies the deterministic equation. How-
ever, constraints can again be added and then the optimal
φ can be found by minimizing (33) using the calculus of
variations. This yields most likely trajectories that arenot
trajectories of the deterministic system.


It is notable that the random functionXt is not a Gaus-
sian random function in general. For instance, ifb(Xt) =
−∇H(Xt) then the invariant probability distribution for
(32) can easily be shown to beA exp(−2H/ε2) for some
constantA, which incidentally is the canonical distribution
of statistical mechanics with HamiltonianH. However, this
is not Gaussian unlessH is quadratic inXt. Notably, in the
special one-dimensional caseH = X2


t /2 we have the linear
Langevin equation


dXt = −Xtdt+ ε dWt (34)


whose solution is the Ornstein–Uhlenbeckprocess (with sta-
tionary covariance function(ε2/2) exp(−|t|)) discussed as
the first example in (22). This special process is both Gaus-
sian and Markovian. The action functional is


1
2


∫ T


0


(
φ̇+ φ


)2


dt =
1
2


∫ T


0


(φ̇2 +φ2) dt+
1
2
φ2


∣∣T
0
. (35)


For constraints with fixed end points this reduces to the func-
tional (23b) for the periodic case.


The Langevin equation (32) is easily generalized to non-
uniform noise terms such thatdW ∈ Rm and there is a con-
stant matrixσ ∈ Rn×m such that


dXt = b(Xt)dt+ ε σdWt. (36)


This allows for correlations between noise terms in differ-
ent components of this equation. The corresponding action
functional is


I[φ] =
1
2


∫ T


0


(
φ̇− b


)T


A−1
(
φ̇− b


)
dt (37)


where the quadratic form is governed by the inverse of the
matrixA = σσT . This works easily providedA ∈ Rn×n is


invertible, as usual. Actually, (37) also applies to the case of
‘multiplicative’ noise, in whichσ is a function ofXt. How-
ever, in this case the solution of the stochastic differential
equation (36) depends on the precise definition of the noise
term and care needs to be taken to use the right definition
for modelling the physical situation at hand. This modelling
problem brings in the well-known differences between the
Itô and Stratonovich versions of the stochastic integral (e.g.,
Gardiner [1997], Ito [1974]).


Finally, importance sampling using the most likely path
of LDT can be applied here as well. In the context of (36)
this involves the use of Girsanov’s formula to transform
the probabilistic measure betweenXt and the centred path
Yt = Xt − φ∗ (e.g.,Liu and Vanden-Eijnden [2007]). This
is analogous to the Gaussian process discussed before.


Concluding comments


LDT applies in essentially unchanged form to multi-
dimensional processes, although in practice additional as-
sumptions about the interpretation of observed spectra are
needed in this case. For instance, for ocean surface waves
the space–time spectra might be isotropic in the horizontal
directions, but only because they represent an average over
many wave realizations that individually had a strong prefer-
ence in the wind direction, say. This preference is averaged
out in the observed spectrum if the wind directions is random
itself. Interpreting the observed spectra in this light affects
the shape of the rare surface waves.


At the other end of the ocean there is the generation (and
eventual dissipation) of internal tides by undulating topog-
raphy (e.g.,Garrett and Kunze [2007]). The topography can
be viewed as a mixture of large-scale resolved and small-
scale unresolved statistical features and LDT can be used to
predict the shape and probability of random waves that ex-
ceed the breaking amplitude in the ocean interior, say, by
three-dimensional focusing effects (e.g.,Bühler and Muller
[2007]).


Finally, a completely different application of LDT in
geophysics could be in data assimilation. The probability
and spatial structure of large errors in the assimilated fields
should again be governed by a suitable version of LDT and
so this could be a useful tool to apply in this area.
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On thinking probabilistically
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Abstract. This is about a personal journey starting from my lifelong
skepticism about statistical significance tests — perhaps the most mis-applied
of all mathematical theories, especially as regards extreme events — toward a
new clarity and power in the use of probability theory and a clear resolution
of old dilemmas about subjectivity versus objectivity. There is little original
thought here. Rather, the idea is to pull together some rudimentary threads,
often seen as unrelated, from mathematics, biology, experimental psychology,
and information theory.


Introduction


My title is a joke, though a serious one. If one thinks
carefully about what is involved, in the spirit of our
“assembly that seeks into the depth of a matter”, then
one sees that in a certain sense the title is pleonastic,
like “singing vocally”. The reason is that, at the most
fundamental levels — and I mean fundamental biologi-
cally as well as mathematically — there is no such thing
as deterministic thinking. Our very thought processes,
including mathematical thought processes, are funda-
mentally and inherently probabilistic.


I’ll argue that this point, appropriately developed,
throws light on the difficulties and controversies among
statisticians and other scientists, whether about com-
monplace events or extreme events. They include the
old “Bayesian versus frequentist” controversy between
Harold Jeffreys and Ronald Aylmer Fisher and the “fre-
quentist versus personalist” dichotomy stressed in Jay
Kadane’s interesting talk. They include related issues
of subjectivity versus objectivity.


On primordial biological levels the point is elemen-
tary as well as fundamental. It’s an almost trivial as-
pect of what has long been known about how biologi-
cal systems work, including our own brains. The ubi-
quitous protein molecules called allosteric enzymes are
logic elements (e.g., Monod, 1971). But they interact
in massively-parallel information-processing “circuits”
whose very “wiring” is probabilistic, indeed stochastic.
Brownian motion — thermal fluctuation on picosecond
timescales — connects those logic elements together in a
fundamentally noisy way. That of course is why, given
the mechanical strengths of chemical bonds including
hydrogen bonds, life can exist only in a rather narrow
temperature range.


So the textbook view of brain function, in which neu-
rons with their tree-like dendrites and spines are viewed


as deterministic adding machines, taking weighted sums
of synaptic inputs (e.g., Warwick, 1997), is näıve and in
some ways may even be profoundly wrong. Neurophys-
iological research in recent decades has shown that a
single neuron, far from being a simple adding machine,
is a highly subtle and complex information-processing
system (e.g., Crick, 1994; Koch, 1999), a massively-
parallel stochastic computer in its own right. The näıve
neurons-and-synapses picture, more characteristic of ar-
tificial neural networks than of real ones, is showing us,
at most, the surface of a vast stochastic-computational
ocean about which little is understood in detail.1


But what about the abstract mathematical level?
We have what looks at first sight like a perplexing
paradox, a complete intellectual impasse. It seems to
have stumped even so great a thinker as Roger Penrose,
who argues — fascinatingly but wrongly, in my humble
opinion2 — that the only way out of the impasse is to
suppose that the brain performs an unknown kind of
quantum-gravity computation (Penrose, 1989, 1994).


What then is this impasse? The problem that exer-
cised Penrose, which I too find fascinating, is the prob-
lem of how our exquisite sense of mathematical preci-
sion, of “unassailable mathematical truth”, the Platonic
beauty and precision of simple mathematical curves
and other deterministic constructs, can possibly emerge
from the actions of our tens of billions of interconnected
neurons, subsisting in their metaphorical ocean of ther-


1One might regard the phrase “biological determinism” as an-
other joke — this time an incongruous juxtaposition — were it
not for its incessant repetition, mostly by non-biologists, and the
political exploitation thereof (e.g., Segerstr̊ale, 2000).


2Appendix to McIntyre (1997b); see also the sections dis-
cussing “acausality illusions” and compare them with p. 386 of
Penrose (1994). There I can lay some claim to original thinking,
because the insights into brain function arose from considering
how music works, and its deepest connections with mathematics,
in a way that I’ve never seen discussed elsewhere.
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mal fluctuations. How, indeed, can there emerge so
precise, austere, and deterministic a way of thinking as
Aristotelian logic and its further developments — the
unequivocal logical thinking on which we all rely, and
use to build and verify our own perfectly precise and
deterministic mathematical knowledge, such as know-
ing that there’s an infinity of prime numbers?


I’ll argue that both experimental psychology and evo-
lutionary biology have something profound to say about
this. But so too, it turns out, does mathematics it-
self, in a startling piece of intellectual bootstrapping,
as summarized in the next two sections. It does so in
a way that beautifully meshes with the insights from
experimental psychology and evolutionary biology.


Remarks on the foundations of
mathematics and probability theory


Mathematics tells us that our thought processes are
“fundamentally and inherently probabilistic” in a differ-
ent and entirely abstract sense that seems at first sight
far removed from, and independent of, the molecular-
level biological details. There is a sense in which the
abstract axioms of probability theory are built into our
brains. Understanding this turns out not just to be in-
teresting in its own right, but also to be a major step
toward resolving the old controversies about subjectiv-
ity versus objectivity in statistical inference.


What leads me to say such a thing? The first hint,
and thrill of surprise, came when I learned that one of
our most eminent mathematicians, the Fields medal-
ist David Mumford, has gone so far as to propose that
the very foundations of mathematics should be reformu-
lated on a stochastic basis (Mumford, 2000). Mumford
in turn cites as inspirational a book I’d never heard
of, unpublished at the time and now published only
posthumously, by Edwin T. Jaynes (Jaynes, 2003). I
notice that Kadane (2007) lists it as “an idiosyncratic
book by a controversial figure”.


On turning to Jaynes’ book I found, to be sure, some
polemics but more importantly a clear, simple and far-
reaching conceptual framework in which not only can
Aristotelian logic be seen as part of probability theory
but in which, under surprisingly weak qualitative as-
sumptions, all the rules of probability theory itself can
be deduced, cleanly and uniquely, from a single primor-
dial idea that incorporates in a natural way the fact
that information is involved. This is done using the
theorems of Richard T. Cox (Cox, 1946), making me
wonder why I was not taught those theorems as an un-
dergraduate, instead of coin-tossing and such.


The idea is simply that, for given background knowl-
edge or information Z, our brains must be able to at-


tribute a degree of plausibility to any new statement,
proposition or hypothesis A with which they are con-
fronted. From this single primordial idea emerges the
whole edifice of probability theory — along with an en-
hanced understanding of how to use it — provided only
that we assume that “degree of plausibility” is somehow
measured by a smoothly-variable real quantity


P (A|Z) (1)
that’s well defined and behaves qualitatively in a way
that’s both self-consistent, and consistent with the most
rudimentary common sense (next section).


So although we begin, at this primordial level, by
reading the symbol P (A|Z) as the subjective “plau-
sibility” that A is true given that Z is true, we find
under weak qualitative assumptions that such symbols
are mathematically indistinguishable from probabili-
ties. That is, to the extent that our brains can assess
plausibilities in some such way, they must be proba-
bilistic devices in a high-level abstract sense — only
remotely and indirectly related to the molecular-level
sense noted previously — of being compelled to work
with quantities P that turn out to be nothing but proba-
bilities in the standard quantitative mathematical sense.


I say “primordial” and “compelled” advisedly. It
hardly needs saying that the ability to make plausibil-
ity assessments of the kind in question, consciously or
unconsciously, are matters of life and death and must
be evolutionarily ancient.


For survival’s sake, the brain must assess the plausi-
bility that something is edible, or hostile, or whatever;
and it is a biological advantage to make such assess-
ments in a self-consistent way. As far as evolution and
natural selection are concerned, departures from self-
consistent calculation are mistakes. They reduce the
chances of survival. So approximate self-consistency,
alongside computational speed, will have been strongly
selected for.3 None of this, incidentally, has to do
with the separate issues of linguistic capability and con-
sciousness. As the anthropologist–philosopher Gregory
Bateson once wrote (Bateson, 1972),


“No organism can afford to be conscious of
matters with which it could deal at uncon-
scious levels.”


3But not exact “algorithmic soundness”, in Penrose’s sense.
The reader who finds it startling that there’s any abstract math-
ematical property that can be selected for, in the biological or
Darwinian sense, may find some interest in other examples. One
is that, for clear reasons of survival, prime numbers have evidently
been selected for in the case of, for instance, the Magicicada
genus, the 13- and 17-year “periodical cicadas” of eastern North
America (http://en.wikipedia.org/wiki/Magicicada#Life cycle &
refs.). One might say metaphorically that mother Nature is a
mathematician and that this is no surprise, because mathematics
is just a way of saying what is self-consistent.
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That of course applies to ourselves just as much as to
other living organisms, as I have discussed in detail else-
where (McIntyre, 2000).


Incidentally, anyone who doubts that we have uncon-
scious mathematics, and that we can do rather precise
unconscious calculations, need only spend half a second
looking at the “walking lights” display on my home page
//www.atm.damtp.cam.ac.uk/people/mem/. This clas-
sic of experimental psychology (e.g., Johansson, 1975)
clearly shows, among other things, the brain’s uncon-
scious mastery of Euclidean geometry. Twelve bright
dots or splotches move over the retinas of your eyes,
forming a pattern in 3-dimensional spacetime, 2 spa-
tial dimensions and 1 time dimension. The brain fits to
these sparse data a model of a certain piecewise-rigid
motion in 4-dimensional spacetime, representing a per-
son walking in the dark with light sources at his or her
principal joints. For anyone with normal vision this
perceptual phenomenon is highly robust and highly re-
peatable. Of course the brain must also be using some-
thing like Bayesian inference with unconscious priors, as
is often pointed out these days (e.g., McIntyre, 1997a;
Jaynes, 2003, §5.4) — but now I’m getting ahead of
myself.


The consistency requirements


What exactly are those surprisingly weak qualitative
assumptions about P (A|Z) regarding well-definedness,
self-consistency, and common sense? The most careful
discussion I have seen is that of Van Horn (2003); see
also Cox (1946) and chapters 1 and 2 of Jaynes (2003).
I’ll give a brief sketch to show the essence.


Well-definedness and self-consistency imply, for in-
stance, that the same value of P (A|Z) must be obtained
regardless of the way it’s calculated from the statements
A and Z. Both statements can be arbitrarily compli-
cated Boolean expressions. They could be sets of sim-
pler statements connected by “and” operators, or they
could be any Boolean expressions at all, provided only
that whatever appears to the right of the vertical bar
is not self-contradictory, i.e., not tautologically false.
That would render the symbol P (A|Z) meaningless, as
a measure of the plausibility of A given that Z is true.


The value of P (A|Z) must be independent of any
Boolean rearrangements of A and Z and of the way
in which their information content is packaged and la-
belled, as long as the information content remains the
same. The fact that there are many different Boolean
expressions with the same information content provides
one set of constraints on the functional form of P (A|Z).


Of course some packagings of information may be
more convenient than others. For instance it may be
convenient, even though not essential, to make Z de-


note the currently available background information, as
already hinted. So, for now, let us think of Z as con-
taining all the statements already known to be true at
some time, while A could be a new set of statements
that might or might not be true and whose plausibility
we are therefore interested in assessing.


Thus we might want Z to be a large set of true state-
ments along the lines of “I am a member of a partic-
ular species inhabiting a certain jungle” together with
statements expressing everything I’ve learned from my
experiences to date, it being irrelevant how that infor-
mation is represented, e.g., verbally or non-verbally, or
consciously or unconsciously. And at the time consid-
ered, statement A might be, for instance, the statement
(represented somehow) that “the thing moving in front
of me is a potential mate”.


With A more or less plausible, though uncertain,
I might need to assess the plausibility of other state-
ments as well, such as a statement B that “the fastest
escape route is such-and-such”. And I might need to
calculate, consciously or unconsciously, the value of
P (AB|Z) where AB is shorthand for the Boolean ex-
pression “A and B”, so that P (AB|Z) means the plau-
sibility, given Z, that A and B are true simultaneously.


Relevant to this last is the value of P (B|AZ), which
can differ from P (B|Z). For if A turns out to be
true then the implications about possible escape routes
might change. Once P (A|Z) has been found, P (B|AZ)
is relevant and P (B|Z) irrelevant to any calculation of
P (AB|Z). Therefore we assume


P (AB|Z) = function of P (B|AZ), P (A|Z) (2)


which in turn, however, implies because of Boolean com-
mutativity AB = BA that


P (AB|Z) = function of P (A|BZ), P (B|Z) (3)


with the same function as in (2) — both (2) and (3)
holding for all Boolean expressions A, B, Z, AZ, and
BZ as long as the last three are not self-contradictory.


In order to make sense as measures of plausibility, P
values must vary continuously and monotonically with
the degrees of plausibility. It is convenient to take them
as monotonically increasing. Consistency then demands
that the function on the right-hand sides of (2) and (3)
is continuous and monotonically increasing in both its
arguments. Suppose for instance that the information
Z is updated to Z ′ such that the second argument on
the right of (2) increases while the first does not. That
is, the update makes A more plausible but is irrelevant
to the plausibility of B given A, or more precisely


P (A|Z ′) > P (A|Z) while P (B|AZ ′) = P (B|AZ) (4)


which, we’re assuming, has to imply







156 McINTYRE


P (AB|Z ′) > P (AB|Z) (5)


with equality only when B and therefore AB represent
impossibility. Similar assumptions are made when any
of the other arguments on the right of (2) and (3) are
singled out as increasing; and continuity demands that
small increases in those arguments produce small in-
creases in P (AB|Z).


If we now use Boolean associativity A(BC) = (AB)C
we can prove from the above that the function on the
right of (2) and (3) can be taken without loss of gener-
ality to be a simple arithmetical product, so that


P (AB|Z) = P (B|AZ)P (A|Z) = P (A|BZ)P (B|Z) (6)


which is the standard, quantitative “product rule” of
probability theory. Notice that the second equality ex-
presses what is usually called Bayes’ theorem or Bayes’
rule, with suitable choices of A, B, and Z. If we de-
mand that (6) be compatible with the limiting cases of
certainty and impossibility, we see at once that P values
must always run between 0 and 1,


0 6 P 6 1 (7)


with 0 representing impossibility and 1 certainty. And
if finally we assume that


P (A|Z) = function of P (A|Z) alone (8)


as the only reasonable relation between the plausibility
of A and that of its Boolean negation A, i.e., “not A”,
with the function monotonically decreasing, then we
can prove with no further assumptions that the stan-
dard sum rule


P (A|Z) + P (A|Z) = 1 (9)


holds as well, for general A and Z. We now have the
complete set of rules defining probability theory. The
rest of probability theory follows from (6) and (9).


The proofs are far from trivial, though not difficult if
one further assumes that the functions in (2), (3), and
(8) are differentiable. Proofs can be given under weaker
assumptions (e.g., Van Horn 2003 & refs).4


From (6) and (9) we may deduce, after a few lines
of manipulation following the rules of Boolean algebra,
the “extended sum rule”


4With these and with (5) itself there are technical issues such
as “universality” and “refinability” that amount to assuming a
sufficiently large universe of discourse, or event space, as noted
by Van Horn and others. Thus with dice, for instance, one must
recognize the possibility that the number of sides → ∞. Plainly
there must be a large enough supply of independent statements
A, B, ... in terms of which to express assumptions like (5). We
may also note that some philosophers reject Boolean algebra. Of
greater practical importance, in science at least, is care over the
limiting processes that lead to continuous probability distribution
functions and making, for instance, appropriate use of group the-
ory (e.g., Jaynes’ Chapter 12) to ensure “coordinate indepen-
dence” in the manner long familiar in physics and chemistry.


P ((A ∪B)|Z) = P (A|Z) + P (B|Z)− P (AB|Z) (10)


where A ∪ B means “A or B” and satisfies (A ∪B) =
AB . This result is often visualized by set-theoretic Venn
diagrams, reminding us of the Kolmogorov approach to
probability theory and helping to check the correctness
of the Boolean manipulations.


Let us summarize. Remarkable though it is, we have
seen that starting from the seemingly vague and subjec-
tive notion of “plausibility” — and, given some reason-
able universe of discourse,4 relying solely on (2)–(5)ff.,
(8), differentiability, and the Boolean algebra of state-
ments representing information of any kind — one has
no choice but to arrive at the quantitative rules (6) and
(9) of probability theory. Some authors including Van
Horn use “Cox’s theorem”, singular, to indicate (6) and
its proof together with (9) and its proof.


I should say that “no choice”, though substantially
correct, is not quite literally correct. In the foregoing
sketch I have glossed over the technicality that there is,
actually, some choice, though only in a trivial sense. For
instance one may rescale everything such that P values
run between 0 and Pmax where Pmax is any positive real
number. But then the right-hand sides of (7) and (9)
must be replaced by Pmax, and the second and third
members of (6) multiplied by P−1


max. This is a mere
“coordinate change” that makes no difference to the
content of the theory.


Another such change, more general but similarly
unimportant, is to replace P by a continuous mono-
tonic function Q = f(P ). Again this just complicates
the superficial appearance of the rules without changing
their content. The rules are the same apart from writ-
ing f−1(Q) wherever P appears in (6)–(10). These are
issues of entirely the same kind that led to the Kelvin
scale as the natural temperature scale in elementary
thermodynamics, and need not concern us further. If
one wishes, one may think of (6) and (9) as the natu-
ral “canonical forms” of the rules defining probability
theory or probability calculus, as it is also called.


Conditioning statements are primordial


It is noteworthy that conditioning statements such as
Z, or whatever comes after the vertical bar, automati-
cally appear as a natural, inevitable, and inherent part
of the theory. Concealment of all the conditioning state-
ments — as seems usual in traditional undergraduate
courses on probability theory that start with coin-tos-
sing and such — misleadingly suggests that condition-
ing statements are an optional add-on to be brought
in later. On the contrary, it is clear from the above
that they are elementary, fundamental, and primordial.
They’ve been shown objectively, by the above argu-
ments, to have a key status in the conceptual framework.
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That key status is underlined by the restriction that
conditioning statements must not be self-contradictory.
In other words, conditioning statements must have
some information content. That makes sense, because
no kind of plausibility or probability can be meaning-
ful in an information vacuum. In the traditional coin-
tossing problem there is, of course, some rather complex
background information, all concealed in a conceptual
dustbin labelled “fair coin”.


Making conditioning statements explicit blows away
all kinds of difficulties. Take for instance a famous
problem that, despite its extreme simplicity, often fools
even scientifically trained people (e.g., Krauss, 2001;
further references and comments in endnote 35 of Mc-
Intyre, 1997a, for instance about the classic work of
Amos Tversky and Daniel Kahneman on cognitive illu-
sions). Handicapped by my coin-tossing training, I had
to think hard the first time I got it clear. This is the
“three cards” or “Monty Hall” problem, of which Carl
Wunsch reminded us at the Workshop (Wunsch, 2007)
and which will come up again in my concluding remarks.


A card game is played by two people whom I’ll call
Monty and Mike. It is played by the following rules.
Monty and Mike trust each other to follow the rules.


Monty puts an ace and two ordinary cards face-down
in a row, noting the position of the ace but keeping it
hidden from Mike, who has to guess where the ace is by
fingering the back of one card. Monty then has to re-
move an ordinary card from another position and show
it to Mike, who then has to bet on whether to persist
with the original guess or to switch to the other face-
down card — that is, to bet on which of the two remain-
ing face-down cards is more likely to be the ace. Psy-
chologists have found that in the role of Mike most peo-
ple intuitively feel that the two cases are equally prob-
able, and that there’s no point in switching. However,
on reasonable assumptions it’s twice as probable that
the other face-down card is the ace. That is, it would
be far better to switch.


Why did I, for one, have to think hard to get this
simple point clear? As we’ll see in a moment, the point
becomes clear as soon as one equips oneself with (6),
(9), and their conditioning statements. Cox’s theorems
tell us that these two rules and the rules of Boolean al-
gebra must be enough for the purpose. So if I’m Mike,
all I need is to be clear what background information Z
is in my possession about Monty and the card game.
It is this background information Z that’s concealed
by what I’m calling the traditional coin-tossing train-
ing, the traditional “frequentist” training in probability
theory. I remember lecture after lecture with never a
conditioning statement in sight. Probability was pre-
sented as an absolute: the probability of this or that.


This left me with no safe way to think about the three
cards problem beyond a laborious enumeration of all
the possibilities, including the fingering of all three po-
sitions, with careful checking that no possibility had
been overlooked. Of course there’s nothing wrong with
frequentist thought-experiments, in their place; indeed,
computer-aided Monte Carlo techniques provide very
useful tools in some problem areas. Nevertheless, leav-
ing Z implicit felt to me like groping in the dark.


Making Z explicit was like turning on the lights.
Let’s label the positions of the three face-down cards
successively as 1, 2, and 3. Since Z represents my back-
ground information, as distinct from Monty’s, it tells me
nothing about where the ace might be. So if An is the
statement that the ace is in position n (n = 1, 2, 3), it’s
reasonable to take P (An|Z) = 1/3 for each n. So by
symmetry I may as well go ahead and finger the posi-
tion n = 1, from here on treating that fact as updating
my background information to, say, Z ′. Since fingering
a card changes nothing else, I have P (An|Z ′) = 1/3 for
each n. My background information does, however, in-
clude the rules of the game. So it tells me that Monty
knows where the ace is and will never remove it. So,
denoting by Rn the statement that Monty removes an
ordinary card from position n, I can reasonably take


P (R2|A1Z
′) = P (R3|A1Z


′) = 1/2 (11)
and


P (R2|A3Z
′) = P (R3|A2Z


′) = 1 (12)
whereupon it becomes obvious by symmetry — and in
any case verifiable from (6), (9) and (10) — that after
Monty removes an ordinary card (i.e., after R2 or R3


eventuates) the probability that I fingered the ace is
still 1/3 and therefore that I didn’t finger it 2/3, by (9).
More precisely, P (A1|R2Z


′) = P (A1|R3Z
′) = 1/3 and


therefore, by (9), P (A3|R2Z
′) = P (A2|R3Z


′) = 2/3.
To the extent that we regard P values like those in


(11) and (12), and the values P (An|Z) = P (An|Z ′) =
1/3, as properties of the background information we
may usefully call them prior probabilities or priors —
even though we haven’t explicitly used Bayes’ rule. Of
course all those P values are assumed values. They all
involve subjective judgement, however reasonable that
judgement may seem.


But is it always reasonable? Suppose I suddenly re-
call that Monty has some bias such that (11) becomes


P (R2|A1Z
′) = q , P (R3|A1Z


′) = 1− q (13)


where q 6= 1/2. For instance I might recall that Monty
has a form of Tourette’s syndrome that compels him
to remove the card as near as possible to the card I
fingered, making q = 1. Then if R3 eventuates, I can
be certain of A2. That is, P (A2|R3Z


′) = 1. For gen-
eral q it can be verified from (6), (9) and (10) with,
as always, attention to the rules of Boolean algebra,
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first that P (R3|Z ′) = P (R3|A1Z
′) P (A1|Z ′) +


P (R3|A2Z
′) P (A2|Z ′) = (2 − q)/3 and then, after


further use of (6), that P (A1|R3Z
′) = (1− q)/(2− q)


and P (A2|R3Z
′) = 1/(2−q). Setting q = 1/2 recovers


the respective values 1/3 and 2/3 appropriate to (11).


Bayesian inference and Platonic forms


I want to return to our unconscious mathematics, as
manifested by the walking lights demonstration, before
coming to some final remarks about extreme events, the
subjectivity-versus-objectivity issue, and the old dis-
putes between frequentists, Bayesians and others.


How confident can we be that natural selection will
produce something operationally equivalent to (6) and
(9), to good approximation? Although we are far from
being able to verify this directly from neurophysiology,
we may note all the other examples of how natural se-
lection tends to optimize functionality. The cicada ex-
ample of footnote 3 is only one among countless oth-
ers (the point, there, being that prime numbers of sea-
sonal cycles tend to minimize encounters with preda-
tors). Anyone who has ever taken the slightest notice
of biological phenomena must surely be impressed by
the approach to optimal solutions that we see wherever
we look in the living world. And Cox’s theorems tell us
that (6) and (9) are themselves functionally optimal in
a very strong sense.


The streamlined shapes of high-speed fish and birds
provide further examples of near-optimization by natu-
ral selection. The beautiful curves describing the shapes
of efficient airfoils reflect an aerodynamic functionality
that’s close to optimal. Precisely optimal shapes are
not of course attained by real fish and birds, but appear
to be well approximated in many cases (e.g., Lighthill,
1975, p. 32). Such shapes, with their simplicity and in-
finite smoothness, are examples of Platonic geometric
forms. The world of Platonic forms, the idealized world
of mathematical wonders where perfect circles are truly
perfect, and curves can have infinite numbers of deriva-
tives, reminds us in turn of Penrose’s impasse.


But once again I’m getting ahead of myself. What
have Platonic geometric forms got to do with the rules
of probability theory? There is an interesting answer.
Both have a great deal to do with the primordial kind
of statistical inference we call visual perception.


We have already met this point in the walking lights
demonstration. Perception works by model-fitting us-
ing unconscious priors, some of them coming from ge-
netic memory. Insofar as genetic memory has also
equipped us with (6) and (9) it seems reasonable to sup-
pose, indeed almost inevitable, because of natural selec-
tion, that the visual brain’s unconscious model-fitting
process must, as already hinted, be operationally equiv-


alent to Bayesian inference.
Cox’s theorems tell us that anything else would imply


inconsistency in using the available visual information,
which would have been selected against.


Thus, in the case of the walking lights, the model-
fitting process must to good approximation be equiva-
lent to taking, say, A in (6) to represent the data and
B to represent a hypothesis, or candidate model, while
Z contains any relevant background information. So
Z would consist of a large number of statements that
might include, for instance, “my eyes are open and I’m
looking at something near the top of Michael McIn-
tyre’s home page”. A would be a statement asserting
that twelve bright dots are moving across my retinas,
tracing certain smooth curves, or mostly-smooth curves,
in 3-dimensional spacetime. B would be a statement
defining one of a combinatorially large set of hypothe-
ses, or candidate models, to be fitted to the data.


For instance if we interdistinguish the B statements
by subscripts, B = Bi say, varying discretely or con-
tinuously, then there might be a large subset I of i
values such that the corresponding Bi all state that
the twelve bright dots are such as could originate from
glow-worms, or other light sources, moving in various
ways on a wall, or otherwise defining smooth or mostly-
smooth curves in 3-dimensional spacetime. Let’s call
the corresponding candidate models “planar models”.
For another subset J, the corresponding Bj with j ∈ J
might all state that the moving dots are such as could
originate as a perspective view of light sources at the
pivots of a jointed skeletal structure, in piecewise-rigid
reciprocating motion tracing smooth or mostly-smooth
curves in 4-dimensional spacetime. Let’s call the corre-
sponding models “non-planar models”.


The candidate models are indeed models, i.e., are
hypothesized to be partial and approximate representa-
tions of reality. Therefore, despite our Platonic sensibil-
ities, the spacetime curves so defined are best thought
of as being slightly fuzzy. So we may as well include
the fuzziness in each model specification. Indeed, the
repertoire of candidate models should include models
with different amounts of fuzziness. For the particular
model specified by statement Bj we can read P (A|BjZ)
as measuring the goodness of fit of that model to the
data specified by A, maximizing when the j value gives
the best fit possible. Rewriting the second part of (6)
in the usual Bayesian manner for this purpose, we have


P (Bj |AZ) =
P (A|BjZ)P (Bj |Z)


P (A|Z)
(14)


for j ∈ J, and similar equations for Bi with i ∈ I. Since,
in the usual Bayesian manner (Kadane, 2007), we are
focusing on just the one dataset — i.e., are regarding
the statement A as fixed — we are free to ignore the







ON THINKING PROBABILISTICALLY 159


denominator when comparing models and to pay atten-
tion only to relative P values in the numerator.5


In the present case, it’s obvious that either kind of
model, planar or non-planar, can fit the data equally
well. So the outcome depends entirely on the relative
values of P (Bi |Z) or P (Bj |Z), the brain’s unconscious
priors for the various models. The perceptual phe-
nomenon actually experienced, by everyone with nor-
mal vision, shows that the non-planar models are over-
whelmingly favored, at least in cases where the 4-dimen-
sional motion resembles any human or animal skeletal
motion. That is, the unconscious priors must be such
that P (Bj |Z) � P (Bi|Z) for i ∈ I, j ∈ J.


How the brain actually uses its multi-level, massively
parallel computational abilities, from allosteric enzymes
upward, to carry out such computations, and exactly
how it narrows down a combinatorially large repertoire
of candidate models — or indeed just what that reper-
toire consists of — are all largely unknown. In view of
the combinatorial largeness it is surely safe to assume,
however, that Occam’s-razor principles are involved. As
I discuss elsewhere (McIntyre, 1997a) we glimpse some
of these from phenomena such as perceptual grouping,
and others through our visions of Platonic forms such
as smooth spatial and spatiotemporal curves.


Figure 1, another classic of experimental psychology,
directly demonstrates the unconscious priors that ex-
press the Platonic by favoring simple, smooth curves.
Anyone with normal vision who stares at this figure
sees a beautifully smooth curve, ghostly yet sharp and
precise, fitted to the inner ends of the black segments.
Experimental psychologists call these curves “illusory
contours”. The figure is from McIntyre (1997b); other
examples can be found in practically any book on vi-
sion, e.g., Crick (1994, p. 47).


The brain chooses a simple, smooth spatial curve. So
it must be using something operationally equivalent to
Bayesian computations to solve, unconsciously, an ex-
tremum problem in the calculus of variations. This hap-


5By long-established convention, the goodness of fit P (A|BjZ)
is called the “likelihood” (of the model specified by Bj as a gen-
erator of the given data specified by A). Since one is inter-
ested only in the relative goodness of fit when comparing any
two models, one usually deals with “likelihood ratios” such as
P (A|BjZ)/P (A|Bi Z), or their logarithms. A set of candidate
models is itself, by association, called “a likelihood”. The ratio-
nale is that with A fixed one is regarding a symbol like P (A|BjZ)
as a function of the Bj . So if one hears a statistician ask another
statistician “what’s your likelihood?” it probably means “what set
of models are you trying to fit to this particular dataset?” Such
is human language. Model-fitting of this kind is supremely impor-
tant because it represents the functioning not only of perception
but also of the systematic and more conscious extension of it that
we call science. Chapter 3 of MacKay (2003) and chapter 4 of
Jaynes (2003) give valuable discussions and examples.


Figure 1. Demonstration of an illusory contour grazing the
inner ends of the black segments (see text). In constructing
the contour, which does not exist physically on the paper or
screen, the visual system is unconsciously solving a Bayesian
problem that is also an extremum problem in the calculus of
variations, minimizing some norm involving rates of turning
of the tangent to the contour.


pens for anyone with normal vision even though other,
less smooth curves would fit the inner ends of the seg-
ments equally well. It is evident that an Occam’s-razor
principle must be involved. An unconscious choice of
priors favors the simplest possible object outlines con-
sistent with retinal data.


There are auditory counterparts in music, as I have
discussed elsewhere (McIntyre 1997a,b). The Platonic
is, indeed, awesomely, “already there” (e.g., Penrose,
1989, 1994) and is something that artists, mathemati-
cians, and many others have always recognized. Being
in genetic memory, it must be evolutionarily ancient. It
has been “there” from time immemorial, many tens of
millions of years at least.


Concluding remarks


The foregoing reminds us of what is perhaps the
most deep-seated and elusive difficulty with probabilis-
tic thinking — the extreme intimacy and complex inter-
play between reason and intuition, much of it beyond
conscious reach. In the parlance increasingly popular in
the AI and neuroscience communities today, the brain
is a massively-parallel Bayesian machine (e.g., Ghahra-
mani, 2004) with a vast and ever-changing, context-
sensitive web of unconscious assumptions as priors. So
when we use our brains to think consciously about
probabilities, we have to contend with powerful intu-
itions from the unconscious probabilistic thinking alrea-
dy present — if “thinking” is the right word. In parti-
cular, we can’t know about all the unconscious priors.
It’s no wonder that the whole subject area has been a
quagmire of endless debates over what’s subjective and
what’s objective, over what various statistical tests “re-
ally mean”, and in a wider community over even the
simplest problems like that of the three cards and that
of the “prosecutor’s fallacy”, which latter has led to ter-
rible consequences such as unsafe murder convictions.


Cox’s theorems seem to me to provide crucial guid-
ance in negotiating that quagmire. They establish that
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if one accepts Boolean algebra — and that plausibilities
or probabilities can be measured as smoothly-varying,
real-valued functions — then there is nothing subjective
about the framework of probability theory expressed by
(6), (9) and (14) and their mathematical consequences.
So subjectivity comes entirely from the choice of infor-
mation to be considered and from any failure to make
it explicit, and to handle it in a consistent way.


In particular, there are always conditioning state-
ments, some of which represent background informa-
tion. There are always, therefore, some priors that must
be estimated or somehow chosen. Even in the three-
cards problem, as I hope I made clear on page 157, it
is valuable just to say explicitly what the background
information and priors are taken to be, the priors being
the assumptions that P (An|Z) = P (An|Z ′) = 1/3 to-
gether with (12), and (11) or (13). The reasonableness
of the priors can be better judged once the information
is made explicit. It comes down to solving the problem
with one’s eyes open rather than closed.


That kind of clarity seems to me to be no luxury,
and not just for murder trials. It’s an urgent necessity
in more complicated problems, too, such as how to think
rationally about extreme events affecting thousands of
people. Indeed the choice of background information to
be considered, and the corresponding choice of priors,
can now be seen as a necessary task in any attempt at
probabilistic reasoning and inference that aspires even
to self-consistency, let alone to objectivity. And the old
hardcore frequentist prohibition, forbidding scientists
to make priors explicit, now looks more and more like
commanding us to go about our business blindfolded.


Even when the background information is in some
sense minimal — in some sense close to an information
vacuum — one still has the challenge of choosing so-
called “ignorance priors” in as consistent and objective
a way as possible. Such problems can to some extent be
clarified (e.g., Jaynes, 2003, chapter 12) albeit far from
wholly resolved (e.g., Kass and Wasserman, 1996) by
considerations of coordinate independence and group
invariance. Another approach is to maximize the Shan-
non information entropy and appears to have worked
well in certain problems, such as image processing. But
that, too, has turned out to be far from universally ap-
plicable (e.g., MacKay, 2003, Ex. 22.13) if only because
of inconsistencies with (14) (Seidenfeld, 1987). As Van
Horn puts it, ignorance for this purpose is a slippery
concept and, in practice, one is never completely igno-
rant (Van Horn, 2003, end of §4), taking unconscious
knowledge into account. And if one thinks one is mak-
ing no assumptions — as with the hardcore frequentists’
mantra “let the data speak for themselves” — then it
means only that all one’s assumptions are unconscious.


Besides, in real problems it may be necessary, and desir-
able, to include overtly subjective or “hunch” elements
in the priors assumed, as the best scientists have always
done, consciously or unconsciously or both. The main
need is to try to make the assumptions explicit; and a
saving grace is an important “chain consistency prop-
erty” (Jaynes, 2003, eq. (8.57)ff.) that shows how, and in
what circumstances, successive applications of (14) en-
able priors to be improved by successive inputs of data.


As already said, frequentist thought-experiments can
be very useful. Yet the harm done by the old hard-
core frequentist or “ultra-orthodox” view and its domi-
nance over undergraduate education, portraying proba-
bilities as absolutes and increasing the risk of blunders
like the prosecutor’s fallacy, now seems almost reminis-
cent of the harm once done by the contemporaneous
views called eugenics and behaviorism. If you think
that’s a bit harsh, consider that all those views seem to
have involved similar attitudes claiming ownership of an
absolute truth (such as “priors are never admissible”,
“genes are either good or bad”, or “scientists may not
study perceptual phenomena”) and forbidding everyone
to think outside the bounds thus set — manifestations,
it seems to me, of the human “hypercredulity instinct”,
that ancient tribal-cohesion mechanism of whose mani-
festations in other areas we are so painfully aware today.


Physicists at the time — as distinct from some physi-
cists today — managed to avoid such traps. They were
helped by the sheer force of experimental evidence, such
as blackbody radiation, atomic spectroscopy, and the
photoelectric effect and were helped also, at first, by the
mind-blowing experience of having to develop quantum
theory. Max Born put it well when he wrote


“I believe that ideas such as absolute
certitude, absolute exactness, final truth,
etc., are figments of the imagination which
should not be admissible in any field of sci-
ence . . . . This loosening of thinking [Born’s
emphasis] seems to me to be the greatest
blessing which modern science has given to
us. For the belief in a single truth and in
being the possessor thereof is the root cause
of all evil in the world” (Born, 1991).


He had a point.
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Abstract. Hurricanes are usually considered to respond passively to climate 
change, but in fact may themselves exert a substantial influence on climate, 
mainly through their effect on ocean heat transport. In this essay, I review the 
evidence that global hurricane activity is sensitive to climate, and that storm-
induced ocean mixing may feed back on the climate state.  


Introduction 


It has been understood for some time (e.g., 
Palmén, 1948) that hurricanes1 respond to climate 
change on a variety of time scales. Empirical studies 
(e.g., Gray, 1968) have established that hurricane 
activity is sensitive to a variety of environmental 
conditions, including the magnitude of the shear of 
the horizontal wind through the depth of the 
troposphere, the sea surface temperature, and the 
humidity of the lower and middle troposphere. 
Theory has so far only established a bound on the 
intensity of hurricanes (Emanuel, 1987), though 
empirically, this bound has been shown to provide 
the relevant scaling for the intensity of real storms 
(Emanuel, 2000). This bound, called the “potential 
intensity”, has the units of velocity and is a function 
of the sea surface temperature and the profile of 
temperature through the troposphere and lower 
stratosphere (Bister and Emanuel, 2002); it is a far 
more physically-based quantity than SST. Recently, 
the author and David Nolan (Emanuel and Nolan, 
2004) incorporated this bound in an empirical index 
of the frequency of hurricane genesis, called the 
Genesis Potential Index: 
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1 For brevity, we here use the provincial term “hurricane” 
in place of the proper generic term “tropical cyclone”. 


hemisphere, and to the spatial distributions of storms 
each month of the year, but it has been shown to 
predict the dependence of genesis rates on ENSO 
(Camargo et al., 2007). The high power with which 
the potential intensity enters this empirical index 
suggests that it plays an important role in the 
frequency as well as intensity of hurricanes, but it 
must be stressed that a good theoretical 
understanding of the environmental control of storm 
frequency is lacking. About 90 tropical cyclones 
develop each year around the globe, with a standard 
deviation of 10; at present, we lack a theory that 
predicts even the order of magnitude of this number.  


In this essay, I will review evidence from the 
instrumental record of changing hurricane activity, 
including a discussion of various problems with the 
hurricane data itself, and go on to describe the debate 
over attribution. The third section presents some 
results of a new method of inferring hurricane 
climatology from global gridded data, such as 
contained in the output of global climate simulations, 
and in the final section I argue that global hurricane 
activity is responsible for some or perhaps most of 
the observed poleward heat transport by the oceans, 
thereby constituting an essential element of the global 
climate system.  


 
Tropical cyclone variability over the past half-
century 


Beginning shortly after WWII, aircraft have surveyed 
hurricanes in the North Atlantic and western North 
Pacific, though aircraft reconnaissance in the latter 
basin ended in 1987. During the 1960s, earth-orbiting 
satellites began to capture some hurricanes, and by 
about 1970 it can be safely assumed that hardly any 
events were missed. Before the aircraft 
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reconnaissance era, local counts of hurricanes 
depended on observations from ships, islands and 
coastal locations. Detection rates were reasonably 
high only in the North Atlantic, owing to dense 
shipping, but even here, the precise rate of detection 
remains controversial (Landsea, 2007). Estimates of 
the intensity of storms as measured, for example, by 
their maximum surface wind speeds, are dubious 
prior to about 1958, and some would say, prior to 
1970 in the Atlantic and western North Pacific. 
Elsewhere, there are only very spotty estimates prior 
to the satellite era. Satellite-based estimates of 
intensity commenced in the 1970s and have improved 
along with the spatial resolution of satellite imagery, 
but the accuracy of such estimates is still debated. 
Intensity estimates based on aircraft measurements 
are prone to a variety of biases owing to changing 
instrumentation and means of inferring wind from 
central pressure, as described in the online 
supplement to Emanuel (2005)2. Some indication of 
the nature of these problems is evident in Figure 1, 
which shows a variety of estimates of hurricane 
power dissipation in the western North Pacific since 
1949.  


 
Figure 1. Power dissipation (colored curves) in the 
western North Pacific according to data from the U.S. 
Navy Joint Typhoon Warning Center as adjusted by 
Emanuel (2005) (blue); unadjusted data from the Japanese 
Meteorological Agency (green), and re-analyzed satellite 
data from Kossin et al. (2007) (red). The black curve 
represents a scaled July-October sea surface temperature in 
the tropical western North Pacific region. All quantities 
have been smoothed using a 1-3-4-3-1 filter.  


                                                                 
2 The online supplement is available at 
ftp://texmex.mit.edu/pub/emanuel/PAPERS/NATURE039
06_suppl.pdf  


(The power dissipation is defined as the integral 
over the life of each storm of its maximum surface 
wind speed cubed, also accumulated over each year; 
see Emanuel, 2005). Note that the adjusted estimate 
from the Joint Typhoon Warning Center agrees well 
with the estimate from the Japanese Meteorological 
Agency and that both are well correlated with sea 
surface temperature prior to the cessation of aircraft 
reconnaissance in 1987; after that time, there is much 
more divergence in the estimates and less correlation 
with SST. There is a general upward trend in SST 
and hurricane power dissipation, but there are also 
prominent decadal fluctuations in both.  


In the North Atlantic, hurricane records extend 
back to 1851, but are considered less reliable early in 
the period, and intensity estimates are increasingly 
dubious before 1970. (A discussion of the sources or 
error may be found in the online supplement to 
Emanuel (2005) and in Emanuel (2007). On the 
premise that the storm was more likely to be detected 
near the time of its maximum strength, we define a 
“storm maximum power dissipation” as the product 
of the storm lifetime maximum wind speed cubed 
and its duration, summed over all the storms in a 
given year. Figure 2 compares this quantity to the sea 
surface temperature of the tropical Atlantic in late 
summer and early fall, going back to 1870. Except 
for the period 1939-1945, the correspondence 
between power dissipation and SST is remarkable, 
even early in the period. Since 1970, the r2 between 
the two series is 0.86.  


 
Figure 2. Storm lifetime maximum power dissipation in 
the North Atlantic according to data from the NOAA 
National Hurricane Center as adjusted by Emanuel, 2005 
(green). The blue curve represents August-October sea 
surface temperature in the tropical North Atlantic. Both 
quantities have been smoothed using a 1-3-4-3-1 filter.  



ftp://texmex.mit.edu/pub/emanuel/PAPERS/NATURE03906_suppl.pdf

ftp://texmex.mit.edu/pub/emanuel/PAPERS/NATURE03906_suppl.pdf
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The very low power dissipation during WWII may 
reflect a dearth of observations owing to enforced 
radio silence on ships during the war. In the Atlantic, 
variations in the power dissipation reflect variations 
in numbers of storms to a large degree (Emanuel. 
2007). While some have argued that the number of 
Atlantic storms may have been grossly 
underestimated prior to the aircraft and/or satellite 
eras (Landsea, 2007), statistical analyses of the 
likelihood of ships encountering storms suggest that 
the counts are good to 1 or 2 storms per year back to 
1900 (Tom Knutson, personal communication), and it 
is also possible to overestimate storm counts owing 
to double-counting of the same event encountered 
infrequently. Those who argue that storm counts in 
the early period were greatly underestimated have not 
addressed why the correlation with SST is so good, 
given that SST is an entirely independently measured 
quantity.  


 
Attribution 


The North Atlantic is the only basin with a 
reasonably long time series of hurricane records, and 
it is clear from Figure 2 that there is variability on a 
broad spectrum of time scales. A Fourier 
decomposition of the de-trended, unfiltered time 
series of storm maximum power dissipation shows 
prominent spectral peaks at around 3, 5, 9, and 80 
years. Similar spectral peaks are evident in the de-
trended SST data. The first two of these are likely to 
be associated with El Niño/Southern Oscillation 
(ENSO), known to have a strong effect on Atlantic 
hurricanes (Gray, 1984). The longest period spectral 
peak at 80 years is of dubious significance, given that 
the time series is only ~130 years along, but it is clear 
from inspection of Figure 2 that both SST and 
hurricane power have see-sawed up and down on a 
multi-decadal time scale over the past century or so.  


Mestas-Nuñez and Enfield (1999) examined 
rotated empirical orthogonal functions (EOFs) of the 
detrended global SST and identified the first six of 
these with “modes”3 of the ocean-atmosphere system. 
The first EOF had time scales of many decades and 
maximum amplitude in the North Atlantic; this was 
later identified as a prominent cause of both SST and 
Atlantic hurricane variability on multi-decadal time 
scales (Goldenberg et al., 2001) and christened the 


                                                                 
3 This is technically incorrect, as modes are not 
mathematically equivalent to EOFs. 


“Atlantic Multi-Decadal Oscillation”, or “AMO” 
(Kerr, 2000). What began as an EOF ended up as a 
mode, even though there are only two troughs and 
one peak in the time series. It is important to 
recognize that this EOF is global, and while it has 
large amplitude in the North Atlantic, its amplitude is 
almost as large in the North Pacific. Furthermore, it 
turns out that the time series of the amplitude of this 
first EOF is barely distinguishable from the detrended 
time series of August-October tropical North Atlantic 
SST, so that there is little advantage in referring to 
this EOF versus the raw SST. We can ask the 
somewhat more direct question: What caused the 
tropical North Atlantic SST (and hurricane power) to 
see-saw as it did during the 20th century, as evident in 
Figure 2?  


Figure 3 provides one clue. This compares the 10-
year running averages of the August-October SST of 
the so-called “Main Development Region” (MDR) of 
the tropical North Atlantic (between Africa and the 
eastern Caribbean) with the northern hemisphere 
mean surface temperature (including land). The 
excellent correspondence between the two time series 
would seem to imply that on the decadal time scale, 
over the last 100 years or so, the tropical North 
Atlantic is simply co-varying with the rest of the 
northern hemisphere. Occam’s Razor would lead one 
to suspect that variations of the two series have a 
common cause, though it has been suggested that the 
North Atlantic might be forcing the rest of the 
hemisphere (Zhang et al., 2007).  
 


 
Figure 3. Ten-year running averages of the Atlantic Main 
Development Region (MDR) SST (blue) and the northern 
hemispheric surface temperature (green), both averaged 
over August-October. The long-term mean has been 
subtracted in both cases.  
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The decadal variability in the northern hemispheric 
surface temperature has been addressed in a number 
of studies, as summarized in the most recent report of 
the Intergovernmental Panel on Climate Change 
(IPCC, 2007). In contrast to Mestas-Nuñez and 
Enfield (1999), Goldenberg et al. (2001) and others, 
the IPCC report attributes most of the decadal 
variability to time-varying radiative forcing 
associated principally with varying solar radiation, 
major volcanic eruptions, and anthropogenic sulfate 
aerosols and greenhouse gases. This also helps 
explain the overall trend, which was disregarded in 
the EOF analyses. In particular, the warming of the 
last 30 years or so is attributed mostly to increasing 
greenhouse gas concentrations. Mann and Emanuel 
(2006) pointed out that the greater cooling of the 
northern hemisphere from about 1955 to 1980, 
evident in Figure 3, might very well be explained by 
the concentration of sulfate aerosols in the northern 
hemisphere. While there is still a great deal of 
uncertainty about the magnitude of the radiative 
forcing due to sulfate aerosols, the time series of 
sulfate concentration is strongly correlated with the 
difference between global and northern hemisphere 
surface temperature. The important influence of 
anthropogenic effects in the time history of SST is 
also emphasized in the work of Hoyos et al. (2006) 
and Santer et al. (2006). The author (Emanuel, 2007) 
emphasizes that the thermodynamic control on 
tropical cyclone activity is exercised not through SST 
but through potential intensity, which in the North 
Atlantic has increased by 10% over the past 30 years. 
This increase, which is greater than predicted by 
single-column models for the observed increase in 
SST, can be traced to increasing greenhouse gases, 
decreasing surface wind speed in the Tropics, and 
also to decreasing lower stratospheric temperature.  


Thus there are two schools of thought about the 
decadal variability of tropical North Atlantic SST and 
hurricane activity. The first holds that the 
multidecadal variability is mostly attributable to 
natural oscillations of the ocean-atmosphere system 
(Goldenberg et al., 2001; Kossin and Vimont, 2007), 
while the second attributes it to time-varying 
radiative forcing, some of which is natural. These 
two schools are not mutually exclusive, as the 
response to time-varying radiative forcing can be 
greatly modified by natural modes of the system.  


Those who attribute Atlantic SST and hurricane 
variability to a putative AMO often refer to paleo 
proxy evidence for its existence. The most 


prominently cited among this evidence is the work of 
Gray et al. (2004), who looked at the first five 
principal components of variability in tree rings 
around the rim of the North Atlantic. They fitted 
these components to the instrumental record of North 
Atlantic SST, capturing the prominent variability 
apparent in Figure 2, and then, using the same curve 
fit, inferred North Atlantic SST from tree rings back 
to the middle of the 16th century. Although the record 
obviously shows the observed multidecadal 
variability of the 20th century, close inspection of the 
reconstructed SST prior to this shows that most of the 
variability was on much longer time scales, casting 
doubt on the existence of an oscillatory mode. In fact, 
the only real evidence for the existence of such a 
mode comes from coupled climate models (e.g., 
Delworth and Mann, 2000), and although many of 
them exhibit prominent quasi-periodic variability on 
time scales greater than a decade, the period of such 
oscillations varies greatly from model to model. It is 
left to the reader to judge whether the existence of 
such modes in freely run coupled climate models 
constitutes strong or weak evidence for such modes 
in nature.  


 
Simulating global warming effects on 
hurricanes 


Another approach to understanding how climate 
change might affect hurricane activity is to simulate 
changing hurricane activity using global climate 
models. Unfortunately, the horizontal resolution of 
today’s generation of global models is nowhere near 
sufficient to resolve the intense inner cores of 
hurricanes, and numerical resolution experiments 
(e.g., Chen et al., 2007) suggest that grid spacing of 
no more than a few kilometers is necessary for 
convergence. Nevertheless, there are quite a few 
studies of the response of hurricane activity to global 
warming using global models (e.g., Bengtsson et al., 
1996; 2007; Oouchi et al., 2006; Sugi et al., 2002; 
Yoshimura et al., 2006). A related approach involves 
embedding finer resolution regional models within 
global climate models, so as to better simulate 
hurricanes (Knutson and Tuleya, 2004; Knutson et 
al., 1998; 2007). Although results can differ greatly 
from model to model, there is a general tendency for 
global warming to reduce the overall frequency of 
events, to increase the incidence of the most intense 
storms, and to increase hurricane rainfall.  
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Another approach to downscaling global models to 
derive hurricane climatologies was presented by the 
author and his colleagues (Emanuel, 2006; Emanuel 
et al., 2006); this has recently been extended to 
account for varying genesis rates (Emanuel et al., 
2008). Using certain key statistics from the output of 
climate models, this technique synthesizes very large 
numbers (~104) of hurricanes using a 3-step process. 
In the first step, the climate state is “seeded” with a 
large number of candidate tropical cyclones, 
consisting of warm-core vortices whose maximum 
wind speed is only 12 m/s. These candidate storms 
then move according to a “beta-and-advection” 
model, which postulates that hurricanes move with a 
weighted tropospheric mean large-scale flow in 
which they are embedded, plus a correction owing to 
gyres generated by the storm’s advection of planetary 
vorticity. Finally, in the third step, their intensity 
evolution is simulated using a deterministic, coupled 
ocean-atmosphere hurricane model phrased in 
angular momentum coordinates, which achieve very 
high spatial resolution in the critical central core 
region. In practice, most of the seeds die a natural 
death owing to small potential intensity, large wind 
shear, and/or low humidity in the middle troposphere. 
We show that the climatology of the survivors is in 
good accord with observed hurricane climatology.  
While details of this technique and the results of 
applying it to a suite of global climate models will be 
presented in Emanuel et al. (2008), we here present 
one critical result of comparing hurricane activity in 
the late 20th century to that of the late 22nd century as 
simulated by global climate models under IPCC 
scenario A1b, in which atmospheric CO2 
concentrations continue to increase to 720 ppm by 
2100, after which they are held constant. Figure 4 
shows the percentage increase in “coastal power 
dissipation” in 5 ocean basins using 7 climate 
models. Coastal power dissipation is just the sum 
over a given year of the cube of the maximum wind 
speed at the time that a storm makes landfall, and is a 
rough measure of potential destructiveness of 
hurricanes. Results vary greatly from model to 
model, reflecting the general uncertainties remaining 
in the field of climate modeling. There is a general 
tendency for the frequency of events (not shown) to 
decline, as is the case with direct simulations using 
global models; this is partially offset by a tendency 
for increased intensity. In addition, changes in the 
general circulation result in changing storm tracks, 
which also influences coastal power dissipation. The 


Figure 4. Percentage increase in coastal hurricane power 
dissipation between the last 20 years of the 20th century 
and the last 20 years of the 22nd century, based on 2000 
synthetic storms in each of 5 ocean basins for each of 7 
global climate models. The 22nd century statistics are 
taken from models forced according to IPCC scenario 
A1b. From Emanuel et al. (2008). 


 
decline in frequency of events in these simulations is 
owing to the increase in the magnitude of an import 
ant non-dimensional parameter in the intensity 
model. This parameter, mχ , is defined 
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where ms  is the moist entropy of the middle 
troposphere (near the level where it attains a 
minimum value), *ms is its saturation value, 0 *s is 
the moist entropy of air saturated at sea surface 
temperature and pressure, and bs  is the moist entropy 
of the boundary layer. This quantity is nonpositive, 
and its magnitude measures the degree of 
thermodynamic inhibition to hurricane formation. It 
is easy to show that at constant relative humidity, the 
numerator of (2) scales with the saturation specific 
humidity, as dictated by Clausius-Clapeyron. On the 
other hand, the denominator measures the air-sea 
thermodynamic disequilibrium which, at constant 
surface wind speed, is proportional to the surface 
turbulent energy flux into the atmosphere. This, in 
turn, rises only slowly with global warming, since 
surface evaporation is constrained to balance the net 
surface radiative flux, which changes only slowly, 
once the surface temperature becomes fairly large. 
Thus global warming has the effect of decreasing 
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hurricane frequency. At the same time, potential 
intensity generally increases with warming, so that 
some increase in the frequency of the most intense 
events is to be expected.  


Effect of hurricanes on climate 


Discussions of hurricanes and climate almost 
always assume that any changes in hurricane activity 
are passive; i.e. there is little or no feedback of 
hurricanes on the climate system. Globally, 
hurricanes contribute only a few percent of the total 
precipitation (and thus latent heat release) in the 
tropics; on the other hand, their precipitation 
efficiency is anomalously high, so that they may 
serve to dehydrate the tropical atmosphere to some 
degree. This might serve to cool the Tropics, owing 
to the decline of the greenhouse effect of water 
vapor. Because of the very high specific entropy 
content of the hurricane eyewall, they can extend 
further into the lower stratosphere than most 
convection; so it is possible that they play a role in 
the regulation of stratospheric water vapor. But 
perhaps their greatest influence on climate is exerted 
through the oceans.  


Hurricanes are observed to vigorously mix the 
upper ocean (Leipper, 1967). The mechanism for 
doing this is somewhat indirect. Because of their 
horizontal scale and translation speeds, hurricanes are 
particularly efficient in exciting near-inertial 
oscillations in the upper ocean (Price, 1981). Vertical 
shear of ocean currents across the base of the mixed 
layer is almost invariably unstable, resulting in small 
scale turbulence that mixes colder thermocline waters 
across into the mixed layer, thereby cooling it and 
warming the upper thermocline (Price, 1981). This 
mixing occurs on time scales of 6-24 hours 
associated with the passage of storms and the near-
inertial response to the time-varying wind stress they 
produce. The mixing itself does not change the 
column-integrated enthalpy; enthalpy is merely 
redistributed in the vertical. However, the cold 
anomaly produced at the surface is observed to 
recover over a period of about 10 days (Nelson, 
1996), owing to a reduction in the turbulent enthalpy 
flux to the atmosphere. This wake recovery is 
associated with a net, column-integrated enthalpy 
increase in the ocean. Assuming that all of the cold 
anomaly recovers, the author (Emanuel, 2001) 
estimated that global hurricane activity results in an 


average net heat input rate of 1.4 to the 
tropical oceans, a number comparable to the total 
poleward heat transport by the oceans. Recently, a 
more conservative estimate of around 0.3  was 
made by Sriver and Huber (2007), who used 
European Center re-analyses to estimate cold wake 
recovery


.7 PW±


PW


4. Figure 5, from that paper, shows the 
estimated vertical diffusivity induced by global 
hurricane activity. 


 
Figure 5. Vertical diffusivity induced by hurricanes, 
estimated from European Center for Medium Range 
Weather Forecasts re-analyses, reproduced from Sriver 
and Huber (2007). The panel at right shows the zonal 
average.  


 
Experiments with ocean models show that spatially 


and temporally isolated mixing events are as effective 
as broadly distributed mixing in inducing a poleward 
heat transport in the ocean (Boos et al., 2003; Scott 
and Marotzke, 2002), so that much of the upper 
ocean heat uptake induced by hurricane mixing is 
exported toward higher latitudes, though some may 
return to the atmosphere locally in the Tropics in the 
subsequent cool season.  


During the ‘Aha Hulikoa workshop itself, several 
participants raised the possibility that the cold wake 
may recover only through a very shallow depth, 
leaving a dipole temperature anomaly (or “heaton”) 
in the upper ocean, with very little change in the 
column-integrated enthalpy. In principle, the total 
heat uptake during wake recovery should be reflected 
in an elevation of the sea surface, which is detectable 
using satellite-based sea surface altimetry. Using the 
hydrostatic equation, the change in column enthalpy 


                                                                 
4 Cold wakes were assumed to penetrate only to 50 m 
depth, and SSTs are updated as infrequently as 7 days in 
the re-analyses, leading to underestimation of cold wake 
magnitude, so that this estimate is conservative. 
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content, , should be related to the change in sea 
surface elevation, , by 


k∆
z∆


 ,pc
k z


ρ
α


∆ = ∆  (3) 


where ρ  is the density of seawater, its heat 
capacity, and 


pc
α  it coefficient of thermal expansion. 


Figure 5 of Emanuel (2001), reproduced here as 
Figure 6, shows sea surface elevation as a function of 
time and cross-track distance during the wake 
recovery of Atlantic Hurricane Edouard in 1996. 


 


 
Figure 1: Cross-track sections of the sea surface height 
anomaly from TOPEX/Poseidon at 10-day intervals in 
August-September, 1996. Hurricane Edouard passed this 
transect on Julian Day 239. The height anomaly 
corresponding to the vertical separation between the 
transects is 20 cm. The transect is centered at 19.2N,  56W 
and the time of the transect is indicated at left by Julian 
day. The anomalies represent differences from the sea 
surface height averaged over the month preceding Julian 
Day 220. (Analysis and figure courtesy of Peter Huybers.) 
 


One observes that the sea surface rises mostly to 
the right of the storm track, where the largest near-
inertial response and cooling occur, and that the 
surface rises by about 10 cm. According to (3), this 
gives a heat uptake of about 91.5 10 2Jm−× , which, 
when integrated over the approximately 800 km 
width and 1000 km length of the wake, yields a total 
heat uptake of around 216 10 J× . If there were 10 
such events globally each year, the average rate of 
induced heat uptake would be about , 
consistent with the earlier estimate by Emanuel 
(2001). In particular, the magnitude of the sea surface 
height response evident in Figure 6 suggests that 
wake recovery was deep in this case. 


152 10 W×


The implications of this for climate dynamics 
should not be understated. As pointed out by the 
author (Emanuel, 2001), increased hurricane activity 
in a warmer climate would result in increased tropical 
heat export by the oceans, mitigating tropical 
warming but amplifying the warming of higher 
latitudes. This inference is supported by recent 
numerical simulations using a coupled climate model 
in which upper ocean mixing is related to a proxy for 
hurricane activity (Korty et al., 2007). This effect 
offers a potential explanation for the equable nature 
of very warm climates such as that of the early 
Eocene; high levels of hurricane activity in such a 
warm climate could drive a strong poleward heat flux 
in the ocean, even in the face of relatively weak pole-
to-equator temperature gradients, thus helping to 
keep such gradients weak. (Today’s coupled climate 
models are notoriously bad at reproducing such weak 
temperature gradients, perhaps because they have no 
representation of hurricane-induced ocean mixing.) It 
may also help explain why most of the observed heat 
uptake by the oceans over the past 50 years has been 
in the subtropics and middle latitudes (Levitus et al., 
2005), whereas coupled models typically show most 
of the heat uptake occurring in subpolar regions (e.g,. 
Manabe et al., 1991).  


Clearly, hurricane-induced heat uptake may be an 
important element of climate dynamics and should in 
any event remain an active research topic for the next 
few years at least.  


Conclusions 
Tropical cyclones respond to climate change in a 


number of ways. Their level of activity appears to be 
controlled primarily by three factors: potential 
intensity, vertical shear of the horizontal 
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environmental wind, and the parameter mχ defined 
by (2) and measuring the specific humidity deficit of 
the middle troposphere. Records of hurricanes are 
best and longest in the North Atlantic, are somewhat 
less reliable in the western North Pacific, and are 
dubious elsewhere, particularly before the satellite 
era. In the North Atlantic region, hurricane power 
dissipation is highly correlated with tropical sea 
surface temperature during hurricane season, on time 
scales of a few years and longer. The tropical North 
Atlantic sea surface temperature is in turn highly 
correlated with northern hemisphere surface 
temperature, at least during hurricane season, on time 
scales of a decade and longer. The weight of 
available evidence suggests that multidecadal 
variability of hurricane season tropical Atlantic SST 
and northern hemispheric surface temperature, 
evident in Figure 3, is controlled mostly by time-
varying radiative forcing owing to solar variability, 
major volcanic eruptions, and anthropogenic sulfate 
aerosols and greenhouse gases. The increase in 
potential intensity of about 10% in the North Atlantic 
over the last 30 years was driven by increasing 
greenhouse gas forcing, declining lower stratospheric 
temperature, and decreasing surface wind speed; this 
increase is consistent with the ~60% increase in 
hurricane power dissipation during this time.  


Explicit simulations of hurricanes using global 
climate models as well as a variety of downscaling 
techniques all show a general tendency toward 
decreasing hurricane frequency and increasing 
intensity and rainfall, although there is much 
variability from model to model. The increased 
intensity is related to increasing potential intensity as 
the climate warms, while the increased rainfall is a 
straightforward consequence of increased atmos-
pheric humidity, according to Clausius-Clapeyron. 
The decreasing frequency of hurricanes appears to be 
owing to an increase in the magnitude of the thermo-
dynamic inhibition to genesis, as given by the 
parameter mχ  defined by (2); this is a predictable 
consequence of global (as opposed to local) warming.  


Hurricanes may affect climate through drying of 
the troposphere and especially by mixing the upper 
tropical oceans. Available evidence suggests that 
global hurricane activity may be an important or even 
dominant mechanism in maintaining poleward heat 
flux by the oceans. Since hurricanes both respond to 
and affect climate change, their existence modifies 
climate dynamics in a way that may help explain both 
the pattern of recent heat uptake by the oceans, and 


the peculiar features of very warm climates such as 
that of the early Eocene. Further research needs to be 
undertaken to explore these ideas.  
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Annual climatologies of extreme water levels


M.A. Merrifield, 1 Y.L. Firing, 2 and J. J. Marra 3


Abstract. Annual climatologies of coastal high water levels are examined using
hourly averaged time series from a global network of tide gauges. For each station,
95% exceedance levels for each day of the year are estimated as the superposition
of tidal, high frequency (e.g. storms, eddies), and seasonal components. The
annual climatologies illustrate the general character of extremes at each site,
ranging from locations where extreme occurrences are due primarily to storms, to
those where spring tides are the main determining factor. For the latter category
of stations, extreme levels tend to cluster around the semi-annual peaks in spring
tides. These peaks fall at the equinoxes at stations having a dominant semidiurnal
component, and at the solstices at stations with diurnal-dominant tides. The
impact of storms is heightened in some locations when seasonal storms arrive
during the semiannual maxima in spring tide elevations. A tide model is used to
show the semiannual range in solstitial and equinoctial spring tides around the
globe.


Introduction


Extreme coastal water level events often result from a


superposition of processes, primarily associated with storms


and tides. In areas with large tidal ranges, the coincidence


of a storm with a high spring tide will have a significant


impact at the coast. Conversely, a potentially damaging


storm event may have relatively minor impact if the peak


of the event coincides with unusually low tides. Non-tidal


variations in sea level associated with seasonal heating and


wind forcing, interannual fluctuations (e.g., El Ni~nos and


other climate variations), as well as long-term secular trends


also may contribute to the present and future impacts of high


water level events by adding additional height to a short-


term extreme event. Because storms, tides, and sea level


all tend to have seasonal variations, we seek a climatology


that depicts the separate and combined impacts of these


processes in determining high water level extremes in the


coastal zone as a function of year-day. In addition, we wish


to assess how extreme events are affected by low frequency


fluctuations and trends in sea level that are not captured in


an annual climatology.


For this purpose we use hourly sea level records available


from coastal tide gauges. A number of studies have exam-


ined the statistics and nature of extreme events in tide gauge


time series, as reviewed recently by Lowe et al. (2007).
The present study complements previous studies, particu-


larly that of Woodworth and Blackman (2004), in that we
seek a deconstruction of extremes in terms of tides, water
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level fluctuations on storm time scales, and seasonal wa-


ter level variations. We emphasize the seasonality of these


contributors to high events by forming annual climatolo-


gies of water level exceedance levels. Our study differs


from that of Woodworth and Blackman (2004) who consid-
ered tidal, annual, and short-term contributions to extremes


in tide gauge records in the context of systematic changes


over time, whereas our focus is on the seasonal climatology.


The climatologies illustrate that in many locations the


tide plays a strong role in establishing extreme levels, and


as a result the seasonality of spring tides is a contribut-


ing factor to the timing and amplitude of extremes. It is


well known that maximum semidiurnal spring tides occur


at the equinoxes (Pugh, 1987). Similarly, the diurnal tide-
producing forces are at a maximum at the solstices. Here we


seek to examine the spatial patterns associated with these


semiannual modulations in the context of observed extreme


occurrences. The semiannual modulation is first described


in terms of standard tidal analysis techniques developed by


Doodson (1921), and the spatial patterns are illustrated us-
ing tidal harmonics obtained from a global tide model.


Data and methods


Hourly and daily mean tide gauge data were obtained


from the University of Hawaii Sea Level Center for sta-


tions with data from at least 1993 through 2005 (Figure 1).


We deconstruct the water level time series from each loca-


tion into components with different time scales. A linear


trend is removed from the time series and low-frequency sea


level variability is obtained by smoothing daily data with a


running Gaussian-shaped low-pass filter (half power period


at ∼5 months). The seasonal sea level cycle is defined
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Figure 1. Locations of tide gauges that have been examined as


part of this study. The stations described in section 3 are indicated.


Results for the other tide gauge stations will be presented in a later


study.


by computing the average daily mean water level over all


years for each year-day. High-frequency sea level is then the


residual of the daily means after removal of the trend, low


frequency, and seasonal cycle time series. The tidal com-


ponent is predicted using tidal fits (Foreman, 1978) to the
hourly data. Water levels are referenced to mean sea level


(MSL) computed from each time series using data spanning


the 1990s, a period of high data return for the entire net-


work of gauges. In describing tidal ranges, we also make


reference to the station mean higher high water (MHHW)


calculated from the predicted tide.


We define an extreme event climatology as the superpo-


sition of seasonal sea level, tidal, and high frequency water


level components. The tidal contribution is the 95% ex-


ceedance threshold of daily highest water above the MHHW


on each year-day. The high frequency variability is the


95% exceedance threshold of the high-pass filtered data


(described above) on each year-day. These three compo-


nents are stacked yielding a total water level, referred to


as H95, that is plotted versus year-day (Figure 1). The


95% exceedance threshold was chosen to characterize ob-


served extreme levels while limiting bias errors associated


with isolated erroneous data as discussed by Woodworth
and Blackman (2004). The five highest hourly values mea-
sured (without subtraction of the linear trend) are denoted


for comparison with the climatology (Figure 2).


Variations from the annual climatologies are considered


in terms of the low-frequency time series, including the


linear trend (Figure 3). To examine whether variations in


extreme events are associated with low frequency sea level


fluctuations, the annual 95% exceedance value for daily


means with the secular MSL trend removed is included.


Trends in these exceedance values would indicate long-term


changes in event amplitudes not simply due to the rise or


fall of mean sea level.


We investigate global patterns of tidal climatology using
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Figure 2. Superposition of the components of annual high water


level climatologies at six representative stations (locations indi-


cated in Figure 1). The mean component is the seasonal cycle,


while the 95% exceedance threshold of the tide and short-term


variability are shown as explained in Section 2. Levels are relative


to the mean higher high water (equal to 0.81 m at San Francisco,


0.67 m at Funafuti, 0.42 m at Pago Pago, 0.32 m at Honolulu,


0.18 m at Pensacola, and 1.85 m at Newlyn).







EXTREME WATER LEVEL CLIMATOLOGIES 29


−0.4


−0.2


0


0.2


0.4 trend 0.2+/−0.4mm/yr


San Francisco, USA


trend 1.9+/−0.2mm/yr


trend 0.9+/−3mm/yr


Funafuti, Tuvalu


trend 2.1+/−2.9mm/yr


−0.4


−0.2


0


0.2


0.4


trend 0.1+/−0.7mm/yr


s
e


a
 l
e


v
e


l 
(m


)


Pago Pago, American Samoa


trend 1.7+/−0.6mm/yr


trend 0+/−0.3mm/yr


Honolulu, USA


trend 1.5+/−0.3mm/yr


1910 1930 1950 1970 1990


−0.4


−0.2


0


0.2


0.4 trend 0+/−0.4mm/yr


Pensacola, USA


trend 2.2+/−0.4mm/yr


1910 1930 1950 1970 1990


trend −0.1+/−0.4mm/yr
Newlyn, UK


trend 1.7+/−0.2mm/yr


Figure 3. Low-frequency time series and trend (solid lines, value


of trend listed below) and yearly 95% exceedance level of de-


trended daily mean sea level (dots and dashed line, value of trend


listed above) at the six stations shown in Figure 2. The vertical


lines indicate the times of the five largest events depicted in Figure


2 (colors and symbols consistent with previous figure).


data from the TPXO6 tidal model and the Oregon State Uni-


versity (OSU) Tidal Prediction Software (OTPS) provided


by G. Egbert and L. Erofeeva, OSU.


Case studies


To illustrate the information contained in the annual cli-


matologies, we examine tide gauge stations for which differ-


ent processes dictate the occurrence of extreme water levels.


The extreme climatology at San Francisco (Figure 2) shows


that high levels are most likely to occur in the winter (De-


cember through February), with a secondary maximum in


the summer. The five largest observed events (hourly levels)


all occurred during the winter H95 maxima. These events


exceed the H95 climatology by 0.1-0.4 m, resulting in lev-


els twice as high as the MHHW (0.81 m). The events are


associated with winter storms, which are described for San


Francisco in detail by Bromirski et al. (2003). The H95 cli-


matology indicates that spring tides are 0.4 m higher than


average during this time of year, thus enhancing the im-


pacts of winter storms. The spring tide level has a second


0.4 m peak in July, but in the absence of the short-term


(storm-related) component extremes are not expected. The


seasonal variation of sea level, due in part to downwelling-


favorable local winds, makes a relatively small contribution


(< 0.1 m) to winter extremes. The importance of inter-
annual variability at San Francisco is evident in that four


of the five highest observed hourly levels were measured


in El Ni~no years (Figure 3), when both low frequency sea


level and storm occurrences are higher than normal (e.g.


Bromirski, 2003). The five top events all have occurred


since 1970. This is attributed to the long-term upward trend


of 1.9±0.2 mm/yr in sea level, rather than an increase in


the amplitude of extreme events, which has an insignificant


trend of 0.2±0.4 mm/yr.


At Funafuti, a South-Pacific atoll that experiences severe


flooding due to unusually high water levels, H95 levels are


highest in March, mostly as a result of high tides but aug-


mented by small, nearly coincident peaks in the seasonal


sea level and short-term components (Figure 2). Consistent


with the H95 climatology, the five highest observed water


levels have occurred at this time of year. The observed


events are ∼ 0.1 m above H95. As at San Francisco (and


Pago Pago and Honolulu, described below), the observed


extreme levels are equivalent to a doubling of the MHHW,


resulting in levels 1.4 m above mean sea level. The rela-


tively large sea level trend of 2.9±2.8 mm/yr explains the


five highest extremes all occurring since 1988 (Figure 3).


The daily extreme levels are correlated (r2 = 0.62) with
the low-frequency sea level variability, indicating that ex-


treme high events tend to occur during La Ni~na years when


regional sea levels are high. There is no significant trend


in daily extremes above the mean sea level trend over the


observation period (1977-2005).


Pago Pago is an example of a location with consistently


low (0.2 m)H95 levels throughout the year (Figure 2). This


implies no seasonality to high water level events, which is


confirmed by the random occurrence of the five highest ob-


served hourly levels. Noticeably absent are the semiannual


tidal modulations that are seen at the neighboring Funafuti


station. The 1.7±0.6 mm/yr trend in MSL (Figure 3) has a


noticeable impact on extremes, with four of the five highs


occurring since 1996. There is again no significant trend


in extreme levels beyond the trend in background MSL. At


Pago Pago extreme event occurrence is set not by the sea-


sonal cycle but by interannual fluctuations: the time history


of daily extremes is highly correlated (r2 = 0.80) with low
frequency sea level.


The HonoluluH95 climatology is similar to that of Pago


Pago, with the exception of an annual spring tide minimum


(around March) when extremes are less likely to occur (Fig-


ure 2). Extremes and interannual MSL are correlated (0.75)


here as at Pago Pago and San Francisco. Firing and Merri-
field (2004) have shown that high water levels at Honolulu
are often related to mesoscale eddies incident from the east,


and the eddy events appear to be evenly distributed through


the year. The MSL trend of 1.5±0.3 mm/yr places the five


highest observed events in the latter half of the time series


(Figure 3).


The H95 climatology at Pensacola (Figure 2) consists


of approximately equal contributions from the mean, tide,


and short-term components ( 0.15 m each). The H95 peak


(0.4 m) in September is due to the superposition of the


mean and tidal components. The short-term events are
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nearly evenly distributed, with a small peak in February,


likely due to winter storms. Extreme events at Pensacola


are dominated by tropical storms and hurricanes; four of the


five highest events were associated with hurricanes passing


over or near the site, causing levels 1 to 1.8 m above theH95


climatology (Figure 3). The storm events are in some ways


anomalous; they are not reflected in the seasonal variation


of short-term variability other than to cause spikes when


they do occur. Because the tropical storm season peaks


in the late summer, the impact of storms on extreme wa-


ter level is heightened by large tides and high seasonal sea


level coinciding with the storm occurrences. The trend in


mean sea level (2.2±0.4 mm/yr, Figure 3) appears to have


some effect on extreme levels, although the highest hourly


level occurred during a storm in 1926 when mean levels


were nearly 0.18 m lower than at present. The interannual


variations in MSL and daily extreme amplitudes are uncor-


related (0.28), indicating that storm events are not related


to slow changes in water levels. In addition, there is no


significant trend in daily extremes above the MSL trend,


suggesting that water-level-raising storm activity has been


relatively constant over time.


Newlyn, like San Francisco, is subject to winter storms,


although storm arrivals at Newlyn are less concentrated than


at San Francisco, with the five highest levels occurring from


late October to early April (Figure 2). The short-term clima-


tology reflects this distribution with a broad peak of 0.3 m


from November to March. The strong variation in spring


tides over the year at this strongly semi-diurnal location


puts the overall H95 peak (0.9 m) in October, with a sec-


ondary maximum in March. Thus the impact of late season


storms is ameliorated to some extent by diminished spring


tides relative to the equinoctial peaks in March and October.


Interannual MSL variability appears relatively unimportant


(0.1 m) in determining extreme events; MSL and annual


daily extremes are weakly correlated (0.55). The long-term


MSL trend of 1.7±0.2 mm/yr also has little influence on


extremes: the five highest observed levels are distributed


from 1948 to the present (Figure 3).


The semiannual tidal cycle


Semiannual modulations of tidal range result from the


declinations of the sun and moon. At the equinoxes the sun


and moon are both nearly in the earth's equatorial plane,


leading to peak semidiurnal tidal forces; at the solstices the


sun is at its maximum declination relative to the equator,


leading to peak diurnal tidal forces. In terms of tidal con-


stituents, this modulation is specified by S2 and K2 for the


semidiurnal constituents, and K1 and P1 for the diurnal.


These pairs of constituents have frequencies that differ by


twice the annual frequency, giving rise to the semi-annual


beat.


The relative phasing of the components is such that the


semidiurnal envelope has maxima at the spring and fall


equinoxes, while the diurnal envelope has maxima at the


winter and summer solstices. In the common harmonic


method of computing the tidal potential developed by Doo-
dson (1921), the frequency of each constituent is a combi-
nation of integral multiples of six fundamental frequencies.


Those of interest are ω1, ω2, and ω3, which have periods


corresponding to the mean lunar day (1.0351 solar days), the


sidereal month (27.3217), and the tropical year (365.2422),


respectively. The contribution to the semidiurnal tide from


the S2 and K2 components is


AS2
cos(2(ω1+ω2)t−2ω3t−G)+AK2


cos(2(ω1+ω2)t−G),
(1)


where A∗ is the constituent amplitde, t = 0 (by definition)
at the spring equinox and G is the phase relative to Green-


wich, which we assume is approximately equal for these


two constituents. We neglect other semidiurnal constituents


with a 2ω3 phase difference because their modulation am-


plitudes are much weaker than the S2, K2 pair. From


equation ??, the semiannual modulation is largest when


cos(2ω3t) is maximum, or when ω3t = 0, π, at spring and


fall equinoxes. The maximum envelope size is AS2
+AK2


,


and the minimum is AS2
− AK2


. Based on the tidal po-


tentials of Doodson (1921), this corresponds to a ±20.5%
variation in range.


The K1, P1 modulation of the diurnal tide is given by


AK1
cos((ω1+ω2)t−G+π)+AP1


cos((ω1+ω2)t−2ω3t−G),
(2)


where we again neglect other diurnal constituent pairs with


a 2ω3 phase difference but weak modulation amplitude, and


assume the same Greenwich phase for K1 and P1. The π


phase has been included to account for the phase differ-


ence of K1 relative to P1 (cf the Doodson tables, where the


amplitude of K1 is negative). The diurnal semiannual mod-


ulation is largest when 2ω3t = ±π, at winter and summer


solstices. The envelope amplitude ranges from AK1
+ AP1


(maximum) to AK1
− AP1


(minimum). From the Doodson


tables, this corresponds to a ±44% variation in range.


Considering only these dominant contributors to the


semiannual modulation, the range in semiannual tide ampli-


tude is R = 2AK2
−2AP1


, where a positive range indicates


peak tides at the equinoxes, and a negative range peak tides


at the solstices. In reference to the climatologies presented


in Figure 2, R provides an estimate of the range of the tidal


component depicted for each station. In any given year,


maximum spring tides may deviate considerably from this


baseline level, for example at lunar perigee.


We compute R using tidal constituents from the TPXO6


model (Figure 4). In general, the equinoctial tides are


strongest at the coast, particularly at locations known for


large semidiurnal tides such as the Bay of Fundy, the Aus-
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Figure 4. Spatial map of the semiannual range (R) computed from the TPXO6 model. Positive values correspond to tides that peak at


the equinoxes, negative values at the solstices.


tralian Northwest shelf, the Madagascar Strait, the European


Atlantic coast, the western coast of Korean peninsula, and


the Patagonia shelf. A substantial fraction of the open ocean


shows weak semiannual modulation, particularly near ma-


jor amphidromic points. The strongest solstitial tides tend


to occur at high latitudes, particularly in the North Pacific.


The map of R from altimetry is consistent with the phase


and amplitude of the semiannual modulation observed at all


of the tide gauges considered in this analysis.


Summary


An annual climatology of high water level components


provides a useful tool for diagnosing the nature of extreme


events . A feature that stands out in many of the water


level climatologies is the importance of peak spring tides in


determining event occurrences. The semiannual modulation


of peak tides at the solstices and equinoxes can enhance or


weaken the impact of storms (e.g., San Francisco, Newlyn).


In some cases, even small amplitude sea level anomalies


are enough to cause coastal flooding when combined with


the largest spring tides of the year (e.g., Funafuti, Hon-


olulu). In areas where the semiannual modulation is weak


and storms are rare, extreme events may have no specific


seasonality (e.g., Pago Pago). The polarity of the semian-


nual modulation of the tide can change quickly in space,


for example in the Southeast Asia region (Figure 4). Given


the same storm variability, we would expect marked spatial


variation in the climatological impacts of storms in coastal


areas where the semiannual phase changes abruptly from


solstitial to equinoctial dominant tides.
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Precipitation and its extremes in changed climates


T. Schneider and P. A. O’Gorman


California Institute of Technology, Pasadena, CA, USA


Abstract. While the specific humidity of the atmosphere is expected to increase as
the climate warms, roughly consistent with constant relative humidity in a global
mean, precipitation increases do not keep pace with specific humidity increases. To
investigate systematically how precipitation changes with climate, we conducted
a series of simulations with an idealized general circulation model in which we
varied the optical thickness of the longwave absorber. In the simulations, global-
mean precipitation increases approximately linearly with global-mean surface
air temperature over a wide range of climates and asymptotically approaches
a maximum in warm climates, with the maximum estimable from the surface
energy budget. The large-scale (grid-scale) precipitation, which is particularly
important in the extratropics, exhibits more complex behavior, with a maximum
in a moderately warm climate and smaller values in colder and warmer climates.
Changes in precipitation extremes likewise do not scale with specific humidity
changes but exhibit more complex behavior, with a wide range in which they
increase approximately linearly with global-mean surface air temperature at a
fractional rate approximately equal to that of the mean precipitation and, for some
extreme-value statistics, with a maximum or plateau in warm climates.


1. Introduction


According to the Clausius-Clapeyron relation, a small


change δT in temperature T leads to a fractional change


δes/es in saturation vapor pressure es of


δes


es


≈
L


RvT 2
δT, (1)


where Rv is the gas constant of water vapor and L is the


latent heat of vaporization. If one substitutes representative


values for the present-day Earth climate, this implies that


the fractional increase in saturation vapor pressure with tem-


perature is about 6–7% K−1 (e.g., Trenberth et al. [2003]).


Held and Soden [2006] showed that in simulations of 21st-


century climate change scenarios, the fractional increase in


global-mean precipitable water (column-integrated specific


humidity) with global-mean surface temperature is about


7.5% K−1, similar to the fractional increase in saturation va-


por pressure and roughly consistent with a constant effective


relative humidity (a relative-humidity average weighted by


the saturation vapor pressure, i.e., toward the lower tropo-


sphere). On the other hand, the fractional increase in global-


mean precipitation and evaporation with global-mean sur-


face temperature is about 2.2% K−1—considerably less than


the specific humidity increase.


Changes in evaporation and precipitation and in near-


surface saturation specific humidity and relative humidity


are closely related. According to the bulk aerodynamic for-


mula, evaporation E over oceans is related to the specific


humidity q near the surface and the saturation specific hu-


midity q∗s at the surface by


E = ρCW ‖v‖(q∗
s
− q), (2)


where ρ is the density of near-surface air, v is the near-


surface wind, and CW is a bulk transfer coefficient (e.g.,


Peixoto and Oort [1992]). Over oceans, the disequilibrium


factor q∗
s
− q between the surface and near-surface air is


usually dominated by the subsaturation of near-surface air,


rather than by the temperature difference between the sur-


face and near-surface air, so that it can be approximated as


q∗s − q ≈ (1−H)q∗s , with near-surface relative humidity H.


If one further assumes that changes in evaporation with cli-


mate are dominated by changes in the disequilibrium factor


q∗s−q and that its changes, in turn, are dominated by changes


in near-surface saturation specific humidity and relative hu-


midity, the fractional change δE/E in evaporation E can be


expressed as
δE


E
=


δq∗
s


q∗s
−


δH


1 −H
. (3)


As discussed by Held and Soden [2000], the relation


(3) together with the surface energy budget constrains the


changes in evaporation and near-surface relative humidity


that are possible for a given change in radiative forcing


and temperature. With a fractional change of 2.2% K−1 in


evaporation and 6.5% K−1 in saturation vapor pressure, a


global-mean surface temperature increase of 3 K leads to a


global-mean increase in evaporation of δE/E ≈ 6.6% and
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in saturation specific humidity at the surface of δq∗s/q∗s ≈
δes/es ≈ 19.5%. To the extent that the relation (3) is ade-


quate, it follows that the relative humidity term δH/(1−H)
increases by about (19.5−6.6)% = 12.9%, or, with a typical


near-surface relative humidity of 80%, the relative humidity


increases by about 2.6 percentage points. The precise mag-


nitude of relative humidity changes will depend on changes


in surface winds and in the temperature difference between


the surface and near-surface air. However, even if, for exam-


ple, the influence of changes in the temperature difference


between surface and near-surface air on the disequilibrium


factor q∗
s
− q is similar to the influence of changes in the


near-surface relative humidity, the order of magnitude of the


terms shows that changes in near-surface relative humidity


will be small compared with changes in near-surface satu-


ration specific humidity. This is especially the case if near-


surface air is close to saturation so that the factor 1/(1−H)
in (3) is large. Because most water vapor in the atmosphere


is confined near the surface (the water vapor scale height is


about 2 km), this implies that changes in precipitable wa-


ter will be dominated by changes in near-surface saturation


specific humidity.


It is also clear that fractional evaporation changes with


surface temperature cannot be of a vastly different magni-


tude than the 2.2% K−1 quoted above, as would be nec-


essary for significant relative humidity changes. For ex-


ample, if an increase in the concentration of greenhouse


gases would lead to a 3-K global-mean surface tempera-


ture increase in a statistically steady state, associated with


a saturation specific humidity increase of about 19.5%, and


would lead to a reduction in near-surface relative humidity


from 80% to 70%, evaporation would have to increase by


about 70% according to (3). But currently total evapora-


tion at Earth’s surface amounts to a latent heat flux of about


80 W m−2 (Kiehl and Trenberth [1997]). A 70% increase


would amount to an additional energy flux of 56 W m−2 that


would have to be available to the surface, in the form of in-


creased net irradiance or increased downward sensible heat


fluxes, to balance the additional evaporation. But this is not


possible given current estimates of the equilibrium climate


sensitivity (of order 0.8 K surface warming per 1 Wm−2 ra-


diative forcing at the top of the atmosphere) and estimates


of the additional energy flux available to the surface in a


warmer climate, which is expected to be of the same order


as but is not necessarily equal to the radiative forcing at the


top of the atmosphere that produced the warming. Notwith-


standing uncertainties in quantitative details, the implica-


tion is that changes in near-surface relative humidity and


in evaporation—and thus, in a statistically steady state, in


precipitation—are strongly energetically constrained.


We recently investigated how the hydrologiccycle changes


with climate in a much wider range of climates than those


considered in typical global-warming simulations (O’Gorman


and Schneider [2007b]). We simulated a wide range of
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Figure 1. Global-mean precipitable water vs global-mean surface


air temperature (solid line with circles). Here and in subsequentfig-


ures, the filled circle indicates a reference simulation with global-


mean surface air temperature close to that of present-day Earth.


The dashed line is the global and column average of the satura-


tion specific humidity, excluding levels at the top of the model


and rescaled by a constant relative-humidity factor of 0.67. (From


O’Gorman and Schneider [2007b].)


climates with an idealized aquaplanet general circulation


model (GCM) by systematically varying the optical thick-


ness of an idealized longwave absorber, which may be thought


of as representing the combined effect of water vapor and


well-mixed greenhouse gases. Other quantities such as


the latent heat of vaporization, surface albedo, solar irradi-


ance, and solar absorption in the atmosphere are kept fixed.


The simulated climates have steady and zonally and hemi-


spherically symmetric circulation statistics. They exhibit


global-mean surface air temperatures between 260 K (pole-


to-equator temperature contrast 70 K) and 316 K (pole-to-


equator temperature contrast 24 K) and span climates from


some resembling that of present-day Earth to equable cli-


mates and cold climates resembling those that may have oc-


curred over Earth’s history. Here we summarize some results


of our study. Section 2 and 3 summarize results on global-


mean precipitation and large-scale precipitation (precipita-


tion arising from large-scale condensation). These sections


are a review of O’Gorman and Schneider [2007b]; more de-


tails and a model description can be found there. Section 4


presents results on precipitation extremes.


2. Global-mean precipitation


Figure 1 shows the global-mean precipitable water as a


function of global-mean surface air temperature in the series


of simulations. The precipitable water (solid line with cir-


cles) increases monotonically with surface air temperature,


roughly consistent with a constant effective relative humid-


ity (dashed line). The fractional rate of increase in precip-


itable water at the reference simulation (filled circle, a sim-


ulation with a climate close to that of present-day Earth) is


6.2% K−1, consistent with (1). The relative humidity in the
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free atmosphere does change over the range of simulations,


but near the surface, where the bulk of the water vapor is


confined, its changes are sufficiently small that assuming a


constant effective relative humidity is a good approximation.


The increase in precipitation does not keep pace with the


increase in precipitable water. Figure 2 shows the global-


mean precipitation as a function of global-mean surface air


temperature. Over a wide range of climates, the precipita-


tion increases approximately linearly with surface air tem-


perature. In warm climates, the precipitation asymptotically


approaches a maximum value, which can be estimated from


the surface energy budget. In warm climates, the dominant


balance in the surface energy budget is between absorbed so-


lar irradiance and the latent heat flux associated with evapo-


ration; the relative importance of the net longwave radiative


flux and of the sensible heat flux in the surface energy bud-


get decreases as the climate warms. Because in a statistically


steady state, precipitation is equal to evaporation, we obtain


an approximate upper bound on precipitation,


Pmax ' (1 − α)S/L, (4)


if we set the latent heat flux LE = LP at the surface equal to


the absorbed solar irradiance (1−α)S, where α is the surface


albedo and S is the solar irradiance at the surface (both are


constant in our series of simulations). Figure 2 shows that


this upper bound is a good estimate of the asymptotic max-


imum value of precipitation, though it is exceeded slightly


in the warmest simulations because there is a net sensible


heat flux from the atmosphere into the surface in those sim-


ulations. In general, the degree to which the bound (4) is


attained depends on the sensible heat flux into or out of the


surface and thus on boundary-layer dynamics.


Figure 2 also shows the precipitation change obtained if


one assumes that changes in latent heat release within the


atmosphere, and thus changes in evaporation and precipita-


tion, are balanced by changes in the longwave radiative loss


of the atmosphere (e.g., Allen and Ingram [2002]). The long-


wave radiative loss of the atmosphere is the difference be-


tween the outgoing longwave flux and the net upward long-


wave flux at the surface. Denoting the net upward longwave


flux at the surface by R and using that, in our series of sim-


ulations, the latent heat of vaporization and the global-mean


outgoing longwave radiation are constant, the precipitation


change balanced by changes in longwave radiative loss is


δP = −δR/L. (5)


Figure 2 shows that the precipitation change balanced by


changes in longwave radiative loss is similar to the actual


precipitation change, but the estimate (5) is not quantita-


tively accurate. Changes in sensible heat flux at the surface


are not negligible. In particular, the estimate (5) does not ac-


count for the linear dependence of precipitation on surface


air temperature over a wide range of the simulated climates.
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Figure 2. Global-mean precipitation vs global-mean surface air


temperature (solid line with circles). The dashed line represents a


linear increase of 2.8%K
−1 relative to the reference simulation.


The horizontal solid line is the approximate precipitation bound (4)


corresponding to a balance of absorbed solar irradiance and evapo-


ration at the surface. The dotted line shows the precipitation change


(5) balanced by changes in the longwave radiative loss of the at-


mosphere, with a constant offset chosen such that there is agree-


ment with the precipitation for the reference simulation. (From


O’Gorman and Schneider [2007b].)


Moreover, even if the estimate (5) were more accurate, its


use for estimating precipitation changes would be limited


because the longwave flux at the surface depends on the sur-


face air temperature and thus on the evaporation at the sur-


face, making (5) an implicit relation.


We currently do not have a theory that accounts for


the dependence of precipitation on surface air temperature.


Radiative-convective equilibrium simulations with the same


GCM as used in Fig. 2 give a similar dependence of pre-


cipitation on surface air temperature and suggest that energy


constraints may account for it; see O’Gorman and Schneider


[2007b].


3. Large-scale precipitation


Precipitation in GCMs can be decomposed into a compo-


nent associated with parameterized convection and a compo-


nent associated with large-scale (grid-scale) condensation.


The latter component results from resolved motions. One


may hope that it is less dependent on specifics of the con-


vection parameterization than the convective component, but


inasmuch as the resolved motions (particularly convection


on the grid scale) depend on specifics of the convection pa-


rameterization, this may not be true. In our simulations, the


large-scale component (“large-scale precipitation”) is largest


in the extratropics, and the convective component dominates


in lower latitudes.


Figure 3 shows the large-scale precipitation as a function


of global-mean surface air temperature. Like the total pre-


cipitation in Fig. 2, the large-scale precipitation increases


approximately linearly with surface air temperature over a
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Figure 3. Global-mean large-scale precipitation (solid line and


circles) vs global-mean surface air temperature. The dashed line


represents a linear increase of 3.2%K
−1 relative to the reference


simulation. (From O’Gorman and Schneider [2007b].)


wide range of climates, with a similar fractional rate of in-


crease relative to the reference simulation as the total pre-


cipitation. But unlike the total precipitation, the large-scale


precipitation does not increase monotonically with surface


air temperature but has a maximum in a moderately warm


climate.


Changes in the thermal structure of the atmosphere and


in characteristics of large-scale eddies are responsible for


the changes in large-scale precipitation. Given the ther-


mal structure of the atmosphere and eddy characteristics, a


stochastic model of isentropic moisture advection and con-


densation (O’Gorman and Schneider [2006]) successfully


accounts for the changes in large-scale precipitation. Ac-


cording to the stochastic model, the large-scale condensa-


tion rate depends on eddy kinetic energies and eddy length


scales, on the meridional gradient of saturation specific hu-


midity along isentropes, and on the distance an air parcel


travels along isentropes before it reaches saturation. An-


alyzing the stochastic model, we found the following fac-


tors to be important in accounting for the changes in large-


scale precipitation: (i) As the climate warms, the slope of


isentropes in the lower troposphere decreases. This reduces


the meridional gradient of saturation specific humidity along


isentropes relative to what it would be if only the saturation


specific humidity would increase, leading to a relative re-


duction in the large-scale condensation rate. (ii) As the cli-


mate warms, the distance an air parcel travels to reach sat-


uration increases in the lower troposphere, and it generally


(except for the warmest climates) decreases in the upper tro-


posphere. This, along with changes in the atmospheric ther-


mal structure, implies an upward movement of the region


in which the bulk of the large-scale condensation occurs to


colder and dryer regions of the atmosphere, leading to mod-


ifications of the large-scale condensation rate. The region in


which the bulk of the large-scale condensation occurs also


moves meridionally, further modifying the large-scale con-


densation rate. (iii) Eddy kinetic energies have a maximum


for a climate close to the reference simulation (O’Gorman


and Schneider [2007a]) and are smaller for much colder and


much warmer climates. This affects the transport of water


vapor along isentropes and likewise modifies the large-scale


condensation rate. See O’Gorman and Schneider [2007b]


for details.


The behavior of the large-scale precipitation illustrates


that energetic considerations alone do not suffice to account


for precipitation changes. Changes in the thermal structure


of the atmosphere and in eddy characteristics must also be


taken into account. These lead to the mean large-scale pre-


cipitation not scaling with precipitable water and even lead


to non-monotonic behavior of large-scale precipitation as a


function of surface air temperature.


4. Precipitation extremes


The frequency of occurrence of different precipitation


rates and its changes with climate in simulations with current


climate models depend on poorly constrained specifics of


convective parameterizations. For example, quasi-equilibrium


convection schemes in which convective available potential


energy (CAPE) is released at the rate at which it is produced


by resolved motions prevent the build-up and intermittent


release of CAPE and thus may underestimate the frequency


of intense precipitation events. While they may simulate


mean precipitation correctly, they may do so with a bias to-


ward more frequent low-intensity precipitation events than


would occur in nature. Conversely, convection schemes with


an overly stiff trigger or high thresholds for the occurrence


of deep convection may have a bias toward more frequent


high-intensity precipitation events than would occur in na-


ture. Comparing observational data and climate simulations


with different convection schemes, Dai et al. [1999], Sun


et al. [2006], and Wilcox and Donner [2007], among oth-


ers, did indeed find such biases in simulated precipitation


statistics. Wilcox and Donner [2007] found that changes in


the exceedance probability of a precipitation threshold are


greater with changes in the convection scheme than with a


2-K surface warming with fixed convection scheme. Such


findings cast doubt on the ability of current climate models


and of our idealized GCM to simulate changes in precipita-


tion extremes reliably.


Here we present changes in precipitation extremes in our


simulations, without any claim to universality of the results


but to illustrate the complexity of possible changes in the


extremes. Figure 4 shows the 99th percentiles of daily pre-


cipitation as a function of global-mean surface air temper-


ature, both for total and large-scale precipitation. The 99th


percentile is the amount of daily precipitation exceeded with


probability 1% in precipitation events in model grid boxes.


Over a wide range of climates, the 99th percentiles increase


approximately linearly with surface air temperature, with a
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Figure 4. 99th percentiles of daily total and large-scale precipita-


tion (solid lines and circles) vs global-mean surface air tempera-


ture. The two dashed lines represent linear increases of 3% K
−1


relative to the 99th percentiles of total and large-scale precipitation


in the reference simulation.


fractional rate of increase of about 3% K−1 relative to their


values in the reference simulation. This fractional rate of


increase is similar to that of the respective mean precipita-


tions (Figs. 2 and 3) and is considerably smaller than that of


precipitable water (Fig. 1). In warm climates, the 99th per-


centiles approach a maximum. They decrease slightly (for


total precipitation) or more significantly (for large-scale pre-


cipitation) in yet warmer climates.


The behavior of the 99th percentile of daily precipitation


is similar to that of other high percentiles. Both for total and


large-scale daily precipitation, high percentiles generally ex-


hibit a linear regime with the same fractional rate of increase


with surface air temperature of about 3% K−1. For very high


percentiles (greater than about the 99.9th), the linear regime


extends over the entire range of climates we simulated; there


are no maxima in the percentiles. For moderately high per-


centiles (less than about the 97.5th), the maxima are more


pronounced, and also the total precipitation percentiles ex-


hibit a clear maximum in warm climates and decrease sig-


nificantly in yet warmer climates.


It is unclear at present to what extent these results depend


on the structure of the convection scheme in our GCM—


an idealized quasi-equilibrium scheme (Frierson [2007])—


and on parameters in the scheme. Additionally, the values


of the percentiles and possibly also their fractional rates of


change may be resolution dependent. In that high percentiles


of daily precipitation in the vicinity of the Earth-like refer-


ence simulation exhibit a fractional rate of change with sur-


face air temperature similar to that of the mean precipita-


tion, our simulations differ from the comprehensive GCM


simulations of Kharin and Zwiers [2005], who found a frac-


tional rate of change of precipitation extremes with surface


air temperature that exceeds that of the mean precipitation.1


1Because, obviously, high percentiles of precipitation are greater than


It is important to elucidate the reasons for such differences


to gain confidence in simulations of changes in precipitation


extremes.


What our results do show is that there is no general princi-


ple that would dictate that changes in precipitation extremes


scale with changes in precipitable water. It is sometimes


claimed that because large-scale and long-term energetic


and dynamic balances do not constrain individual (local and


transient) intense precipitation events, and because the wa-


ter precipitating in intense precipitation events is primarily


advected from other regions of the atmosphere, rather than


being evaporated locally, changes in precipitation extremes


may scale with changes in precipitable water (e.g., Trenberth


[1999]; Allen and Ingram [2002]; Hegerl et al. [2007]). Our


results show that this argument is not generally valid, appar-


ently because it ignores that moisture convergence and pre-


cipitation in individual storms are directly linked to upward


mass flux and latent heat release, which themselves must


satisfy dynamic and thermodynamic balances (e.g., Pauluis


and Held [2002a, b]). The dynamics and thermodynamics of


storms must play a central role in determining precipitation


extremes and their changes with climate.
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Extreme sea levels, coastal flooding, and climate change
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Abstract. Three methods are used to estimate the probability distribution of
extreme sea levels, and thus the frequency of flooding, for the present day and
the next century. Two of the methods are statistical in character. The more
traditional of the two is based on the analysis of annual maxima and requires
a long sea level record (typically 30 years or longer). The other statistical
method is based on the decomposition of an hourly sea level record into a tidal
and residual component and requires a far shorter span of observations than
the more traditional method. It is shown that both of the statistical methods
are limited when it comes to projecting how flooding may change over the
next century. The third method uses a dynamical ocean model, forced by
realistic 6-hourly wind and air pressure fields, to reconstruct long sea level
records. It is shown that this approach can produce accurate estimates of the
return levels for the present day and is well suited to projecting changes over
the next century. The methods are illustrated for the Northwest Atlantic
using data from the period 1960 to 1999.


Introduction


Coastal flooding is a major problem in many parts
of the world. In Canada for example, nearly 250,000
people live on the delta plain of the Fraser River in
British Columbia, parts of which are several meters be-
low the high tide limit. Canada’s Atlantic coast has a
long history of intense storms and hurricanes causing
major flooding events. For example, Hurricane Juan
struck the urban core of Halifax (a port city on the At-
lantic coast of Nova Scotia) in 2003 and caused record
water levels, flooding and extensive damage.


Global mean sea level rose at a rate of about 1.7 mm
per year over the last century (e.g., Bindoff et al., 2007).
More recent satellite observations suggest the rate was
about 3 mm per year over the last decade due primar-
ily to thermal expansion and melting of land-based ice.
Global sea level rise is projected to accelerate over the
next century due to continued thermal expansion and
melting of land ice; the projected rates, while subject to
considerable uncertainty, are typically double the rate
observed over the last century (Bindoff et al., 2007).


The local expression of sea level rise also depends
on the vertical motion of the earth’s crust due to pro-
cesses such as glacial isostatic adjustment (e.g., Peltier


et al., 2004). Vertical crustal motion can exceed global
sea level rise in some regions. In Atlantic Canada, for
example, glacial isostatic adjustment is causing rela-
tive sea level along the northeastern shore of Quebec
to fall at about 3 mm yr−1 while, in the southern Gulf
of St. Lawrence, it is causing sea level to increase at


more than 3 mm yr−1 (Peltier et al., 2004). To fit
these changes into perspective note that, when accu-
mulated over a century, the combined effect of vertical
crustal movement and global sea level rise may cause
increases in mean level that are comparable to a large
storm surge.


There are also indications in the observational record
of increases in the intensity of the atmospheric forcing
that generates extreme sea levels. For example, the
number of category 4 and 5 hurricanes has increased
globally by about 75% since 1970, and the number of
hurricanes in the North Atlantic has been above normal
in 9 of the last 11 years (Bindoff et al., 2007).


Given all of the above changes, one can anticipate
significant increases in coastal flooding over the next
century in regions such as the southern Gulf of St.
Lawrence.


In the present study we address the problem of quan-
tifying the probability of coastal flooding, now and over
the next century. To illustrate and test three methods,
we apply them to the continental shelf seas bordering
the Northwest Atlantic.


The most straightforward method for estimating the
frequency of coastal flooding is based on analysis of the
annual maxima of long hourly sea level records using
the classical theory of extremes (e.g., Leadbetter et al.,
1983; Coles, 2001). This elegant theory provides spe-
cific asymptotic forms for the distribution of the max-
ima (analogous to the central limit theorem for sample
means). Often the probability that a critical level, ηC
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say, will be exceeded is presented as the return period,
TR, which is simply the reciprocal of the exceedance
probability. Given a good fit of an extreme value dis-
tribution to the annual maxima, one may be justified
in estimating the return levels for periods that exceed
the record length (i.e. extrapolating). The method can
also be adapted to allow for nonstationarity in the an-
nual maxima by allowing the parameters of the extreme
value distributions to change with time: e.g., replace a
constant location parameter µ by µ0 + µ1t where t de-
notes time and µ0, µ1 are parameters to be estimated
from the observed annual maxima (e.g., Coles, 2001).
This allows the concept of a return period to become
epoch dependent.


One limitation of the classical method of extremal
analysis is that typically 30 or more annual maxima are
required to reliably estimate the parameters of the ex-
treme value distribution. For many locations such data
are not available. Another limitation is that it cannot
address directly the question of how some aspects of cli-
mate change (e.g. increasing storminess) will affect the
probability of coastal flooding.


Estimation of the return levels from short records
was addressed in a pioneering study by Pugh and Vassie


(1980). They decomposed the instantaneous sea level
(η) into tidal (ηT ) and residual (ηR) components:


η = ηT + ηR (1)


The residual includes the effect of observation and tidal
prediction errors and also the contribution of phenom-
ena such as storm surges and harbour seiches. The next
step is to convolve the histograms of the predicted tide
and residuals. This leads to a histogram for η that has
a wider range than the original sea level observations.
The reason is that the largest residual may not have
occurred at the highest tide in the record but the con-
volution approach allows for this possibility. Return pe-
riods are then calculated from the new histogram. The
technique is usually refered to as the Joint Probabil-
ity Method (henceforth the JPM). The original method
and its variants (in particular the improvements made
by Jonathan Tawn, e.g., Tawn and Vassie, 1989) have
proved very useful over the years; it has allowed 50 year
return levels to be usefully estimated from just a few
years of hourly sea level data for locations with strong
tides and weak tide-surge interaction.


The JPM does allow some aspects of climate change
to be addressed. For example, it is possible to assess
the effect on flooding of an increase in the variance of
the tidal residuals, or possibly a change in the shape of
the residual distribution. It does not however allow one
to tackle questions related, for example, to changes in
atmospheric forcing of shelf seas.


In a recent study Bernier and Thompson (2006)
showed that a simple, physically based model can pro-
vide accurate, decadal-scale hindcasts of storm surges
in the Northwest Atlantic and also the probability dis-
tributions of extreme sea levels. (See also, for example,
Flather et al., 1998.) The dynamically based approach
has several advantages. First it allows predictions of
return periods to be made for locations with no sea
level observations (and for which the empirically based
methods are therefore inapplicable). Second, projec-
tions of return periods can be made under assumed cli-
mate change scenarios that involve changes in the fre-
quency and severity of storms.


In this study we use the three types of extremal anal-
ysis (classical theory, decomposition into tide and resid-
ual, dynamical models) to estimate the probability of
flooding both for the present day and over the next
century. To illustrate the concepts, we focus on the
Northwest Atlantic with a particular emphasis on Hal-
ifax, a representative mid-latitude tide gauge station
with a long sea level record from a region undergoing
glacial isostatic adjustment. The structure of the paper
is as follows. The Halifax sea level record is described in
section 2 and a classical extremal analysis of the annual
maxima is described in section 3. A statistical model of
the residuals as described in section 4 and it is used, in
section 5, to estimate the return period of extreme sea
levels from only 10 years of data. Results from a dy-
namical model hindcast are described in section 6 and
this is followed, in the final section, by a summary and
a discussion of the prospects for estimating the effect of
climate change on flooding probabilities.


A representative sea level time series


The annual means of the hourly sea level observa-
tions for Halifax from 1920 to 2001 are shown in Fig-
ure 1. (Obvious spikes in the data and the effect of
timing errors were removed prior to analysis.) The an-
nual means show a gradual increase through time at a
rate of about 3 mm per year. About 1 mm per year
of this increase is believed to be due to land subsidence
associated with glacial isostatic adjustment. There ap-
pears to be a change in the rate of increase starting in
about 1970 for which no explanation is available at this
time.


The annual maxima are also plotted in Figure 1. The
offset of order one meter is due to the tides. The an-
nual maxima are also increasing through time, indicat-
ing that the frequency of flooding is increasing. Much
of the trend in the maxima can be explained by the
trend in the annual means. We will focus on the annual
maxima referenced to the corresponding annual mean
(henceforth the adjusted annual maxima). This greatly
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Figure 1. Annual means and maxima for Halifax.


reduces the trend in the annual maxima.


To better understand the physical causes of the an-
nual maxima, the sea level variability in selected fre-
quency bands is plotted in Figure 2. Monthly means for
a couple of representative years are shown in the upper
left panel. One of the years has a well defined annual cy-
cle with an amplitude of order 10 cm. The annual cycle
is missing in the other year. Much of the monthly vari-
ability is due to density changes associated with fresh-
water discharge from the St Lawrence river system. The
top right panel shows the frequency band with the most
energy. During spring tides the sea level can exceed the
mean by almost 0.9 m. The effect of atmospheric forc-
ing is illustrated in the bottom left panel which shows
the observed sea level, and tidal residual, for a 9-day
period centered on the highest hourly sea level in the
Halifax record. This high sea level was due to a large
storm surge that coincided with high tide. Note that if
the surge had occurred a couple of days later, the flood-
ing that resulted from this event would have been much
worse because the tides would have been higher. This
illustrates the value of decomposing sea levels into tide
and residual components in order to allow for the possi-
bility of events not seen in the observed record. This is
at the heart of the JPM. The bottom right panel shows
some recent one-minute data collected by the Halifax
tide gauge. The high-frequency oscillations are due to
seiching of the harbour. Note that the amplitudes of
the seiches are tens of centimeters and their effect on
flooding has been underestimated (and aliased) in the
long hourly record for this station.


The importance of the timing of the surge in rela-
tion to the tide is further illustrated in Figure ??. It
shows the two highest sea levels (left panels) and two
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Figure 2. Components of sea level variability in selected
frequency bands. (Top left panel): Monthly means for 1990
and 1993. (Top right panel): Hourly sea levels for Au-
gust 1990 showing the dominant contribution from the semi-
diurnal tides. (Bottom left panel): Hourly sea levels and
tidal residuals for a 9 day period in February, 1967. (Bot-
tom right panel): One minute sea level observations, and
tidal residuals, for 2 days in January, 2007.


largest residuals (right panels) in the sea level record.
As expected, the highest sea levels and residuals oc-
cur in winter and are due to short-lived storm surges.
Comparing the left and right panels it is clear that the
highest sea levels are not due to the largest surges; the
latter only cause flooding if they occur at, or near, high
tide.


In section 4 a simple statistical model of the residuals
is described and then used to estimate the probability
of sea level exceeding a specified critical level. As with
the JPM, a tidal decomposition leads to more accurate
return level estimates than can be obtained from the
hourly sea level record in its original form.


Classical theory of extremes


Let Mn denote the maximum of n independent vari-
ables from the same distribution. If location and scale
parameters exist such that


Pr{(Mn − bn)/an < z} → G(z) n → ∞ (2)


then
G(z) = GEV(z|µ, σ, ξ) (3)


where GEV is the Generalized Extreme Value distri-
bution with location, scale and shape parameters µ, σ
and ξ respectively (e.g., Coles, 2001). This means that
if the distribution of the normalized maxima tends to
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Figure 3. Highest sea levels and residuals in the Halifax sea
level record. (Left panels): Hourly sea levels and residuals
for the two highest sea levels in the record. (Right panels):
Hourly sea levels and residuals for the two largest residuals
in the record. The Halifax sea level record covers the period
1920-2001. The dominant tidal constituent evident in the
plots has a period of 12.42 hours.


a non-degenerate form as the block size n increases, it
converges to the GEV. The GEV encompasses the three
well-known extreme value distributions: Type I (ξ = 0,
Gumbel), Type II (ξ > 0, Frechet) and Type III (ξ < 0,
Weibull).


Under fairly general conditions (designed to limit
long range dependence at high levels) the theory also
applies to dependent stationary sequences (e.g., Lead-


better et al., 1983).


The ordered annual maxima for Halifax are plotted
as circles in Figure 4. The x and y axes correspond to
return period and return level respectively. The x axis
has been transformed in such a way that if the annual
maxima have a Type I distribution the circles will fall
close to a straight line. The line through the circles
is the results of fitting a GEV to the ordered annual
maxima using the method of maximum likelihood. (The
estimated GEV parameters, and their standard errors,
are plotted in the upper left corner of the figure.)


The distribution of adjusted annual maxima is well
described by a GEV distribution with slight upward
curvature (ξ > 0). The adjusted minima are also shown
on the same figure. (These values correspond to the
smallest hourly sea level recorded each year, referenced
to the annual mean, and multiplied by -1 for ease of
visual comparison with the annual maxima.) It is in-
teresting to note that the minima suggest ξ < 0. The
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Figure 4. Extremal analysis for Halifax adjusted annual
maxima and minima. The x axis shows return period and
the y axis shows the return level (in m). The x axis has been
transformed such that a Type I distribution would appear
as a straight line on this plot. The circles show the ordered
annual maxima (top) and ordered annual minima (bottom,
see text for details). The lines passing through the circles
are fits of the GEV to the ordered maxima and minima.
The GEV parameter estimates and their standard errors
are shown in the top left corner (maxima in the leftmost
column).


physical reasons for this are not clear but may be re-
lated to tide-surge interaction or an upper bound on the
intensity of high pressure systems.


The limitations of this classical approach are that it
needs many years of data (typically 30 or more annual
maxima) and it cannot answer the more difficult ques-
tions related to climate change and flooding. For these
reasons we now consider a method based on the decom-
position of the sea level record into tide and residual
components. In the next section we propose a simple
parametric form to describe the distribution of residu-
als and show later how it can be used to estimate return
levels from short records.


Statistical model of the tidal residuals


The joint density of two consecutive hourly residuals,
x = (ηR


n , ηR
n+1), will be modelled by the bivariate skew-t


distribution (Azzalini and Capitanio, 2003). The joint
density is given by


p(x) = c1(1 + Q/ν)−(ν+2)/2Tν+2(c2α
T (x − ξ))


where
Q = (x − ζ)T Ω−1(x − ζ),


Ω = σ2


[


1 ρ
ρ 1


]


,
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Figure 5. Contour plot of the probability density func-
tion of a typical skew-t distribution with positive α0. The
marginal densities for ηn and ηn+1 are also shown.


c = c(ν, Ω) and T is the t-cumulative distribution func-
tion. We will choose ζ such that x has zero mean and
assume αT = α0(1, 1). Roughly speaking, σ controls
the spread of the residuals, ρ controls their autocor-
relation at one hour lag, α0 controls skewness, and ν
controls kurtosis.


The advantages of the skew-t over the more standard
bivariate normal density are that it can accommodate
nonzero skewness and heavy tails, two features evident
in normal probability plots of the observed residuals
(not shown). This flexibility is evident in Figure 5 which
shows contours of constant density for a case with posi-
tive α0 and thus positive skewness. The skew-t also has
some attractive theoretical properties (see Azzalini and


Capitanio, 2003).


The skew-t has been fit to the pairs of hourly resid-
uals binned by season. (The seasonal variation of the
residual density is large and has a significant effect on
the estimated return levels discussed later.) Initially
an attempt was made to estimate σ, ρ, ν and α0 us-
ing maximum likelihood. This resulted in unrealistic
fits of the density function and so it was decided to fix
the parameters by matching the observed and modelled
standard deviation, skewness, kurtosis and autocorrela-
tion at 12 h lag. This ensured that the fitted density
reproduced the main statistical characteristics of the
observed residuals.


Return levels from short records


A simple method is now described for estimating re-
turn periods; it is based on the decomposition of the sea


level record into tide and surge components. It is sim-
ilar in philosophy to the JPM and uses the statistical
model of the residuals described in the previous section.


Let En correspond to the event that the hourly sea
level at time step n, ηn, is below the critical level ηC.
This is equivalent to the event that the residual did
not exceed the gap between the critical level and the
predicted tide, i.e., ηR,n < ηC − ηT,n. The probability
that the maximum over the time period 1, . . . , n does
not exceed the critical level is


P(Mn < ηC) = P(E1, E2, . . .En). (4)


Approximating P(En|En−1, En−2, . . .) by P(En|En−1)
at high levels leads to the following approximation:


P(Mn < ηC) ≈ P(En|En−1) . . .P(E2|E1)P(E1) (5)


Using (5) it is possible to calculate the probability that
the maximum over a typical year will exceed the speci-
fied critical level, ηC, and thus calculate the associated
return period. The main steps are as follows: (i) For
each hour n calculate the probability that the residual
is below the critical level, given it was below on the
previous time step. This is done using the seasonally
modulated skew-t distribution described in the previ-
ous section. (ii) Compound the probabilities according
to (5) to calculate the probability that the maximum
sea level is below ηC for the time period of interest. As-
sume this time period is N years long. (iii) Take the
Nth root to approximate the probability that the max-
imum over a typical year is below ηC . (iv) Calculate
the return period for level ηC from the reciprocal of the
probability of an exceedance for a typical year.


Examples of the return levels estimated from just 10
years of sea level observations are shown in Figure 6.
There is good agreement between the return periods
calculated from 80 annual maxima and just 10 years of
residuals using the above approach. This is consistent
with the success of the JPM in tidally dominated re-
gions. Another attraction of the above approach over
the classical approach is that it allows slightly more
complicated questions to be addressed about the effect
of climate change on frequency of flooding. For exam-
ple, it is straightforward to transform the probability
density function of the residuals and assess the effect
on the return levels. Figure 7 shows the effect of in-
creasing the residual standard deviation by 50%; it is
comparable to the projected effect of global sea level
rise over the next century at this station.


It is still not possible, however, to use the above
method to assess, for example, the effect of changing
storminess on the return levels; the transfer function
between atmospheric forcing and the sea level response
is required. The simplest way to proceed is with a model
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Figure 6. Return periods from 10 years of data. The for-
mat of the plot is the same as Figure 4. The circles cor-
respond to the annual maxima for Halifax, and the shorter
line is the GEV fit to these annual maxima. The other lines
are based on (5) using just 10 years of data (1920-1929,
1930-1939, up to and including 1990-1999).
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Figure 7. Sensitivity of return periods to climate change.
The format of the plot is the same as Figure 6. The dashed
line shows the effect of increasing the standard deviation of
the residuals for 1990-1999 by 50%.


based on physical principles. This approach is discussed
in the following section.


Dynamic model estimates of extreme


sea levels


This section draws heavily on the recent study of
Bernier and Thompson (2006). The coastal model used
to estimate extreme sea levels for the Northwest At-
lantic is a modified version of the Princeton Ocean
Model and is based on the depth-averaged, barotropic
momentum and continuity equations. The slightly non
standard feature of the model formulation is that the
model’s sea level is isostatically adjusted (to allow for
the inverse barometer effect) and this results in a forcing
term in the continuity equation that is proportional to
the rate of change of air pressure. (See Bobanovic (1997)
for details.)


The model domain (Figure 8) includes the Labrador
and Newfoundland shelves, the Gulf of St. Lawrence,
Scotian Shelf, Bay of Fundy and Gulf of Maine. The
model resolution is 1/12◦. Flather-type radiation bound-
ary conditions are applied at the model’s open bound-
aries. This is equivalent to radiating about isostatically
adjusted sea level in the present model formulation.


The winds used to drive the model were obtained
from the AES40 dataset (Swail et al., 2000). The fields
were available every 6 hours from 1958 to 2000 with a
horizontal resolution of 0.625◦ in latitude and 0.833◦


in longitude. Surface air pressure fields were not in-
cluded in this dataset so Bernier (2005) developed an
inverse method to dynamically infer the surface pres-
sure fields from the surface winds. The rms errors of
the inferred air pressures, based on comparison with
independent observations, were less than 3 mb. This
corresponds to an isostatically adjusted sea level error
of 3 cm, which was considered acceptable for the pur-
poses of the Bernier and Thompson study.


The model was integrated from 1960 to 1999, and the
hourly surge hindcasts for each grid point were stored.
The annual maxima of the hourly series were then mod-
elled by a Type I distribution. Overall, the agreement
between the 40-year-return levels based on the surge
hindcasts, and observed tidal residuals for each station,
is encouraging (compare panels in the right column of
Figure 9). There is a slight underestimation of the 40-
year-return levels; however, the model results are usu-
ally within the confidence intervals of the observed re-
turn levels. The discrepancy at Boston may be because
two of the largest residuals observed at this station were
due to hurricanes which, in general, were not well re-
solved by our atmospheric forcing fields.


Given the agreement between the return periods of
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Figure 8. Domain of the surge model. The dots mark
the locations of tide stations providing hourly sea level data
used to test the storm surge model. The numbers are station
codes.
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Figure 9. Comparison of 40-year-return levels. The x-
axis shows the station code and the y-axis shows the return
level (in meters) based on fits of the Type I distribution
to observed and predicted annual maxima. Shading marks
the 95% confidence intervals. (Top left) Observed hourly
sea levels; (bottom left) total water level predictions, i.e.,
hindcast surge plus predicted tide, see text for details; (top
right) observed residuals, after lowpass filtering to remove
seiches and tidal remnants; (bottom right) hindcast surges.


Figure 10. Map of 40-year-surge-return levels based on
hindcasts from the surge model covering the period 1960 to
1999.


the observed residuals and surge hindcasts, a map was
made of the 40-year-return level for the complete model
domain (Figure 10) based on the fits of the Type I dis-
tribution to every grid-point time series. This figure
highlights the high spatial variability of the 40-year-
return levels and also helps identify “hot spots” such as
the southern Gulf of St Lawrence.


How well can 40-year-return levels be estimated from
a few years of hourly sea level observations and the
multi-decadal surge hindcast? To answer this ques-
tion, Bernier and Thompson (2006) added the storm
surge hindcast to tidal predictions calculated from tidal
constants derived from just one year of sea level obser-
vations. To allow for unmodelled variability (e.g., the
effect of seiches and buoyancy input, tide-surge interac-
tion, errors in the tidal predictions), white noise with
a t-distribution was added to the reconstructed total
water levels. The variance of the noise was estimated
from the difference in the observed and reconstructed
total water levels over an additional 4-year period. This
means that, in effect, 5 years of sea level observations
were used to reconstruct the total water level record at
each tide gauge station for the period 1960 to 1999. The
reconstructed total sea level record was then subject to
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a Type I extremal analysis.


The fit between the return periods calculated from
the observed sea level records, and the reconstructed
total water levels, is excellent (compare left panels of
Figure 9). Most of the 40-year-return levels calculated
from the surge hindcast are within about 10 cm of the
observed return levels. Stations with the larger discrep-
ancies are again those with short observation records.
The close agreement is consistent with the results pre-
sented in earlier sections; much of the spatial variability
in the return levels is due to the tide, and this is rela-
tively easy to predict from just one year of hourly sea
level observations.


Conclusions and discussion


Three methods for estimating the return levels of ex-
treme sea levels have been described and illustrated us-
ing observations from the Northwest Atlantic.


In terms of quantifying the probability of flooding for
the present day, the classical approach of fitting asymp-
totic forms to annual maxima is arguably the most re-
liable. It is, however, data-hungry, and there are few
stations worldwide with records of sufficient length for
a reliable analysis. The method based on the decompo-
sition of the sea-level record into tide and surge com-
ponents worked well, consistent with the earlier success
of the JPM at stations with dominant tides and weak
tide-surge interaction. The main attraction of the JPM,
and the related method outlined here, is that the return
levels associated with decadal-scale return periods can
be estimated from just a few years of hourly sea level
data. The final method used in this study is funda-
mentally different in that it is based on physics rather
than statistics. Bernier and Thompson (2006) showed
that this approach can lead to accurate estimates of re-
turn levels associated with long return periods, even for
locations with no sea-level observations.


In terms of predicting how the distribution of ex-
treme sea levels, and thus coastal flooding, may change
over the next century, both of the statistical methods
have major limitations. It is possible to extend the clas-
sical extremal analysis to allow the GEV parameters to
vary with time, or possibly with physically meaning-
ful covariates (e.g., the NAO index), but the quality of
the predictions is totally dependent on the observations
and thus what happened in the past. The tide-surge
decomposition approach does allow some simple sensi-
tivity tests to be performed (e.g., the effect of increasing
storm surge variance of the frequency of flooding); how-
ever, neither approach can answer questions related, for
example, to the effect of changes in atmospheric condi-
tions over the next century.


The ability of the surge model to reproduce the ob-
served 40-year-return levels is encouraging in terms of
predicting how return levels may change over the next
century. Given the relatively low computation cost
of running such models, it is possible to envisage en-
sembles of runs that could be used to quantify the
effect of uncertainty in global sea-level rise, vertical
crustal movement, and atmospheric forcing. Extending
the model to include baroclinic effects would allow the
potential impact of changes in buoyancy inputs (e.g.,
freshwater runoff from the St Lawrence system) and
changes in the adjacent deep ocean to be included. Par-
ticular attention will need to be paid to modelling the
contribution of hurricanes, and also of seiches, which
can contribute elevation changes of order 1 m at some
stations.
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ENSO instability revisited
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Abstract. The effect of state-dependent noise, representing westerly wind
burst activity, on the El Niño-Southern Oscillation is studied by develop-
ing numerical and analytical solutions of the Fokker-Planck equation. A
noise-induced instability is identified for ENSO that leads to a shift of the
deterministic Hopf Bifurcation. This effect is also known as a stochastic Hopf
bifurcation. Furthermore, the effect of slowly varying climate background
conditions on ENSO is studied in the framework of dynamical bifurcations.
Near the Hopf bifurcation point, the real part of the leading eigenvalue
aproaches zero, which prevents any damping of transients. The so-called crit-
ical slowing-down effect in non-equilibrium simulations leads to a weathering
of the parameter boundary between stable and unstable ENSO regimes.


Introduction


The El Niño-Southern Oscillation (ENSO) is a cou-
pled tropical mode of interannual climate variability
which involves oceanic dynamics (Jin [1997]) as well as
large-scale atmospheric changes (Bjerknes [1969], Gill
[1982]). Through anomalous diabatic heating El Niño
and La Niña conditions trigger meridionally propagat-
ing Rossby waves which encompass weather conditions
even in high latitudes.


There has been a long and intense debate (e.g., Jin
et al. [1994], Penland and Magorian [1993], Moore and
Kleema [1997], Timmermann et al. [2003] and Kessler
[2002]) on the issue of ENSO instability. The unresolved
question is: Is ENSO a stable oscillatory mode, excited
by noise or does it operate in a self-sustained regime in
which noise is not essential. Much of this discussion has
assumed


• that the tropical “weather” noise is independent
of ENSO, and


• the climate background state for ENSO variations
is a steady state.


Here we develop a theoretical framework for the cases
when these assumptions are not fulfilled. In particu-
lar, the state-dependence of the westerly-wind bursts
(WWB) that play an important role in triggering El
Niño events, has been recently studied [Keen, 1982;
Luther et al., 1983; Kessler et al., 1995; Kessler and
Kleeman, 2000] and incorporated into dynamical frame-
works [Eisenman et al., 2005; Perez et al., 2005; Jin
et al., 2007]. Furthermore, the recent temperature


trends in the tropical Pacific have been identified as
potential sources for ENSO regime changes [An and
Jin, 2000; Jin et al., 2003]. This raises the question
of ENSO’s response to slowly varying background state
changes.


In section 2 a Fokker-Planck-based stochastic frame-
work will be developed that captures the essential fea-
tures of noise-driven ENSO dynamics. Section 3 dis-
cusses the effects of the so-called critical slowing-down
effect on ENSO stability. The paper finishes with a brief
discussion and summary of the main results.


Noise-induced instability of ENSO


As exemplified by numerous studies, the fast at-
mospheric fluctuations associated with the WWB or
the MJO not only modulate the tropical thermocline
depth by triggering Kelvin waves, but the slow vari-
ations of the ocean thermal conditions also feed back
onto the atmospheric fast variability. These types of
interactions can be mathematically described in terms
of state-dependent noise forcing – the so-called multi-
plicative noise [Blauboer et al., 1982; Timmermann and
Lohmann, 1999].


Here, we adopt a conceptual approach to study the
feedback between fast WWB variations and the slow
dynamics of ENSO. Let us consider the following sim-
ple recharge oscillator model of ENSO with an ad hoc
stochastic multiplicative forcing term:


Ṫ = −λT + ωh + σζ(t)G (1)
ḣ = −ωT (2)
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This form of the equations can be justified follow-
ing Jin [1997]; Burgers et al. [2005]. Here T and h
represent the eastern equatorial Pacific SST and the
zonally averaged equatorial heat-content anomalies, re-
spectively; ζ(t) is a white noise forcing term unit vari-
ance, i.e. 〈ζ(t)ζ(t′)〉 = δ(t − t′); σ is the amplitude
of the multiplicative noise forcing in T . For simplic-
ity, we have rescaled h such that it has same unit and
range as T. The stochastic forcing term σζ(t)G rep-
resents the effects of fast atmospheric wind anomalies
(short de-correlation timescales) on the eastern equato-
rial SST anomalies. We use the function G to charac-
terize the modulation of the atmospheric noise by the
interannual SST anomalies. When, G = 1 the system
is forced by additive noise [Jin, 1997], whereas the case
G = 1 + BT represents the state-dependent noise forc-
ing due to the interannual modulation of WWB activity
via SST anomalies. Another interpretation of this term
is that it captures a randomly fluctuating growth rate
−λ + σBζ(t) of the ENSO recharge oscillator. Further-
more, it can be shown by a simple variable transforma-
tion z = ln(1 + BT ) that the multiplicative noise forc-
ing is equivalent to a nonlinearity of a system driven by
additive noise. This effective nonlinearity is expected
to modulate also the probability distribution (PDF) of
the system, as will be shown by solving the stationary
Fokker-Planck equation.


One can show [Leung, 1997] that a two-dimensional
Langevin equation of the type


ẋ = f1(x, y) + D1ζ1(t)G1(x, y) (3)
ẏ = f2(x, y) + D2ζ2(t)G2(x, y) (4)


with 〈ζi(t)ζj(t′)〉 = δijδ(t − t′) can be translated into a
dynamical equation for the probability density P (x, y),
the so-called Fokker-Planck equation:


∂P


∂t
= − ∂


∂x


[(
f1 +


ν − 1
2


D2
1G1


∂G1


∂x


)]


− ∂


∂y


[(
f2 +


ν − 1
2


D2
2G2


∂G2


∂y


)]


+
1
2
D2


1


∂2


∂x2


(
G2


1P
)


+
1
2
D2


2


∂2


∂y2


(
G2


2P
)


(5)


In our case [equations (1)and(2)] f1 = −λT+ωh, D1 =
σ, G1 = (1 + BT ), f2 = −ωT, D2 = 0, G2 = 0. ν = 1
and ν = 2 stand for the results derived from either the
Ito or the Stratonovich interpretations of the stochastic
calculus. Here we choose ν = 2.


The Fokker-Planck equation (5) is solved for equa-
tions (1),(2). Choosing λ = (6 month)−1 and ω =
2π/(48 month). Figure 1 shows the time-evolution of
the probability density for the case of additive noise
B = 0 and the case of multiplicative, state-dependent
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Figure 1. Time evolution of probability density for T
for B = 0 (upper) and B = 0.3 (lower), as obtained
from a numerical solution of equation (5); ∂tP (T, h) is
discretized on a 101×101 grid and a Runge Kutta of
4th order is used to integrate the nonlinear advection-
diffusion equation for P . For better illustration the fig-
ure shows the log(


∫
P (T, h, t) dh+0.001). The blue line


follows the mean, defined as
∫ ∫


T P (T, h, T ) dh dT .
The initial conditions are T = 0, h = 2.


noise B = 0.3, mimicking the two-way interaction
between ENSO and WWBs. One observes that the
multiplicative noise induces a positive skewness with
a higher probability for the occurrence of very large
El Niño events and a smaller one for large La Niña
events. This feature is consistent with the observational
record. Furthermore, the multiplicative noise case en-
hances the overall growth of ENSO substantially (blue
line in Fig.1), as compared to the additive case with
B = 0. This can be explained by the ensemble mean
field approach described in Jin et al. [2007]. Separat-
ing the variables into an ensemble mean and a devia-
tion, i.e.: h = 〈h〉 + h′ and T = 〈T 〉 + T ′, and using
the statistical moment expansion of the Fokker-Planck
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equation the ensemble mean equations for (1) and (2)
can be written in terms of


˙〈T 〉 =
(
−λ +


1
2
σ2B2


)
〈T 〉 + ω〈h〉 +


1
2
σ2B (6)


˙〈h〉 = = −ω〈T 〉, (7)


with an efficient coupling coefficient that is larger than
the deterministic coupling −λ. In Jin et al. [2007] we
also identified another type of instability which captures
the growth of the second order moments. A more de-
tailed discussion of this instability in the light of the
Fokker-Planck framework will be presented elsewhere.


Hence, the main difference of the growth rate for
additive and multiplicative noise (Fig. 1) can now be
attributed to the noise-induced destabilization of the
ENSO cycles. We here refer to this instability as the
noise-induced ensemble-mean instability of ENSO. A
similar instability was also noticed in Eisenman et al.
[2005], studying the impact of modulated WWB on
ENSO in an intermediate ENSO model.


Weathering of ENSO supercriticality


When modeling the ENSO system using simplified
models (Tziperman et al. [1994], Jin [1997]) it is al-
ways assumed that the parameters that represent the
background state of the climate system are constant
in time. This is a very strong stationarity assumption
which might not be valid (Timmermann [2001]), given
the fact that global mean temperatures have been rising
over the last century. The response of the ENSO sys-
tem under idealized periodic annual to decadal forcing
has been studied by several authors (Tziperman et al.
[1994], Jin et al. [1994], Weaver [1999] and Liu [2002]).
The main result from these studies is that nonlinear
frequency entrainment between internal ENSO period-
icities and the external forcing can occur, leading to
the generation of quasi-periodic and chaotic dynamics.
However, these studies did not address the issue of how
the bifurcation properties of ENSO may change under
very slow nonstationary forcing.


Here we focus on a more complicated ENSO recharge
model written in the symbolic form ẋ = F (x, µ0), where
x represents the state vector of the system and µ0 are
key parameters, such as for instance the atmosphere-
ocean coupling strength. For simplicity we choose only
one varying parameter (the relative coupling coefficient
between the atmosphere and the tropical ocean) which
increases (ε > 0) or decreases (ε < 0) linearly in time. In
this case we can rewrite the system equations in terms
of


ẋ = F [x, G(εt)], (8)


using the small parameter ε. In our case we will choose


G(εt) = µ0 + εt. Using the “slow time” (τ = εt) the
dynamical equation can be transformed into


ε
dx


dτ
= F [x, G(τ )]. (9)


As shown by Shishkova [1973], Baer et al. [1989], and
Holden and Erneux [1993], the slow passage through a
Hopf bifurcation may lead to the delayed appearance (in
parameter space) of large amplitude oscillations. The
delay depends partly on ε, partly on the noise level, and
partly on the initial conditions. The goal of this section
is to explore how slowly varying climate background
conditions may affect the appearance of self-sustained
ENSO oscillations in parameter space. In other words
we address the question: Is the concept of a stable or
unstable ENSO mode still useful, given the fact that
climate background conditions vary on long timescales.


In order to explore the response of ENSO to nonsta-
tionary forcing, we use a low-order ENSO model (Jin
[1997]). This model can be derived from a simplified
version of the Zebiak and Cane [1987] ENSO model us-
ing a two-strip and two-box approximation.


˙hW = −rhW − αbTE (10)
ṪE = RTE + γhW − en(hW − bTE)3, (11)


where c=1/(2 months), b=b0µ,e= 7K/(50m)3/(2 months),
γ=0.15K/(2 months)/m, r=1/( 8 months), α=r/2 and
R=γ b − c. Furthermore, we choose b=8.6 m/K.


Equation (10) captures the slow recharge-and dis-
charge dynamics of the warm pool thermocline depth
hW . The temperature equation (11) characterizes the
dynamics of the eastern equatorial Pacific sea surface
temperature TE . As shown by Jin [1997] this low-
order model captures the main essence of the ENSO
phenomenon. With the parameters above, the Hopf bi-
furcation which separates the stable from the unstable
oscillatory behavior occurs at µ = 0.969. The typical
period of this recharge-discharge ENSO model is about
3.4 years.


The equations yield the criticality condition r = R =
γb0µ − c, and hence, µc = (r + c)/(γb0) which gives a
value of 0.969 for the parameter values chosen above.


In order to study the transient behavior of the non-
linear recharge model, we increased and decreased the
relative coupling coefficient µ slowly in time. The rate
of change for µ is chosen to be 0.6/250 years. In our
first experiments a very weak noise forcing is applied.
The results of these experiments are shown in Figure
2. One observes that the occurrence of the limit-cycle
behavior in parameter-space depends on the rate of the
parameter change, as well as on the direction. In case
of an increasing µ, one observes a delayed appearance







128 TIMMERMANN AND JIN


0.75 0.8 0.85 0.9 0.95 1 1.05 1.1 1.15 1.2
−3


−2


−1


0


1


2


3


coupling strength


ea
st


er
n 


eq
. S


S
T


A
 [K


]


speed=250 years noise=0.001


0.75 0.8 0.85 0.9 0.95 1 1.05 1.1 1.15 1.2
−3


−2


−1


0


1


2


3


coupling strength
ea


st
er


n 
eq


. S
S


T
A


 [K
]


speed=250 noise=0.001


Figure 2. Left panel: simulated eastern equatorial Pa-
cific temperatures as a function of the slowly increasing
coupling coefficient (from 0.6µ0 to 1.2µ0). Right panel:
Same as left but for decreasing coupling strength (from
1.2µ0 to 0.6µ0). The rate of change for the coupling
coefficient is 0.6µ0/250 years. All simulations are per-
formed with a very small noise amplitude of 0.00007
K/day.


of the limit cycle behavior. The system remains in a
stationary state even beyond the Hopf bifurcation at
µ = 0.969. For a fast decrease of µ from µ = 1.2 to
µ = 0.6 the situation is reversed. In this case oscillatory
behavior can be observed even in the stable regime. The
reason is that at the Hopf bifurcation point the leading
real part of the eigenvalues crosses zero, which prohibits
a damping of transient perturbations. This behavior
reflects the critical slowing-down effect near Hopf bi-
furcations. Even for slower rates of µ-change (0.6/2500
years), the dynamic bifurcation structure still deviates
significantly from the true bifurcation diagram.


We also computed the hysteresis behavior of ENSO
in case stochastic state-independent heat flux noise is
added to the recharge-equations. The difference be-
tween the upward- and downward simulations virtu-
ally disappears (not shown). The Hopf bifurcation is
hardly visible. The variance changes smoothly from
stable to unstable parameter values, in contrast to Fig-
ure 2. Hence in a stochastic non-equilibrium situation,
it is extremely difficult to distinguish the stable from
the unstable ENSO regime, given the knowledge of the
amplitude of temperature anomalies only.


Summary and discussion


These results illustrate that in the presence of state-
dependent noise, the classical notion of ENSO insta-
bility becomes meaningless. The interaction between
fast WWBs and ENSO enhances the overall coupling
strength and leads to a noise-induced instability for
ENSO, not accounted for previously. Moreover, the fact
that the climate background state on which ENSO op-
erates is not an equilibrium state leads to hysteresis


effects that make it difficult to identify the Hopf bi-
furcation in parameter space. In adddition, stochastic
forcing, leads to further weathering of the instability
boundary of ENSO.


These three lines of thought clearly demonstrate that
the ENSO instability concept is more complicated and
perhaps less useful in the interpretation of observations
and even coupled general circulation model data, than
previously assumed.


References


An, S.I., and F.-F. Jin, An Eigen-analysis of the inter-
decadal changes in the structure and frequency of
ENSO mode, Geophys. Res. Lett., 27:2573–2576,
2000.


Baer, T. Erneux, and J. Rinzel, The slow passage
through a Hopf bifurcation: delay, memory effects
and resonance, SIAM J. Applied Math., 49:55–71,
1989.


Bjerknes, J., Atmospheric teleconnections from the
equatorial Pacific, Mon. Wea. Rev., 97:163–172,
1969.


Blauboer, D.G., G.J. Komen, and J. Reiff. The behav-
ior of the sea surface temperature (SST) anomaly
response to stochastic latent- and sensible-heat forc-
ing, Tellus, 23:17–28, 1982.


Burgers, G., F.-F. Jin, and G.J. van Oldenborgh, The
simplest ENSO recharge oscillator, Geophys. Res.
Lett., 32:doi:10.1029/2005GL022951, 2005.


Eisenman, I., L. Yu, and E. Tziperman, Westerly Wind
Bursts: ENSO’s Tail Rather than the Dog? J. Cli-
mate, 18:5224–5238, 2005.


Gill, A. E., Atmosphere-Ocean Dynamics, Academic
Press, 1982.


Holden, L., and T. Erneux, Slow passage through a
Hopf bifurcation: From oscillary to steady state so-
lutions, SIAM J. Applied Math., 53:1045–1058, 1993.


Jin, F.-F., An equatorial ocean recharge paradigm for
ENSO, Part I: Conceptual model, J. Atmos. Sci., 54:
811–829, 1997.


Jin, F.-F., J.D. Neelin, and M. Ghil, El Niño on
the Devil’s Staircase: Annual subharmonic steps to
chaos, Science, 264:70–72, 1994.


Jin, F.-F., S.-I. An, A. Timmermann, and
X. Zhang, Strong El Niño events and nonlin-
ear dynamical heating, Geophys. Res. Lett., 30:
doi:10.1029/2002GL016356, 2003.


Jin, F.-F., L. Lin, A. Timmermann, and J. Zhao,
Ensemble-mean dynamics of the ENSO Recharge
Oscillator under state-dependent stochastic forcing,
Geophys. Res. Lett., 34:doi:10.1029/2006GL027322,
2007.







ENSO INSTABILITY REVISITED 129


Keen, R., The role of cross-equatorial cyclone pairs in
the Southern Oscillation, Mon. Wea. Rev., 110:1405–
1416, 1982.


Kessler, W.S., Is ENSO a cycle or a series
of events? Geophys. Res. Lett., 29:2125,
doi:10.1029/2002GL015924, 2002.


Kessler, W.S., and R. Kleeman, Rectification of the
Madden-Julian Oscillation into the ENSO cycle. J.
Climate, 13:3560–3575, 2000.


Kessler, W.S., M.J. McPhaden, and K.M. Weickmann,
Forcing of intraseasonal Kelvin waves in the equa-
torial Pacific. J. Geophys. Res., 100:10,613–10,631,
1995.


Leung, H.K., Stochastic Hopf Bifurcations, Chinese J.
Physics, 35:47–55, 1997.


Liu, Z., A simple model study of the forced response
of ENSO to an external periodic forcing, J. Climate,
15:1088–1098, 2002.


Luther, D.S., D.E. Harrison, and R.A. Knox, Zonal
winds in the central equatorial Pacific and El Niño.
Science, 222:327–330, 1983.


Moore, A.M., and R. Kleema, The singular vectors of a
coupled atmosphere-ocean model of ENSO. I: Ther-
modynamics, energetics, and error growth, Quart. J.
Roy. Met. Soc., 123:953–981, 1997.


Penland, C., and T. Magorian, Prediction of Niño 3 sea
surface temperature using linear inverse modeling, J.
Climate, 6:1067–1076, 1993.


Perez, C.L., A.M. Moore, J. Zavaly-Garay, and R. Klee-
man, A comparison of the influence of additive and


multiplicative stochastic forcing on a coupled model
of ENSO, J. Climate, 18:5066–5085, 2005.


Shishkova, M.A., Examination of one system of differ-
ential equations with a small parameter in highest
derivatives. Soviet Math. Dokl., 14:384–387, 1973.


Timmermann, A., Changes of ENSO stability due to
Greenhouse Warming. Geophys. Res. Lett., 28:2064–
2066, 2001.


Timmerman, A., and G. Lohmann, Noise-Induced
Transitions in a simplified model of the thermoha-
line circulation. J. Phys. Oceanogr., 30:1891–1900,
1999.


Timmermann, A., F.-F. Jin, and J. Abshagen. A non-
linear theory for El Niño bursting, J. Atmos. Sci.,
60:152–165, 2003.


Tziperman, E., L. Stone, M.A. Cane, and H. Jarosh,
El Niño Chaos: Overlapping of resonances between
the seasonal cycle and the Pacific ocean-atmosphere
oscillator. Science, 264:72, 1994.


Weaver, A.J., Extratropical subduction and decadal
modulation of El Niño. Geophys. Res. Lett., 26:743–
746, 1999.


Zebiak, S., and M. Cane. A model of the El Niño-
Southern Oscillation. Mon. Wea. Rev., 115:2262–
2278, 1987.


This preprint was prepared with AGU’s LATEX macros v4,


with the extension package ‘AGU++ ’ by P. W. Daly, version 1.6a


from 1999/05/21.








Extremes in global climate models 
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Abstract. Global climate models (GCMs) are increasingly being used to study 
extreme weather and climate events.  Issues concerning the ability of GCMs to 
resolve extremes, and the advantages of using GCMs to study extremes, are 
considered.  One advantage is that GCMs can be used to study extremes in 
climates different from today; an example is the calculation of indicators of 
climate extremes for future climate change scenarios.  Another advantage is the 
ability of GCMs to generate large sample sizes for robust extreme statistics; this 
is illustrated using examples from a study of relationships between low-
frequency atmospheric variability and extreme wind events.  GCMs can thus be 
useful tools for studying extreme weather and climate events, with the caveat 
that one must evaluate their ability to simulate the extremes of interest. 


Introduction 


Global climate models (GCMs) are an essential 
tool for studying the behavior of the climate system.  
Driven by the importance of climate and weather 
extremes for societal and ecological impacts (e.g., 
Tebaldi et al., 2006), GCMs are increasingly being 
used to study such extremes.  However, because the 
simulation of extremes pushes the limits of what 
GCMs are capable of, it is important to consider a 
number of issues when using GCMs to study weather 
and climate extremes. 


Resolving extremes in GCMs 


Both spatial and temporal resolution are important 
issues to consider in evaluating whether a GCM is 
capable of reasonably simulating a particular type of 
extreme.  One example of a GCM with relatively 
high spatial resolution is the NCAR Community 
Climate System Model version 3 (CCSM3; Collins et 
al., 2006), which has a horizontal resolution of 
approximately 150 km in the atmosphere.  
Extratropical cyclones, with spatial scales of 1000-
2000 km, can be resolved reasonably well by 
CCSM3, while a GCM with a horizontal resolution of 
greater than 300 km will have a more degraded 
representation of extratropical cyclones.  By contrast, 
hurricanes (with spatial scales of 300-800 km) are not 
well-resolved by CCSM3, and CCSM3 has no ability 


to resolve mesoscale features such as tornadoes, 
downslope wind events, or intense precipitation 
events organized by small-scale orography or 
convection.  It is worth noting that temperature 
extremes are less affected by the spatial resolution of 
a GCM, except for the effect of elevation. 


Temporal resolution is also an issue to consider 
when using GCMs to study extremes.  Except for 
extremes on very short time scales, the study of 
extremes is not limited by the time step of a GCM, 
which is typically on the order of 20 minutes.  
Instead, the study of extremes in GCMs depends on 
the temporal resolution at which GCM output is 
saved, which is often limited by available data 
storage space.  Typically, few variables are saved 
more than once per 6 or 24 hours of model time, and 
many variables are saved at monthly or annual 
intervals.  As a result, unless the output of a model 
experiment has been specifically designed for the 
study of extremes, the temporal resolution of the 
model output is often not sufficient to study many 
type of extremes.  Thus, it is useful for scientists 
interested in studying extremes to participate in the 
design of GCM experiments, particularly if an 
experiment of interest is computationally expensive 
and not likely to be repeated. 


If the spatial and/or temporal scales of a GCM do 
not match those needed to study a given type of 
extreme, downscaling techniques may be used to 
produce output on the appropriate scales.  Dynamical 
downscaling is one approach, in which a higher-
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resolution regional climate model (RCM) is nested 
within the coarser grid of the GCM (e.g., Fowler et 
al. 2005).  In addition to higher spatial resolution, the 
RCM may resolve some physics that are 
parameterized in the GCM.  The second major 
approach to downscaling is statistical downscaling; 
an example is the use of statistical relationships 
between observed precipitation, GCM-simulated 
precipitation, and large-scale circulation anomalies 
(e.g., Widmann et al., 2003).  Such an approach not 
only produces precipitation at a finer spatial 
resolution, but also can correct for GCM precipitation 
biases. 


Advantages of studying extremes in GCMs 


There are a number of advantages to studying 
extremes in GCMs.  One advantage is the possibility 
of using a GCM to study extremes in climates 
different from that observed today, at least to the 
degree that the model reasonably simulates such 
climates and has the resolution to capture the 
extremes of interest.  For this reason, a GCM can be 
an appropriate tool for studying future changes in 
extreme weather and climate events. 


Another important advantage is that GCM 
experiments can be designed to test hypotheses about 
the dynamics and other factors that influence 
extremes.  For example, if one believed that 
increasing moisture strengthened extreme wind 
events, the global mean amount of moisture could be 
varied in a GCM to test this hypothesis. 


A third advantage is that GCMs can be used to 
produce sample sizes of extremes much larger than 
found in the short observational record.  Thus, while 
the observational record may be too short for robust 
statistics of extremes, a GCM dataset of hundreds or 
thousands of years of model time could produce 
robust extreme statistics.  This advantage will be 
illustrated in the section on “Extreme wind events in 
a GCM”. 


Indicators of climate extremes 


One particularly well-developed example of the 
study of extremes in GCMs is the study of indicators 
of climate extremes in the context of climate change.  
A set of 10 indicators of temperature and 
precipitation extremes was chosen by Frich et al. 
(2002).  These indicators were initially chosen to 


represent extremes in observational data, with the 
intent that the indices contain independent 
information about extremes, that they be robust in the 
short observational record (i.e., not too extreme), and 
that they be more easily compiled and exchanged 
than the original daily data.  The indicators are 
computed with annual time resolution, and they 
include such quantities as the total number of frost 
days, a heat wave duration index, the maximum 5-
day precipitation total, and the maximum number of 
consecutive dry days.   


These 10 indicators were designated as standard 
output fields for the multi-model GCM experiments 
that were performed for the IPCC Fourth Assessment 
Report and now make up the WCRP CMIP3 dataset 
(http://www-pcmdi.llnl.gov/ipcc/about_ipcc.php).  
An excellent example of designing model output for 
the study of extremes, this set the stage for studies of 
the behavior of temperature and precipitation 
extremes across a variety of climate change scenarios 
in a range of GCMs.  For example, Tebaldi et al. 
(2006) found that the 20th-century trends in extremes 
simulated by different GCMs tend to agree with each 
other, as well as with the sign of observed trends 
found by Frich et al. (2002)—at least for global 
means—and that these trends continue in simulated 
21st-century scenarios.  However, they found weaker 
agreement among GCMs for regional trends in 
extremes, particularly for precipitation. 


Extreme wind events in a GCM 


To illustrate the advantage of using large sample 
sizes from GCMs in the study of extremes, we will 
present a few examples from our own work on 
extreme wind events associated with extratropical 
cyclones.  The European windstorm Kyrill provided 
an excellent example of such a large-scale extreme 
wind event on 17-19 January 2007, just before the 
‘Aha Huliko’a workshop.  This storm produced 
hurricane-force winds across much of northern 
Europe, with gusts up to 225 km/h (140 mph) in the 
Swiss Alps, and caused at least 43 deaths and an 
estimated €3.5 billion ($4.5 billion) in insured losses.  
In recent decades, windstorms of similar magnitude 
have struck Europe approximately once each decade. 


Our current study takes advantage of a 9-member 
ensemble of 20th-century simulations performed 
using the NCAR CCSM3, from which we have 
analyzed 1158 years of December-March daily mean 
winds.  We will focus on extremes in 850 hPa wind, 
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which is likely to be more reliable than surface wind 
in a GCM, as surface wind is more affected by 
unresolved topography and the GCM boundary layer 
scheme.  In addition, to the degree that strong surface 
wind gusts are caused by transport of high velocity 
air from aloft (Brasseur, 2001), extremes in 850 hPa 
wind may be related to the potential for extreme 
surface wind gusts.  We will also focus on just the 
zonal component of the 850 hPa wind (U850), so that 
the superposition of variability on different time 
scales can be more easily illustrated. 


We will define extreme westerly wind events as 
days when the daily mean U850 exceeeds its 99th 
percentile.  A first check on the ability of CCSM3 to 
simulate extreme westerly wind events is shown in 
Figure 1, which compares the magnitude of the 99th 
percentile of daily mean U850 in CCSM3 to that 
from the ECMWF Re-Analysis (ERA-40, Uppala et 
al., 2005), interpolated to the same resolution as in 
CCSM3.  A potential concern is that insufficient 
resolution in a GCM could result in wind extremes 
that are too weak; instead, CCSM3 appears to have 
wind extremes that are slightly too strong, suggesting 
that resolution is not limiting the ability of the model 
to simulate these wind extremes.  In addition, the 
geographical distribution of CCSM3 wind extremes 
is similar to that from ERA-40, with maxima over the 
ocean basins related to the oceanic jets and storm 
tracks.  One notable deficiency is the overly strong 
zonal extension of the Atlantic wind extreme 
maximum into Europe, which is related to the overly 
zonal Atlantic jet in CCSM3.  Even though CCSM3 
may not perfectly replicate the geographical 
distribution of extremes in nature, the consistent 
relationships between wind extremes and the storm 
tracks and jets in the model suggest that 
understanding the dynamics that influence wind 
extremes in CCSM3 is likely to be useful in 
understanding the dynamics that influence wind 
extremes in nature. 
 One question of interest is the degree to which 
low-frequency atmospheric variability influences 
extreme wind events.  Here, we will use time filtering 
to distinguish between low-frequency variability 
(isolated using a 10-day low-pass filter) and synoptic 
variability (isolated using a 10-day high-pass filter). 
There is a large literature showing that low-frequency 
variability has an organizing influence on synoptic 
variability (e.g., Branstator, 1995); since wind 
extremes tend to occur during strong synoptic storms, 
we expect that low-frequency variability will also 


have some influence on extreme wind events.  In 
addition, demonstrating a relationship between low-
frequency variability and extreme wind events would 
illustrate the potential for probabilistic predictions of 
these extreme events, given that low-frequency 
atmospheric variability has some degree of 
predictability (e.g., Newman et al., 2003). 
 One simple measure of the influence of low-
frequency variability on extreme westerly wind 
events is the probability of an extreme event on days 
when there is a strong low-frequency westerly 
anomaly.  Figure 2 shows this probability for days 
when the low-pass U850 exceeds its 90th percentile, 
for both ERA-40 and CCSM3.  In general, the spatial 
patterns are similar in ERA-40 and CCSM3, with 
relatively weak influence of low-frequency 
variability on extreme wind events in the baroclinic 
growth regions near the east coasts of the continents; 
it appears that the Atlantic minimum extends a bit too 
far downstream in CCSM3, similar to the Atlantic jet.  
It is also clear that the calculated probabilities for the 
1158 years of CCSM3 output are much more 
spatially smooth than for the 45 years of ERA-40 
data, indicating the importance of the CCSM3 
ensemble’s large sample sizes for calculating robust 
extreme statistics. 


Another aspect of our current study is to examine 
the additive and multiplicative effects of low-
frequency variability on extreme wind events.  This 
terminology is taken from the literature on stochastic 
noise; if synoptic variability is considered to be noise 
superimposed on low-frequency variability, then it is 
additive noise if it is independent of the low-
frequency variability, and multiplicative noise if it 
depends on the state of the low-frequency variability.  
The additive effect of low-frequency variability on 
extreme westerly wind events is thus the influence 
that changes in low-pass U850 have on the 
probability of an extreme event, excluding any 
influence that low-frequency variability has on 
synoptic variability.  The multiplicative effect of low-
frequency variability is then the influence that 
changes in low-pass U850 have on the probability of 
an extreme event through associated changes in the 
synoptic variability of U850.  Two kinds of 
multiplicative effects can arise: one due to the 
relationship between low-pass U850 and the variance 
of high-pass U850, and another due to the 
relationship between low-pass U850 and the shape of 
the probability distribution of high-pass U850. 
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Figure 1. 99th percentile of 850 hPa zonal wind (U850), 
calculated from daily mean U850.  Units are m/s.  (left) 
Calculated from ERA-40, for the months December-March 
(DJFM), 1957-2002.  (right) Calculated for 9 ensemble 
members of the CCSM3 20C experiment, for DJFM, 1870-
1999. 


 


   
 
Figure 2. Probability of exceeding the 99th percentile of 
total U850 for days when 10-day low-pass U850 exceeds 
its 90th percentile.  (left) Calculated from ERA-40, for the 
months December-March (DJFM), 1957-2002.  (right) 
Calculated for 9 ensemble members of the CCSM3 20C 
experiment, for DJFM, 1870-1999. 


 
The importance of the additive and multiplicative 


effects, as calculated for the CCSM3 ensemble, are 
illustrated in Figure 3; each of the four panels shows 
the probability of an extreme westerly wind event for 
days when the low-pass U850 exceeds its 90th 
percentile, given different assumptions about which 
effects are operating.  The top left panel shows the 
probability assuming only the additive effect; clearly, 
this is quite different from the actual probability 
shown in Figure 2, showing that the multiplicative 
effect must be important.  The effects assumed to be 
operating in the other 3 panels are as follows: top 
right, the additive effect plus the multiplicative effect 


of distribution shape; bottom left, the additive effect 
plus the multiplicative effect of variance; and bottom 
right, the additive effect plus both multiplicative 
effects.  It is clear from this figure that the 
multiplicative effect due to changes in high-pass 
U850 variance is much more important than the 
multiplicative effect due to changes in the shape of 
the distribution of high-pass U850.  The same 
conclusion would be reached based on the 
corresponding figures calculated for the 45-year 
record of ERA-40 (not shown); the figures are just 
much noisier, similar to the left panel in Figure 2. 


 
 


   
 


   
 
Figure 3. Probability of U850 exceeding its 99th percentile 
for days when 10-day low-pass U850 exceeds its 90th 
percentile, calculated assuming that 10-day high-pass 
U850 has (top left) its climatological distribution; (top 
right) a distribution with its climatological variance, but 
with the shape found on days when 10-day low-pass U850 
exceeds its 90th percentile; (bottom left) a distribution with 
its climatological shape, but with the variance found on 
days when 10-day low-pass U850 exceeds its 90th 
percentile; and (bottom right) its full distribution on days 
when 10-day low-pass U850 exceeds its 90th percentile.  
Calculated for 9 ensemble members of the CCSM3 20C 
experiment, for the months December-March (DJFM), 
1870-1999. 
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Given the importance of the multiplicative effect 
of the relationship between low-pass U850 and high-
pass U850 variance for the probability of extreme 
wind events, we have looked at this relationship in 
more detail.  Figure 4 shows the anomalies of high-
pass U850 variance for days when low-pass U850 is 
below its 10th percentile (strong easterly anomalies) 
and above its 90th percentile (strong westerly 
anomalies), for both ERA-40 and CCSM3.  The 
spatial patterns of these anomalies are similar for 
ERA-40 and CCSM3, although there is a hint that the 
region of negative correlations between low-pass 
U850 and high-pass U850 variance extends too far 
downstream in the Atlantic storm track in CCSM3, as 
does the Atlantic jet.  However, as in Figure 2, the 
largest difference between the figures for ERA-40 
and CCSM3 is the greater noise for ERA-40. 
 


   
 


   
 
Figure 4. Anomaly in 10-day high-pass U850 variance for 
days where 10-day low-pass U850 is (left column) below 
its 10th percentile or (right column) above its 90th 
percentile.  Units are m2/s2.  (top row) Calculated from 
ERA-40, for the months December-March (DJFM), 1957-
2002.  (bottom row) Calculated for 9 ensemble members 
of the CCSM3 20C experiment, for DJFM, 1870-1999. 


 


A closer examination of the relationship between 
low-pass U850 and high-pass U850 variance at a few 
geographical locations shows that this relationship 
can be examined in more detail in the CCSM3 
ensemble than in the shorter ERA-40 record.  Figure 
5 shows scatter plots of high-pass U850 variance 
against low-pass U850, where each point represents 
the mean low-pass U850 and high-pass U850 
variance for a 1 percentile bin of low-pass U850, for 
3 locations: Halifax, Nova Scotia, representing the 
regions of negative correlation between high-pass 
U850 variance and low-pass U850 near the east 
coasts of the continents; Nordkapp, in far northern 
Norway, representing the region of positive 
correlation between high-pass U850 variance and 
low-pass U850 on the poleward side of the 
downstream end of the Atlantic storm track; and 
Galway, Ireland, representing the regions on the 
downstream ends of the storm tracks where there are 
negative high-pass U850 variance anomalies for both 
strong westerly and strong easterly low-pass U850 
anomalies.  While the general features of the 
relationships between high-pass U850 variance and 
low-pass U850 are similar for ERA-40 and CCSM3 
at all of these points, the large scatter in the ERA-40 
relationships makes it difficult to tell whether the 
more subtle inflections of these relationships found in 
CCSM3 are present in ERA-40. 


 
 


   
 


   
 
Figure 5.  Variance of 10-day high-pass U850 (units are 
m2/s2) scattered against 10-day low-pass U850 (units are 
m/s) for the gridpoints nearest (left column) Halifax, Nova 
Scotia; (middle column) Nordkapp, Norway; and (right 
column) Galway, Ireland.  Each point represents results for 
a 1 percentile bin based on low-pass U850.  (top row) 
Calculated from ERA-40, for the months December-March 
(DJFM), 1957-2002.  (bottom row) Calculated for 9 
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ensemble members of the CCSM3 20C experiment, for 
DJFM, 1870-1999.    


The figures shown here are intended to 
demonstrate that the large sample sizes that can be 
generated by a GCM can make such a dataset more 
appropriate for studying the statistics and dynamics 
of extreme events than using observed data alone.  
Once statistical relationships between extreme events 
and dynamical variables are found in a GCM, and the 
dynamics of these relationships are understood, 
observations or reanalyses can then be used to check 
whether the relationships found in the GCM are 
consistent with nature.  If so, one may then have 
more confidence in these relationships than if they 
were found by a statistical study of the short 
observational record alone. 


Summary 


GCMs can be a useful tool for studying extreme 
weather and climate events, assuming that their 
resolution and representation of physical processes 
are sufficient to reasonably represent the extremes of 
interest.  They are particularly useful for studying 
extremes in climates different from the observed 
record, testing hypotheses about the factors that 
influence extremes, and generating large sample sizes 
for robust extreme statistics.  Indicators of climate 
extremes produced by GCMs are now being used for 
projections of the impacts of future changes in 
extremes.  The importance of large sample sizes for 
studying extremes has been shown using examples 
from our work on relationships between low-
frequency variability and extreme wind events.  
Comparing the behavior of extremes in a large GCM 
dataset to that found in nature can be an effective 
way of developing and testing hypotheses about the 
dynamics that influence weather and climate 
extremes. 
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Rogue waves: An introductory example
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Abstract. The study of extreme events aims at understanding their statistics,
dynamics, predictability and impact, and it faces considerable challenges. Some
of the inherent issues and difficulties are illustrated by rogue waves. These are
surface gravity waves with heights much greater than the surrounding sea state.
Many of their properties are a simple consequence of Gaussian statistics for
randomly superposed Fourier components, but some modifications arise from
dynamically required phase locking of forced nonlinear contributions. Further
complications can arise from non-stationarity or inhomogeneity, from resonant
wave-wave interactions, and from the limiting process of wave breaking.


Introduction


Extreme events are characterized by adjectives such as


rare, exceptional, surprising, unexpected, and catastrophic.


They occur in natural, technical, and societal environments.


Typical examples in the natural environment include hurri-


canes, rogue waves, flooding, and earthquakes. A technical


definition is that extreme events are the events on the tail


of the probability distribution that characterizes their occur-


rence. The study of extreme events aims at understanding


their statistics, dynamics, predictability, and impact. One


important task is the determination of the frequency distribu-


tion of extreme events. Such distributions can be extracted


from data. Since extreme events are rare by definition, reli-


able statistics are hard to obtain. Important issues are


• the identification of relevant variables,


• the nonstationarity of the underlying random processes,


and


• whether an apparent change in the frequency of ex-


treme events is random or caused by a regime shift.


Distributions are also obtained from dynamical models that


lead to these questions:


• Does one need to go beyond Gaussian statistics and


the consideration of independent, identically distributed,


random variables?


• Do extreme events have special physics that occurs


rarely in space and time?


• Are there limiting processes that constitute dynamical


ceilings and prevent the occurence of ever larger ex-


treme events?


In this introductory article we illustrate the above issues and


questions for rogue waves. Rogue waves often have catas-


trophic impacts. They have been studied intensely, with


large research programs, meetings, and workshops (Olagnon


and Athanassoulis, 2000; Olagnon and Prevosto, 2004;


Müller and Henderson, 2005; Müller et al., 2005). The most


recent review article is Dysthe et al. (2008).


Rogue waves


Rogue waves are surface gravity waves with wave heights


much greater than the surrounding sea state. They are a


prime example of extreme events. They stand out of the sea


state in which they occur but there is no unique definition.


A pragmatic approach is to call a wave a rogue wave when-


ever its wave height H or its crest height ηc exceeds a certain


threshold relative to the sea state. The most common criteria


are


H/Hs > 2 or ηc/Hs > 1.25, (1)


where Hs is the significant wave height, here defined as four


times the standard deviation of the surface elevation.


Rogue waves have been observed and documented, most


convincingly from oil platforms. Two well-studied examples


are shown in Figure 1: one of the exceptional waves from the


Gorm field in the North Sea, and the “New Year’s Wave” at


the Draupner platform in the Norwegian Sea.


An example of the relative number of waves exceeding


thresholds in H/Hs is shown in Figure 2, from measure-


ments taken at the Marlin platform in the Gulf of Mex-


ico during Hurricane Ivan. Rogue waves are, pragmati-


cally, those that populate the tail of the probability distri-


bution beyond 2Hs. But in this particular case, not a sin-


gle wave exceeded this limit for the period of the record-


ing, although the conditions were extreme, with Hs reach-


ing 15.4 m and a maximum observed wave height of 26.3 m


1
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Figure 1. Two examples of rogue waves. “Gorm” is one of the


abnormal waves recorded at the Gorm field in the North Sea on


November 17, 1984. The wave that stands out has a crest height


of 11 m, which exceeds the significant wave height of 5 m by a


factor of 2.2. “Draupner” is the “New Year Wave” recorded at the


Draupner platform in the North Sea on January 1, 1995, at 15:20.


The crest height is about 18.5 m and exceeds the significant wave


height of 11.8 m by a factor of 1.54. From Dysthe et al., 2008.
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Figure 2. Observed probability of exceedance of scaled wave


heights at the Marlin platform in the Gulf of Mexico during Hurri-


cane Ivan, together with Forristall’s empirical formula (blue), and


Næss’ distribution for a narrow-band Gaussian sea (red). Courtesy


of George Forristall.


(Forristall, 2005). Rogue wave researchers generally do not


display empirical exceedance plots since the estimates de-


pend on the record length. A wave that stands out as highly


unlikely in a short record might become probable in a longer


one. Indeed, Figure 2 was taken from a study to demonstrate


this effect.


Gaussian theory


Gaussian theory is the most fundamental theory that de-


termines the statistics from dynamical considerations. The


linear (Gaussian) random model of oceanic waves assumes


a formal superposition of elementary waves,


η(x, t) =
∑


k
a (k) cos (k · x − ω (k) t + α (k)) , (2)


where η is the elevation, x the horizontal position, and t the


time. The wavenumber magnitude k = |k| and the fre-


quency ω satisfy the dispersion relation ω2 = gk tanh (hk),
where g is the gravitational acceleration and h the water


depth. The amplitude a (k) and and the phase angle α (k)
are assumed to be independent random variables for each k.


Then, within limits, it does not matter from which distribu-


tions the amplitude and phase angle are drawn, as the Central


Limit Theorem assures a Gaussian distribution of the surface


elevation


f(η) =
1√


2πσ2
exp


{


− η2


2σ2


}


(3)


with zero mean and standard deviation σ. All statistical


properties of the Gaussian model can be derived from the


directional wave spectrum


S(k)∆k =
∑


k∈∆k


1


2
E{|a (k)|2}. (4)


The simplest Gaussian theory goes back to the seminal


work of Longuet-Higgins (1952). It assumes that the surface


elevation is N(0, σ2) distributed and that the wave spectrum


is unidirectional and narrow-banded. Under these assump-


tions many important distributions can be calculated.


The probability density function of the wave height is


given by the Rayleigh distribution


f(H) =
H


4σ2
exp


{


− H2


8σ2


}


. (5)


The exceedance probability is defined and given by


P (H > xHs) = 1 − F (xHs) = exp
(


−2x2
)


(6)


where F (H) is the (cumulative) distribution function of the


wave height. From this formula one infers that the probabil-


ity of the wave height exceeding 2Hs is 3.4× 10−4.


Extreme value distributions. Consider a record con-


taining N waves. If one assumes that these waves are in-


dependent then the distribution function of the maximum


Hmax = maxi=1,...,N Hi is given by


P (Hmax < xHs) =
(


1− exp
(


−2x2
))N


. (7)


From this formula one infers that the most probable maxi-


mum wave height HM in a record containing N waves is


given by


HM =
Hs√


2


√
lnN (8)


for large N . For a wave period of 10 s one finds HM =
(2.0, 2.2, 2.5)Hs after (8.3 hrs, 2 days, 1 month).


For large N , (7) approaches the Gumbel distribution (one


of the three Generalized Extreme Value distributions)


G(x, µ, b) = exp


{


− exp


(


−x − µ


b


)}


(9)
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Figure 3. The probability of a given wave having a height at least


ν times greater than any of the preceding N waves (excluding the


immediately prior wave), evaluated for a JONSWAP spectrum for


a developing sea with γ = 3.3. Courtesy of Johannes Gemmrich


and Chris Garrett.


with µ =
√


log N/2 and b = 1/(4µ).


Bandwidth. Longuet-Higgins’ narrow bandwidth re-


quirement is quite severe and is not satisfied for typical wind


wave spectra. Wave height distribution for such spectra have


been calculated by Næss (1985) who found that (5) is still


appropriate if σ is reduced by a factor related to the band-


width. An example of his predicted distribution is given in


the next section.


Unexpectedness. When considering the possible impact


of rogue waves, it may not only be the wave (or crest) height


that is of importance but also the “unexpectedness” of the


wave, which is the time that has elapsed since the previous


large wave. A convenient measure is P (H > νHmax(N))
where Hmax(N) is the maximum wave height over the pre-


vious N periods (Figure 3). We see that, for this JONSWAP


spectrum, a wave twice as big as any in the preceding 22


periods has the same probability, 1 in about 16,000 (once


every 2 days for 10-second waves), as a rogue wave with


height 2.2Hs.


Non-stationarity. Gaussian theory has also been used to


assess the impact of non-stationarity. An example is given


in Figure 4. It is assumed that the wave record consists of


two halves, with the variance in the second half being three


times as large as in the first half. The dashed lines are the


individual Rayleigh distributions. When put together, one


would observe the red curve, the average of the two dis-


tributions. However, if one treats the record as stationary


one obtains the blue curve, which shows a lower probabil-


ity of large waves. The actual probability of large waves is


Figure 4. Non-stationarity. The blue curve is the Rayleigh distribu-


tion of wave height for a wave record with significant wave height


Hs. The green and black curves are the Rayleigh distributions for


records with significant wave heights Hs/
√


2 and
√


3Hs/
√


2. The


red curve is the average of these two distributions. Courtesy of Jo-


hannes Gemmrich and Chris Garrett.


thus considerably larger than would be predicted under the


assumption of stationarity. For this example, one in every


1,300 waves would exceed 2.2Hs in the non-stationary situ-


ation, whereas only one in every 16,000 would be predicted


to do so if the data were assumed to be stationary. While this


effect can occur in a time series at a fixed point, it will also


influence the statistics of waves observed by ships travelling


through seas with a distribution of wave height variance ren-


dered uneven by the refractive effects of eddy fields (Heller,


2006).


Second-order theory


Linear theory works quite well as long as the steepness s
of the waves is small. The steepness is defined as s = ka for


an elementary wave. For a spectrum of waves, one defines


s = kpσ where kp is the wave number at the peak of the


spectrum and σ is the standard deviation of the surface. For


storm waves, s is typically less than 0.07.


More nonlinear wave regimes can be obtained by a per-


turbation expansion with respect to s. At second order, one


obtains the solution


η(x, t) = a cos θ +
1


2
ka2 cos(2θ) (10)


for a single wave. Here θ is the phase of the wave, i.e., the


argument of the cosine function in (2). The second harmonic


term is a forced wave, since (2ω, 2k) does not satisfy the dis-


persion relation. Compared to the linear wave, this second-


order wave has higher crests and shallower troughs, but the


same height. For this reason, one must now distinguish be-


tween the wave height H (the distance from trough to crest)
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and the crest height ηc (the distance from the mean sea level).


An explicit general solution for a superposition of waves can


also be constructed and includes forced waves proportional


to cos(θn ± θm) and sin(θn ± θm). Second-order theory


adds forced waves and hence does not affect the amplitude


and the spectrum of the free waves.


The second-order contributions depend on the sea state,


especially on the wave steepness and on the directional dis-


tribution of the waves. A general analytical expression for


the distribution of the surface elevation η, as in (3), is not


known except for the case when the wave spectrum is nar-


row (Tayfun, 1980). To a good approximation, Tayfun’s dis-


tribution can be written as a transformed Gaussian


f(η) ' 1 − 7s2/8
√


2πσ2(1 + 3G + 2G2)
exp(− G2


2s2
), (11)


where


G =


√


1 + 2s
η


σ
− 1,


and s is the steepness. When s → 0, the Tayfun distribution


tends to the Gaussian distribution (3). The distributions for


broader banded spectra can, however, easily be determined


numerically. The wave height exceedance probabilities are


generally fitted to Weibull distributions


P(H > xHs) = exp


(


−xα


β


)


, (12)


where the parameters α and β depend only slightly on the


sea state, at least for simple wind seas (Forristall, 1978;


Næss, 1985; Krogstad, 1985). Longuet-Higgins’ (1952) re-


sults for a linear, narrow banded wave field correspond to


α = 2 and β = 1/2.


The generalization of (8) for the most probable maximum


wave height within the record of N waves is


HM = Hs (β lnN)
1/α


. (13)


The exceedance probabilities of the crest height ηc are


also well-described by Weibull distributions similar to (12).


However, α and β are now found to vary significantly with


some of the sea state parameters and with the water depth


(Forristall, 2000; Prevosto and Forristall, 2004).


Figure 5 shows the crest and wave height exceedance


probabilities for some of the currently used expressions: G is


the linear Gaussian model; F1 and F2 are Forristall’s model


for crest heights, based on second-order numerical simula-


tions (Forristall, 2000); N is Næss’ wave height model based


on a Gaussian sea with a typical wind wave spectrum; and


FH is Forristall’s empirical relation, proposed in Forristall


(1978). The distributions FH and N were also included in


Figure 2. The exceedance probability (6) for the Rayleigh


distribution, not shown, would lie above the Næss curve


N, i.e., a finite bandwidth decreases the likelihood of large
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Figure 5. Probability of exceedance for crest heights (left, red)


and wave heights (right, blue). G: Linear Gaussian model; F1:


Forristall’s second-order model for medium wave steepness; F2:


Forristall’s second-order model for high wave steepness; N: Næss’


wave height model for Gaussian seas and typical wind wave spec-


tra; FH: Forristall’s empirical wave height model based on buoy


data from the Mexican Gulf (Forristall, 1978). From Dysthe et al.,


2008.


waves. Forristall’s distributions for crest height are in good


agreement with most observed data. The same is true for


Næss’ Gaussian model and Forristall’s empirical model for


the wave height.


Note that the Gaussian model G severely under-predicts


the probability of observing large crests, whereas the Gaus-


sian model N gives reliable predictions for the wave height.


Also note that the tails of Forristall’s crest height distribu-


tions depend strongly on the wave steepness. Forristall’s


model for the crest height and Næss’ model for the wave


height are generally referred to as the standard model. The


distributionsare well-established and routinely used in ocean


engineering (Forristall, 2000).


In (1) we defined a rogue wave by the criterion H/Hs >
2. According to Næss’ model (N) this corresponds to an


exceedance probability of about 10−4. The same exceedance


probability is obtained for the model F1 if one chooses for


the crest height the criterion ηc/Hs > 1.25. The two criteria


are used interchangeably in the literature. Unfortunately, the


old definition of significant wave height as the mean of the


1/3 largest waves is still in widespread use and, since H1/3 is


about 5% lower than Hs = 4σ (Forristall, 1978), the rogue


wave criteria have to be adjusted accordingly.


True rogue waves


Most observed distributions are consistent with second-


order theory. There are, however, exceptions, such as the


measurements at the Gorm field in the central North Sea


(depth 40 m) where radar altimeter data have been col-


lected for more than 12 years (Sand et al., 1990; Skourup


et al., 1996). The relative crest and wave height distribu-
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Figure 6. Empirical distribution functions of ηmax/Hs (upper)


and Hmax/Hs (lower) for ∼ 5000twenty-minute records from the


Gorm field. The filled circles are representative points, whereas


the open circles represent individual records. The dashed straight


line on the crest height plot is Forristall’s second-order distribu-


tion for medium wave steepness. The dashed straight line in the


wave height plot is Næss’ wave-height model. These Weibull dis-


tributions become straight lines because of the “Weibull scaling”


of the vertical axis. Here F (x) = P (ηmax/Hs, Hmax/Hs <
x) for a record containing N waves so that 1 − F 1/N (x) =
P (η/Hs, H/Hs > x) is the exceedance probability for a single


wave. If this is given by (12), then log [− log (1 − F 1/N )] =
α log x − log β. Points falling below the straight lines indicate


a larger frequency of occurrence. From Dysthe et al., 2008.


tions show signs of two different populations of waves: a


normal population adhering to standard (second-order) wave


statistics, and an exceptional population often referred to


as “true rogue waves”. Figure 6 shows the empirical dis-


tribution function of ηmax/Hs and Hmax/Hs in each 20-


minute time series, containing on the average 140 waves.


The transformation of the distribution function ensures lin-


ear graphs for all Weibull distributions (12). The dashed line


represents Forristall’s second-order model in the crest height


plot and Næss’ model in the wave height plot, both for typ-


ical storm wave spectra. The data contain 25 waves where


ηc/Hs ranges from 1.35 to 2.3, and 24 waves where H/Hs


ranges from 2.2 to 2.94. Note, however, that Hs is only


2-4 m for the most extreme waves. The cumulative max-


imum wave height distribution appears to bend away from


the Næss model around H/Hs ≈ 2.1. A similar behaviour is


also seen for the normalized crest height . The wave heights


for the bulk of the records lie somewhat above the Næss


model, whereas the crests tend to fall somewhat below For-


ristall’s model (points falling below the dashed lines indicate


a higher frequency of occurrence because of the “Weibull


scaling” of the vertical axis). Nevertheless, the extreme data


points clearly indicate a frequency of occurrence in excess


of that predicted by standard theory.


If these deviations from standard theory are real, one


needs to inquire into possible additional physics.


Additional dynamics


Rogue waves represent a very high local concentration of


wave energy compared to the average of the field. A num-


ber of mechanisms are known to produce large waves from


moderately small ones: spatial, dispersive, and nonlinear fo-


cusing.


Spatial focusing. Spatial focusing can be achieved by


the refraction of waves over varying bottom topography or


in variable currents.


As waves propagate into shallower water and their wave-


length becomes comparable to the water depth, the waves


get refracted, align their crests with the topography, and


steepen. Along irregular coastlines this might lead to fo-


cusing of wave energy in particular places.


The giant waves in the Agulhas current off the African


south-east coast are a notorious example of refraction by cur-


rents (Mallory, 1974; Peregrine, 1976; Smith, 1976; Irvine


and Tilley, 1988; Grundlingh, 1994; Lavrenov, 1998, 2003).


Between Durban and East London the current has a jet-like


structure running in a southwesterly direction along the shelf


edge. Abnormal waves are observed in connection with the


passage of cold fronts followed by strong winds and waves


from southwest. Lavrenov (1998) shows that it is possible


for waves moving upstream to become trapped in the jet


as it widens south of East London. Meanders of the cur-


rent may be another source of wave trapping (Irvine and


Tilley, 1988). As a result, the sea state within the jet be-


comes more severe than outside. Such an increase of sea


state across the current has been observed (Irvine and Tilley,


1988; Grundlingh, 1994). Lavrenov (1998) used a numerical


model to reconstruct the wave spectrum within the current


from a given swell spectrum outside. The estimated increase


in Hs of up to 100% is in fair agreement with satellite data


(Grundlingh,1994).


The trapped waves are reflected back and forth between


the edges of the current. If the incoming waves are unidi-


rectional, their entrapment will produce caustics near the re-


flection zones. Peregrine (1976) and Smith (1976) suggested


that giant waves could be explained by wave amplification


at such caustics. Even though a small directional spread of


the incoming waves will tend to smear out the caustics, this


mechanism may still be relevant when almost unidirectional


swell enters the current.
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It must be realized that refraction, when treated in the ge-


ometric optics approximation, only describes changes in the


mean position, wavenumber, and energy–and hence in the


standard deviation σ and the spectrum S(k) of the waves.


There is no reason to expect that such refraction causes


changes in the statistics of the waves.


Refraction may increase the sea state in general. Re-


fraction may also cause strong inhomogeneities in the wave


field, and these inhomogeneous wave fields have a higher


occurrence of large waves than predicted under the assump-


tion of homogeneity, as we discussed earlier under the head-


ing “Non-stationarity”. There is, however, an additional ef-


fect. Near caustics the spectrum starts to vary so rapidly in


the transverse direction, on scales comparable to the wave-


length, that the geometric approximation breaks down. The


incident and reflected waves become phase-locked and take


the form of Airy functions. This change of wave form near


the caustics might give rise to true rogue waves. To study


such true rogue-wave formation, one needs to employ ana-


lytical methods beyond geometric optics, or rely on direct


numerical simulations.


Dispersive focusing. Gravity waves are dispersive with


phase and group velocities inversely proportional to the fre-


quency. This effect is applied in a well-known technique,


first suggested by Longuet-Higgins (1974), to produce short


groups of large waves at a given position in a wave tank. The


idea is to create a long wave group with steadily decreasing


frequency (a chirp). With proper design of the chirp, disper-


sion forces this group to contract to a few wavelengths at a


given position. The chirp requires a frequency modulation


dω/dt = −g/(2d) where d is the distance from the wave-


maker to the focal point. This type of focussing has been


suggested as a possible mechanism for exceptional rogue


waves (see the review paper by Kharif and Pelinovsky (2003)


and the references therein). If a given chirped wavetrain pro-


duces strong focusing in the absence of other waves, it will


still do so, although somewhat more weakly, when a random


wave field is added. If the amplitude of the deterministic


chirped wavetrain is below the r.m.s. value of the random


waves it will remain “invisible” until it focuses.


This temporal-spatial focussing is a linear effect, and will


happen even in a linear Gaussian sea in those very rare


circumstances where waves happen to have the very con-


trived phase relations necessary to form a chirped wave-


train. Chirping is allowed for in linear random superposi-


tion. Physical mechanisms that would preferentially pro-


duce such phase relations and chirped wavetrains have not


yet been identified for the ocean.


Nonlinear focusing. A regular periodic wave train of fre-


quency ω and amplitude a is known to be unstable to modu-


lations. This is the so-called Benjamin-Feir (BF) instability


(see, e.g., Lake et al., 1977). For unidirectional waves, side-


bands ω ± ∆ω grow provided


∆ω


ω
<


√
2s (14)


where s = ka is the steepness. As the instability devel-


ops, the wave train disintegrates into groups and produces


large isolated waves. A number of authors (Lake et al.,


1977; Tanaka, 1990; Henderson et al., 1999; Zakharov et


al., 2006) have investigated this development by means of


numerical simulations, starting with a regular wave train ini-


tially perturbed with sidebands ω ± ∆ω satisfying (14). As


groups are formed by the instability, a further focusing takes


place within the group, producing a very large wave hav-


ing a surface elevation ηmax more than three times the initial


amplitude a of the wavetrain. Since the extreme wave has


grown at the expense of the other waves in the group it stands


out as a giant wave. A natural time scale for this process is


1/s2 wave periods (which is π times the e-folding time of


the fastest growing mode of the BF instability).


Our comment on dispersive focusing is also in order here.


Although impressive wave focusing can be achieved through


these nonlinear focusing effects, the initial states from which


they develop are contrived. Nevertheless, the above stud-


ies identify long-crested and long-lived wave groups as the


groups in which the Benjamin-Feir instability will have


time to develop. Such wave groups are unlikely in storm-


generated wave fields. To find out how unlikely, one needs


to resort to large-scale simulations, where the computational


domain contains thousands of waves. This is a computa-


tional challenge. To reduce the computational burden, one


usually does not simulate the original Euler equations but ap-


proximations to them. A natural simplification comes from


the fact that most storm wave spectra are reasonably narrow


banded. If the relative spectral width ∆ω/ω is O(s) one


obtains the nonlinear Schrödinger equation (NLS), which,


however, has turned out to be too restrictive. A higher order


modification, the MNLS, reduces the narrow band require-


ment to ∆ω/ω = O(s1/2) (Dysthe, 1979; Lo and Mei, 1985,


1987; Trulsen and Dysthe, 1996; Trulsen et al. 2000). Quan-


titative comparisons of MNLS with experiments and fully


nonlinear simulations have shown that MLNS is a good ap-


proximation for times up to (ωs3)−1.


Using the MNLS equations, Socquet-Juglard et al. (2005)


have made simulations with a computational domain con-


taining approximately 104 waves. The simulations were


initiated with truncated semi-empirical (JONSWAP) spectra


with three different angular distributions: short (A), medium


(B) and long (C) crested waves. The Benjamin-Feir Index,


BFI = 2s/(∆ω/ω), is greater than 1 for all three cases.


(Note that, compared with (14), an additional factor
√


2 ap-


pears in the definition of the Benjamin-Feir index because


we changed the definition of the steepness from s = ka for


a single wave to s = kpσ for a spectrum.) The spectrum


evolves on the BF time scale (ωs2)−1. This evolution is
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most pronounced for the long crested case.


Since there are about 104 waves in the computational do-


main, the probability of exceedance of the crest height can


be well estimated at any time of the evolution process. It


is found that for the cases A and B there is no significant


change, and the probability is well approximated by second


order predictions. However, in the long-crested case C a sig-


nificant increase in the probability of large waves is found


while the BF instability is growing. Figure 7 shows the


probability of exceedance of the crest height (normalized by


the standard deviation of the surface elevation) for the three


cases, after an evolution time of 25 wave periods. Gram-


stad and Trulsen (2007) performed a much larger number


of these simulations and found that the transition from the


short- to the long-crested case occurs at a crest length of ap-


proximately 10 wavelengths.


Limiting processes. Wave breaking certainly influences


the development of rogue waves and puts an ultimate bound


on their height. Wave breaking is a highly nonlinear process


and its study is difficult, even under typical wave conditions,


let alone for rogue waves. Investigators of rogue waves tend


to not consider wave breaking. They are more concerned


with processes that enhance wave heights rather than those


that limit them. Engineers, on the other hand, are very con-


cerned about wave breaking because the forces exerted by


breaking waves are much larger than those by non-breaking


waves. Simple scaling implies that a rogue wave of twice


the significant wave height produces a horizontal pressure of


four times that of the significant height wave. If this rogue


wave is breaking, a further increase by at least a factor of ten


has been rationalized (Donelan and Magnusson, 2005).


Conclusions


To return to the issues and questions raised in the intro-


duction.


• Relevant variables? Relevance is very much in the


eye of the beholder. For bottom-fixed structures that


are used by the oil industries, it is the crest height that


matters, whereas for ships it is the wave height, i.e.,


the height from trough to crest. The direction of prop-


agation is important for ships, which typically head


into large seas and are vulnerable to large seas com-


ing from the side. This is less of a factor for offshore


structures. When preparing for rogue waves, unex-


pected waves may be as relevant as large waves.


• Nonstationarity? Nonstationarity (in time) and in-


homogeneity (in space) complicate the detection and


analysis of rogue waves. The giant waves observed in


the Agulhas current are a particular striking example


where it is unclear whether they represent a “regime


shift”, i.e., a more energetic wave spectra inside the


[t]


Figure 7. Probability of exceedance of the crest height ηc (scaled


by the standard deviation σ) for A the short-, B the medium-, and


C the long-crested case at the time t = 25Tp when the BF insta-


bility is developing. Full line - simulations; solid line with dots -


Gaussian theory; dashed line - second-order theory. From Dysthe


et al., 2008.


current than outside of it, whether they result from ap-


plying incorrect statistics, i.e., from assuming homo-


geneity in a strongly inhomogeneous wave field, or


whether they represent “true rogue waves”, perhaps


generated at the caustics of the wave field.


• Non-Gaussian effects? Gaussian theory goes a long


way for rogue waves. For a narrow-banded unidirec-


tional spectrum, explicit formulae for many distribu-


tions can be derived that serve as benchmarks and the


basis of intuition. Extensions to broad-banded spectra


with a directional distribution can easily be obtained


numerically and the results are fairly consistent with


observed distributions of extreme wave heights. An


adequate description of wave crest distributions re-


quires the inclusion of second-order nonlinear interac-


tions that lead to deviations from Gaussian statistics.


• Special physics? Do rogue waves have special physics


which occurs rarely in space and time? This question


is still unsettled. There are indications from numeri-


cal simulations (and experiments in wave tanks) that


a modification of the Benjamin-Feir instability might


lead to an excess occurrence of rogue waves beyond


standard theory in long-crested waves. Caustics at re-


fracting bottom topography or currents might also be


sites of “true rogue waves”. The exceptional popula-


tion of “true rogue waves” at the Gorm platform has


not yet found an explanation. They are not simply the


result of the finite water depth of 40 m at the Gorm


platform. The strongest contenders are inappropriate


sampling in a strongly inhomogeneous wave field or


special effects at caustics.


• Dynamical ceilings? Wave breaking certainly puts


a bound on the height of rogue waves but its highly


nonlinear dynamics have so far prevented its incorpo-


ration into dynamical theories.







8 MÜLLER AND GARRETT


Overall, rogue waves constitute an example of that illustrates


many of the problems and challenges that face the study of


extreme events.
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Intermittency in turbulence


Javier Jim�enez


School of Aeronautics, Universidad Polit�ecnica, 28040 Madrid, Spain


and Center for Turbulence Research, Stanford University


Abstract. Turbulence is characterized by the intermittent generation of very large
gradients and velocity differences. The present understanding of this phenomenon
is reviewed. In most cases the model of choice is the turbulent cascade, in which
eddies become stronger as they decay to smaller sizes. The simplest model, a
multiplicative process, has been studied in detail and leads to multifractals. It is
shown that other processes are possible and that they fit the experiments better in
some situations. Discrete long-lived structures form near the dissipative range of
scales and may dominate the statistics if they are singular enough. That is the case
in decaying two-dimensional turbulence. In the milder three-dimensional case,
experiments favor a mixed multiplicative{stochastic model, which only tends to
a multifractal in the limit of very large Reynolds numbers, probably beyond the
reach of experiments.


Introduction


Intermittency has several meanings in turbulence, but the


most interesting one for the purpose of this meeting is the


tendency of the probability distributions of some quanti-


ties in three-dimensional Navier{Stokes turbulence, typi-


cally gradients or velocity differences, to develop long tails


of very strong events. The problem is not that the distribu-


tions are not Gaussian. There is little reason in general for


that to be true. The question is rather that the extreme tails


become stronger as the Reynolds number increases, and that


the trend does not show any sign of stopping at the highest


experimental Reynolds numbers.


This is not altogether surprising, because turbulence is


believed to be singular in the limit of infinite Reynolds num-


bers. In an equilibrium system, global energy conservation


implies that the energy input should be equal to the average


viscous dissipation per unit mass


εv = ν |∇u|2, (1)


where ν is the kinematic viscosity of the fluid, and |∇u| is
the L2 norm of the velocity gradient tensor. The average


( ) is taken either over the whole flow or over a suitably
designed ensemble of experiments. The basic experimental


observation in turbulence is that the energy input required


to maintain a turbulent flow becomes independent of the


viscosity if the Reynolds number is high enough. In the


limit of ν → 0, this implies that the velocity field has to
develop infinite gradients.


The observation of intermittency goes beyond that singu-


lar behavior and implies that strong gradients become more


common as the Reynolds number increases, even when mea-


sured in terms of their r.m.s. values. In particular, all the


higher statistical flatness factors of the velocity gradients


are thought to diverge in the inviscid limit.


Intermittency is not limited to gradients. Turbulence is


a multiscale phenomenon, in which the ratio between the


largest and the smallest length scales can reach 105 − 106.


The fundamental problem is to understand how large-scale


quantities, such as the energy, are transported across that


range of scales to the smallest eddies, where they can, for


example, be dissipated. The generally accepted model is


the cascade, introduced by Richardson [1920], which states
that eddies of a given size only interact with those of some-


what larger or somewhat smaller sizes. Any interaction


between eddies of very different sizes takes places through


a sequence of such small cascade steps.


It is clear that, even if the underlying equations are de-


terministic, a phenomenon as complex as turbulence has


some components that can best be described as random. In


fact, when the physical consequences of the cascade were


first explored by Kolmogorov [1941], he assumed that the
process was complex enough for the eddies to lose all the


memory of their previous histories, and that their properties


after each cascade step could be described by purely ran-


dom distributions. It then follows that there is an `inertial'


range of scales in which the eddies are too large for vis-


cosity to be important, and too small to retain any effect of


large-scale inhomogeneities. The Navier{Stokes equations


are invariant to scaling transformations in that range, and


the probability distributions of, for example, the velocity


differences within an eddy, can only depend on the eddy


size.


Consider for example the velocity difference∆u between
two points separated by a distance r. The original Kol-
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Figure 1. The p.d.f.s of the longitudinal velocity gradient for


several Reynolds numbers, increasing in the direction of the arrow.


Normalized with the standard deviation. ReL = 260− 3.5× 10
6.


Symbols are Gaussian. Data from Jim�enez et al. [1993]; Belin
et al. [1997]; Antonia and Pearson [1999].


mogorov formulation assumes that the probability density


function (p.d.f.) p(∆u), is a universal function in the iner-
tial range of scales, whose only parameter is a velocity scale


depending on r. It then follows from energy conservation
arguments that


p(∆u) = F
[


∆u/(εr)1/3
]


, (2)


where ε is the average energy transfer rate across scales per
unit mass. In an equilibrium system, it has to be equal to


εv .


Equation (2) is valid as long as the separation r is much
larger than the Kolmogorov viscous cutoff η = (ν3/ε)1/4,


and much smaller than the integral scale of the largest eddies


Lε = u′3/ε, where u′ is the root-mean-square value of the
fluctuations of one velocity component. The extent of this


inertial range is a function,


Lε/η = Re
3/4
L , (3)


of the Reynolds number ReL = u′Lε/ν .


Intermittency in experiments


A consequence of the strict similarity hypothesis (2) is
that the p.d.f.s of the velocity gradients, which are essen-


tially the velocity differences across the Kolmogorov vis-


cous scale η, should be universal. Batchelor and Townsend
[1949] found that this was not true, and that the gradients


become increasingly intermittent as the Reynolds number


increases (Figure 1). The generation of intense gradients
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Figure 2. The p.d.f.s of the differences of the velocity component


in the direction of the separation, for separations in the inertial


range of scales. r/Lε = 0.02 to 0.36, increasing by factors of
2; equivalent to r/η = 180 to 3000. Nominally isotropic turbu-


lence at Reynolds number ReL = 10
5. In the top figure ∆u is


normalized with the global energy dissipation rate ε; distributions
are wider as the separation decreases. In the bottom figure ∆u
is scaled with the locally averaged dissipation over the separation


interval. Data courtesy of Belin et al. [1997].


was also found to develop gradually across the inertial cas-


cade. The distribution of the velocity differences across


distances of the order of the integral scale is approximately


Gaussian, but it becomes increasingly non-Gaussian as the


spatial separation is made much smaller than Lε (Figure


2a). It was also soon noted that it was theoretically diffi-


cult to justify how a formula such as (2), representing the


p.d.f. of a local property, could depend on a single global


parameter. In a sense, a small interval r has `no way to
measure' the averaged dissipation ε. Kolmogorov [1962]
himself sought to bypass that difficulty by substituting (2)


by a refined similarity hypothesis,


p(∆u) = F
[


∆u/(εrr)
1/3


]


, (4)
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where εr is no longer a global average, but the mean value
of the dissipation over a ball of radius of order r, centered
at the mid point of the interval. This refined similarity is


better satisfied by experiments (Figure 2b) although, from


the practical point of view it just transfers the problem of


characterizing the distributions of∆u to the characterization
of the statistics of εr .


It has become customary to measure the behavior of


p(∆u) in terms of its structure functions,


S(n) =


∫


∞


−∞


∆unp(∆u) d∆u, (5)


which can be normalized as generalized flatness factors,


σ(n) = S(n)/S(2)n/2 . (6)


It would follow from the strict similarity hypothesis (2) that


S(n) ∼ rn/3 (7)


and that all the σ(n) should be independent of the sepa-
ration. Figure 3 shows that this is not true. The flatness


increases as the separation decreases, and it only levels off


at lengths of the order of the Kolmogorov viscous scale.


This is where the statistics of the gradients are defined. For


separations in the viscous range, the flow is smooth, Tay-


lor series expansions can be used, and ∆u ≈ (∂xu)r. It
follows that in that range


σ(n) ≈ (∂xu)n/(∂xu)2
n/2


. (8)


From Figure 3, the velocity gradients become increasingly


non-Gaussian as the distance between Lε and η grows with
the Reynolds number.


The effect of structures


Because the velocity difference between two points which


are not too close to each other can be expressed as the sum of


velocity differences over subintervals, a loose application of


the central limit theoremwould suggest that its p.d.f. should


be roughly Gaussian. The key conditions for that to happen


are that the summands should be mutually independent, and


that their probability distributions should have comparable


finite variances [Feller, 1971, pages 169{172]. The first
of those two conditions is probably a good approximation


when the separation is much larger than the viscous cutoff,


but the second one depends on the structure of the flow.


The experimental non-Gaussianity suggests the presence of


occasional very strong velocity jumps. In the viscous range


of scales, those structures have been identified both exper-


imentally and numerically as very strong linear vortices, in


whose neighborhoods the strongest velocity gradients are


generated [Jim�enez et al., 1993; Belin et al., 1996]. An
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Figure 3. Fourth-order flatness of the differences of the velocity


component in the direction of the separation, for separations in the


inertial range of scales, r/Lε = 0.5 to r/η = 2. The Reynolds


numbers of the different flows range from ReL = 1800 to 10
6.


Data from Belin et al. [1997].


Figure 4. Intense vortex tangle in the logarithmic layer of a tur-


bulent channel. The vortex diameters are of the order of 10η, and
the size of the bounding box is of the order of the channel width.


Data from del �Alamo et al. [2006].


example of a tangle of such structures is shown in Figure


4.


In another example, the vorticity in decaying two-di-


mensional turbulence concentrates very quickly into rela-


tively few strong compact vortices, which are stable ex-


cept when they interact with each other [McWilliams, 1984].
The velocity field is dominated by them, and the flatness


of the velocity increments reaches values of the order of
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σ(4) ≈ 50−100, even at moderate Reynolds numbers. That
case is interesting because something can be said about the


probability distribution of the velocity gradients [Jim�enez,
1996]. We have noted that the p.d.f. of a sum of mutually


comparable independent random variables with finite vari-


ances tends to Gaussian when the number of summands is


large. This well-known theorem is a particular case of a


more general result about sums of random variables whose


incomplete second moments diverge as


µ2(s) =


∫ s


−s


x2p(x) dx ∼ s2−α when s→ ∞. (9)


When 0 < α ≤ 2, the sums of such variables tend to
a family of stable distributions parameterized by α. The
Gaussian case is the limit of that family when α = 2. In
the case of two-dimensional vortices with very small cores,


the velocity gradients at a distance R from the center of


the vortex behave as 1/R2. If we take s in (9) to be one
of those velocity derivatives, its probability distribution is


proportional to the area covered by gradients with a given


magnitude, and


µ2(s) ∼


∫ s1/2


0


R−42πR dR ∼ s−1. (10)


The velocity derivatives at any point, which are the sums


of the velocity derivatives induced by all the randomly


distributed neighboring vortices, should therefore be dis-


tributed according to the stable distribution with α = 1,
which is Cauchy's [Feller, 1971, pages 574{581],


p(s) =
c


π(c2 + s2)
. (11)


This distribution has no moments for n > 1. Its tails de-
cay as s−2, and the distribution of the gradients essentially


reflects the properties of the closest vortex. In real two-


dimensional turbulent flows, the distribution (11) is fol-


lowed fairly well, but its extreme tails only reach to the


maximum values of the velocity gradient found within the


viscous vortex cores, which are not exactly point vortices.


The common feature of the two cases just described is


the presence of strong structures that live for long times


because viscosity stabilizes them. They are therefore more


common than what could be expected on purely statistical


grounds. They are responsible for the tails of the probability


distributions of the velocity derivatives, but they are not the


only intermittent features of turbulent flows. The increase of


the flatness in figure 3 below r ≈ 50η is clearly connected
with the presence of the coherent vortices, but even for


larger separations there is a gradual increase of σ(4). That
suggests that the formation of intense structures takes place


across the inertial range, but much less is known about those


hypothetical inertial structures than about the viscous ones.


Cascade models


We can now recast the problem of intermittency in


Navier-Stokes turbulence into geometric terms. We have


already mentioned that the defining empirical observation


for turbulence is that the energy dissipation given by (1)


does not vanish even in the infinite Reynolds number limit


in which ν → 0. This means that the flow has to be-


come singular in the limit of infinite Reynolds number as


|∇u|Lε/u
′ ∼ Re


1/2
L . The strict similarity approximation


(2) assumes that those singularities are uniformly distributed


across the flow, but the experimental evidence just discussed


shows that this is not the case. The singularities are dis-


tributed inhomogeneously, and the inhomogeneity develops


across the inertial cascade. The problem of intermittency


is to characterize the geometry of the support of the flow


singularities in the limit of infinite Reynolds number.


In the absence of detailed physical mechanisms for the


dynamics of the inertial range, most intermittency models


are based on plausible processes compatible with the invari-


ances of the inviscid Euler equations. The precise power


law given in (7) for the structure functions depends on the


strict similarity hypothesis (2), but the fact that it is a power


law only depends on the scaling invariances of the equations


of motion. The energies and sizes of the eddies in the iner-


tial range are too small for the integral scales of the flow to


be relevant, and too large for the viscosity to be important.


They therefore have no intrinsic velocity or length scales.


Under those conditions, any function of the velocity which


depends on a length has to be a power. Consider a quan-


tity with dimensions of velocity, such as u(r) = S(n)1/n ,


which is a function of a distance such as r. On dimensional
grounds we should be able to write it as


u(r) = UF (ρ), (12)


where ρ = r/L, and L and U(L) are arbitrary length and
velocity scales. The value of u(r) should not depend on the
choice of units, and we can differentiate (12) with respect


to L to obtain


∂Lu = (dU/dL)F (ρ) − UρL−1(dF/dρ) = 0, (13)


which can only be satisfied if


dF


dρ
= cF ⇒ F ∼ ρc, (14)


where c = L(dU/dL)/U is an undetermined constant. This
suggests generalizing (7) to


S(n) ∼ rζ(n), (15)


where the exponents have to be empirically adjusted.


Only ζ(3) = 1 can be derived directly from the Navier-
Stokes equations. Equation (15) implies that the flatnesses
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σ(n) satisfy power laws with exponents ζ(n) − nζ(2)/2.
In Figure 3, for example, the fourth-order flatness follows a


reasonably good power law outside the viscous range, con-


sistent with ζ(4)−2ζ(2) ≈ −0.12. The anomalous behavior
near the viscous limit, and similar limitations at the largest


scales, mean that only very high Reynolds number flows can


be used to measure the scaling exponents, and that the range


over which they are measured is never very large. More-


over, most of the mass of the integrand of the higher-order


structure functions is in the extreme tails of the probability


distributions of the velocity differences, which implies that


very long experimental samples have to be used to accumu-


late enough statistics to measure the high-order exponents.


For these and for other reasons the scaling exponents above


n ∼> 8 − 10 are poorly known. This is unfortunate because
we will see later that some of the most interesting intermit-


tency properties of the velocity field, such as the nature of


the flow singularities in the infinite Reynolds number limit,


depend on the behavior of the ζ(n) for large n.


Another problem is that the cascades found in most ex-


perimental systems are short. The argument for (13) de-


pends on the absence of natural velocity and length scales,


which is never true. All flows have characteristic lengths


and velocities, such as the integral parameters or those in-


duced by viscosity. The invariance argument assumes that


those scales are lost during the cascading process, which


is a reasonable assumption after many cascade steps. But


the reduction in length scale in a recursive cascade is ex-


ponential, and it does not take many steps to span the scale


ranges found in nature. If we assume, for example, that


the size of the eddies is reduced by a factor of two in each


step, it would only take 20 steps to span the factor of 106


between the largest and the smallest length scales in even


the highest-Reynolds-number geophysical flows.


Experimental values for the scaling exponents are given


in Figure 5. They are generally smaller than the ones pre-


dicted by the strict similarity approximation, implying that


the moments of the velocity differences decrease with the


separation more slowly than they would if they were strictly


self-similar, and suggesting that new stronger structures be-


come important as the scale decreases.


Note that we have included in the figure values for odd-


order powers. Up to now we have not specified which ve-


locity component is being analyzed. Most experiments refer


to the one in the direction of the separation, which is the


easiest to measure, specially if time is used as a surrogate


for distance. The longitudinal p.d.f.s are not symmetric,


even in isotropic turbulence. Negative increments are more


common than positive ones because of the extra energy re-


quired to stretch a vortex, and the effect is clearly visible in


the distributions in Figures 1 and 2. The longitudinal odd-


order structure functions do not vanish, and their scaling


exponents are the ones used in the figure.
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Figure 5. Longitudinal scaling exponents, from various experi-


ments. Error bars are ±2σ from the scatter among experiments.


Multiplicative models


In the absence of a general solution for the Navier{Stokes


equations, most treatments of intermittency rely on phe-


nomenological models, which are in reality little more than


restatements of the experimental observations. The most


successful ones have been those based on the concept of a


multiplicative cascade, which is the next step in complica-


tion beyond the purely random Kolmogorov [1941] model.
Consider some flow property v, such as the locally-averaged
energy transfer rate by eddies of size rk, as they cascade
into smaller eddies of size rk+1. Denote by pk(vk) the
probability distribution of the value of v at the step k of the
cascade. The idea behind multiplicative cascades is that the


process is still local in scale space, and stochastic, but that


the intensity of the resultant eddies is not determined by a


globally averaged property such as ε, but by the intensity of
the `parent' eddy. We have already found that idea in the


refined similarity hypothesis (4).


Assume that the cascade is Markovian in the sense that


the probability distribution of vk depends only on its value


in the previous step,


pk+1(vk+1) =


∫


pT (vk+1|vk; k)pk(vk) dvk. (16)


This is in contrast to some more complicated functional


dependence, such as on the values of vk in some extended
spatial neighborhood, or on several previous cascade stages,


and has been experimentally found to be a reasonable ap-


proximation by Friedrich and Peinke [1997]. That assump-
tion also makes intuitive sense if vk+1 evolves faster, or on


a smaller scale, than vk , and is therefore in some kind of
equilibrium with its precursor. If the cascade is determinis-
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tic in that sense, vk can be represented as a product


vk/v0 = qkqk−1 · · · q1. (17)


in which the factors qk = vk/vk−1 are statistically indepen-


dent of each other.


If the underlying process is local, and invariant to scaling


transformations, the transition probability density function


has to have the form


pT (vk+1|vk) = v−1
k w(qk+1; k). (18)


The multiplicative model works most naturally for positive


variables, and we will assume that to be the case in the


following, but most results can be generalized to arbitrary


distributions. We will also assume for simplicity that all the


cascade steps are equivalent, so that the distributionw(q) of
the multiplicative factors is independent of k, and depends
only on our choice for the scale ratio rk+1/rk.


Local deterministic self-similar cascades lead naturally


to intermittent distributions, in the sense that the high-order


flatness factors for vk become arbitrarily large as k in-
creases. It follows from (16){(18) that the n-th order mo-
ment for pk can be written as


Sk(n) =


∫


ξnpk(ξ) dξ = S0(n)Sw(n)k, (19)


where Sw(n) is the n-th order moment of the multiplicative
factor q, and n is any real number for which the integral
exists. If we define flatness factors as in (5), we can rewrite


(19) as


σk(n)/σ0(n) = σw(n)k. (20)


It follows from Chebichev's inequality that


S(n) ≥ S(n − 2)S(2) ≥ S(n − 4)S(2)2 . . . , (21)


from where


1 ≤ σ(4) ≤ σ(6) . . . , (22)


which is true for any distribution of positive numbers.


Equality only holds for trivial distributions concentrated on


a single value. Except in that case, the expression in (20)


increases without bound with the number of cascade steps,


and the flatness factors diverge.


It is tempting to substitute k in (19) by a continuous
variable, in which case the p.d.f.s form a continuous semi-


group generated by infinitesimal scaling steps. This leads


to beautiful theoretical developments [Novikov, 1994], but
it is not necessarily a good idea from the physical point of


view. For example, while it might be reasonable to assume


that the properties of an eddy of size r depend only on those
of the eddy of size 2r from which it derives, the same ar-
gument is weaker when applied to eddies of almost equal


sizes. We will restrict ourselves here to the discrete case.


Limiting distributions


The multiplicative process just described can be sum-


marized as a family of distributions pk(vk) such that the
probability density for the product of two variables is


p(vk1
vk2


) = pk1+k2
(vk1+k2


), (23)


and it is natural to ask whether there is a limiting distribu-


tion for large k. We know that in the case of sums, rather
than products, such distributions tend to Gaussian under


fairly general conditions, and the first attempt to analyze


(23) was to reduce it to a sum by defining


z = k−1 log(vk/v0). (24)


The argument was that z would tend to a Gaussian distri-
bution, and that the limiting distribution for vk would be


lognormal.


This was soon shown to be incorrect [Novikov, 1971].
The central part of the distribution approaches lognormal-


ity, but the tails do not, because the central limit theorem


does not apply to them. The family of lognormal distribu-


tions is a fixed point of (23), but it is unstable, and it is


only attained if the individual generating distributions are


themselves lognormal [Jim�enez, 2000]. This contrasts with
the situation for sums of random variables, in which the


Gaussian distribution is not only a fixed point, but also has


a very large basin of attraction.


Multifractals


The problem with using transformation (24) to find the


limiting distribution of a multiplicative process is not so


much the technique of analyzing the statistics of products


in terms of those of sums, but the inappropriate use of the


central limit theorem. It can be bypassed by using instead


the theory of large deviations of sums of random variables.


The key result is obtained by expanding the characteristic


function of pk when k � 1, and states that


pk(vk) ≈


(


−φ′′


0


2πk


)1/2


ek[φ(z)−z], (25)


where z is defined as in (24) and φ, which plays the role
of an entropy, is a smooth function of z [Lanford, 1973].
Primes stands for derivatives with respect to z. Let us define
zn as the point where


φ′


n ≡ φ′(zn) = −n, (26)


which corresponds to the location of the maximum of φ+nz.


The entropy φ can be computed from the moments of


the transition probability density. Using Laplace's method


to expand the n-th moment of pk , we obtain


Sk(n) =


∫


∞


−∞


kek(n+1)zpk(vk) dz ≈


(


φ′′


0


φ′′


n


)1/2


ek(φn+nzn),


(27)
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from where, using (19),


λn ≡ logSw(n) = φ(zn) + nzn. (28)


The essence of Laplace's approximation is that, for k � 1,
most of the contribution to the integral in (27) comes from


the neighborhood of zn, so that it makes sense to consider
each such neighborhood as a separate `component' of the


cascade.


The geometric interpretation of this classification into


components as a multifractal was developed in the context


of three-dimensional homogeneous turbulence. The multi-


fractal formulation assumes very little about the nature of


each cascade step, but it is natural in turbulence to interpret


it as the process in which eddies decay to a smaller geomet-


ric scale. The argument works for any variable for which


scale similarity can be invoked, but we have seen that most


experiments are done for the magnitude of the velocity in-


crements across a distance r. If we assume for simplicity
that rk/rk+1 = e, so that rk/r0 = exp(−k), equations (24)
and (25) can be written as


vk/v0 = (rk/r0)
−zn , pk(zn) ∼ (rk/r0)


−φn . (29)


The multifractal interpretation is that the `component' in-


dexed by n, associated with the structure function S(n),
whose velocity increments are `singular' in terms of r with
exponent zn, lies on a fractal whose volume is propor-
tional to its probability, and which therefore has a dimension


D(zn) = 3 + φn.


Note that (28) implies that the scaling exponents in (15)


can be expressed as


ζ(n) = − logSw(n) = −λn. (30)


The scaling exponents, the multifractal spectrumD(zn), the
transition probability distributionw(q), and the limiting dis-
tribution p∞(v), unequivocally determine each other. Note
that this implies that the only real information in (25) is the


factor k in the exponent, which is required to recover the
exponent k of the moments in (20) after many cascade steps.
The rest of the expression for the p.d.f. is essentially a dif-


ferent notation for the scaling exponents. Note also that


different quantities have different scaling exponents. For


example, it follows from (4) that, if the scaling exponents


for the local dissipation are ζε(n), the exponents for ∆u
would be ζ∆u(n) = n/3 + ζε(n/3).


Strictly speaking, and assuming that the solutions to the


Navier{Stokes equations remain analytic at all times, the


velocity gradients stay bounded at any finite Reynolds num-


bers, and the self-similar behavior of the structure functions


cannot be continued beyond the viscous limit. Any dis-


cussion of the asymptotic behavior at very high orders is


therefore limited to a hypothetical infinite-Reynolds num-


ber limit, in which the velocity field becomes singular. In


that limit, several properties of the singularity can be de-


rived from the previous discussion. If we assume, for ex-


ample, that the multiplicative factor q is bounded above by
qb, which is reasonable for many physical systems, (24) im-


plies that zn ≤ log qb. In fact, if the transition probability


behaves near qb as w(q) ∼ (qb − q)β the scaling exponents


tend to


λn = n log qb − (β + 1) logn+ O(1), (31)


for n � 1. In the case in which w(q) has a concentrated
component at q = qb, the logn is missing in (31). In all
cases the singularity exponent of the set associated with


n → ∞ is z∞ = log qb, because the very high moments


are dominated by the largest possible multiplier. In the


case of a concentrated distribution, the dimension of this


set approaches a finite limit, but otherwise


D(n) ≈ −(β + 1) logn, (32)


which becomes infinitely negative. This should not be con-


sidered a flaw. The set of events which only happen at iso-


lated points and at isolated instants has dimension D = −1
in three-dimensional space, and those which only happen


at isolated instants, and only under certain circumstances,


have still lower negative dimensions. Sets with very neg-


ative dimensions are, however, extremely sparse, and are


difficult to characterize experimentally.


The breakdown coefficients


The multifractal spectrum of the velocity differences in


three-dimensional Navier-Stokes turbulence has been mea-


sured for several flows in terms of the scaling exponents,


and appears to be universal. For reviews see Nelkin [1994];
Sreenivasan and Stolovitzky [1995], and the book by Frisch
[1995]. From the discussion in the previous section it


should be possible to derive from it the transition proba-


bility pT (q) of the cascade multipliers, but that turns out
to be difficult. The relation lacks specificity. Transition


models that are very different give very similar results, and


it is impossible to choose among them using the available


data [Nelkin and Stolovitzky, 1996].


A better approach is to measure directly the probability


distributions w(q) of the transition multipliers. Early at-
tempts by Van Atta and Yeh [1975] and by Chhabra and
Sreenivasan [1992] concluded that they are approximately
independent of r, and that the multipliers of different cas-
cade steps are also mutually independent. However, later


experiments have shown that this was only a first approxi-


mation.


Consider for example the one-dimensional coarse-grained


surrogate dissipation,


εr =
1


r


∫ x+r/2


x−r/2


(∂xu)
2 dx, (33)
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Figure 6. (a) The p.d.f.s of the breakdown coefficients


of the surrogate averaged dissipation, for several averaging


lengths. ReL = 1.7 × 105. In order of narrower distribu-


tions: r/η = 10(×2)3000. Data from Belin et al. [1997].
(b) Midpoint value of the p.d.f. as a function of averaging


length. Various experiments, ReL = 1.6×103 −1.5×107.


From Jim�enez et al. [2000].


which was first used to define the breakdown coefficient


by Meneveau and Sreenivasan [1991]. The p.d.f.s of the
centered breakdown coefficients


q2r =
1


2
εr/ε2r, (34)


are shown in Figure 6(a). They are bell-shaped in the in-


ertial range, but they become wider at smaller separations.


Figure 6(b), which includes the data from the previously


mentioned early studies, shows that the maximum value of


the p.d.f. varies continuously with the separation.
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Figure 7. (a) Variance of the absolute value of the ve-


locity difference across segments of size r, conditioned to
the value of the velocity increment at size 2r. The solid
lines are r/η = 140(×2)1100, for ReL = 1.2× 106. Data


from the atmospheric surface layer by Antonia and Pearson
[1999]. , best fit to imperfect multiplicative model


(35); , best fit to pure multiplicative model; ,


pure stochastic cascade.


Imperfect multiplicative processes


In fact, the Markovian hypothesis (16) does not neces-


sarily imply a multiplicative cascade. The definition (18) of


the transition probabilities requires both the scaling invari-


ance of the equations, and locality in the sense that vk+1


depends only on vk. It is possible to define Markovian in-
variant models that depend on more complicated functionals


of vk, such as on the statistical moments. The original Kol-
mogorov [1941] cascade, for example, is trivially Marko-
vian, but the transition probability depends on vk+1/v


′


k ,


where v′k is the global standard deviation of vk . It was ar-


gued by Jim�enez and Wray [1998]; Jim�enez [2000], mostly
on theoretical grounds, that such complications are natural


when v is a field, rather than a scalar. The reason is that
the cascade is most likely implemented by some instability


that depends on the dynamics of the local structures, hence


its dependence on v, but which is triggered or modified by
the properties of the surrounding fluid, which is represented


by v′.


Consider for example the velocity increments ∆ur. The


simplest `mixed' cascade model, incorporating both multi-


plicative and stochastic elements, is


∆ur = ψ1∆u2r + ψ2∆u
′


2r, (35)


where ψ1 are ψ2 are independent random processes. The


limitψ1 = 0 is the purely stochastic cascade of Kolmogorov
[1941], whileψ2 = 0 is the multiplicative process discussed







INTERMITTENCY IN TURBULENCE 89


above. It follows from symmetry considerations that ψ2 = 0
in homogeneous flows. The rest of the statistics have to


be derived from experiments. One way is to examine the


standard deviation of ∆ur, conditioned on a given ∆u2r.


It follows from (35) that


∆u2
r − ∆ur


2
∣


∣


∣


∆u2r


=
(


ψ2
1 − ψ1


2
)


∆u2
2r + ψ2


2 ∆u′
2
2r,


(36)


and that


∆u′r/∆u
′


2r =
(


ψ2
1 + ψ2


2


)1/2


. (37)


The conditional variance is therefore parabolic on the con-


ditioning velocity difference. The apex of the parabola is


on the horizontal axis for a purely multiplicative model, but


it is off the axis for imperfect multiplicative models such


as (35). The conditional variance becomes independent of


∆u2r for a purely stochastic cascade. Experimental results


are given in figure 7 for a high-Reynolds number case in


the atmospheric surface layer. They fit best a mixed model


with


ψ1 = 0.41, ψ2
1 = 0.25, ψ2


2 = 0.40. (38)


The theory of processes such as (35) is not as well developed


as those of either the purely stochastic or the multiplicative


case. We summarize here some elementary results, but a


fuller treatment has to be left for future publications.


The n-th order structure function of ∆uk is a polynomial


of order k in the moments σj(p) = ξp
j of


ξj =
(


ψ2
1 + ψ2


2


)−1/2


ψj , j = 1, 2. (39)


The expansion for Sk(n) is


Sk(n) ∼ σk
1 (n) + lower order terms, (40)


where the expansion includes a constant term, independent


of k. If all the moments σ1(p) are less than unity, the con-
stant dominates for k � 1, and the statistics become regular,
with finite moments. Otherwise, some of the moments di-


verge. We can use Chebichev's inequality to guarantee that,


once a moment diverges, all the moments of higher orders


diverge as well. For large k the structure functions then
approach a power law, and the tails of the probability dis-


tributions behave as in multifractals. Note, however, that it


may take longer to reach that limit than in a true multiplica-


tive process, and that even approximate multifractality may


not be reached in the limited cascades of the experimental


Reynolds numbers.


From the experimental values in (38) it is impossible to


say which would be the asymptotic limit of the cascade.


The first two moments of the reduced stochastic coefficient


are


ξ1 = 0.51, ξ21 = 0.38. (41)


What is required for some higher moment to exceed unity


is that the p.d.f. of ξ1 should have some non-zero mass
above ξ1 = 1. From the values in (41) that seems highly
likely, and the experimental behavior of the structure func-


tions strongly suggests that that is the case, but the result is


weaker than in true multiplicative models.


Conclusions


We have reviewed the current understanding of the in-


termittent generation of very large velocity differences in


turbulent fluids. In most cases the model of choice is the


turbulent cascade, in which eddies become stronger as they


decay to smaller sizes. The simplest model, a multiplicative


process, has been well studied in the literature, and leads


to multifractals. We have shown that other processes are


possible, and that they fit the experiments better in some


situations.


Discrete long-lived structures form near the dissipative


range of scales, and they may dominate the statistics if


they are singular enough. That is the case in decaying


two-dimensional turbulence, in which the structures block


the cascade. In the milder three-dimensional case, ex-


periments favor a mixed multiplicative{stochastic cascade


model, which would only tend to a multifractal in the limit


of very high Reynolds numbers, probably beyond the reach


of experimental, and even geophysical, flows.


Multiplicative or mixed cascades, and the resulting in-


termittency, are not limited to Navier-Stokes turbulence.


The equations of motion have only entered our discussion


through the assumption of scaling invariance. Multifrac-


tal models have in fact been proposed for many chaotic


systems, from social sciences to economics, although the


geometric interpretation is hard to justify in most of them.


Many examples are given in Schroeder [1991].


It is also important to realize that the fact that a given


process can in principle be described as a cascade does


not necessarily mean that such a description is appropriate.


Neither does a cascade imply a multiplicative process. For


each particular case we need to provide a dynamical mech-


anism that implements both the cascade and the transition


multipliers. In three-dimensional Navier-Stokes turbulence,


the basic transport of energy to smaller scales and to higher


gradients is vortex stretching. The differential strengthen-


ing and weakening of the vorticity under axial stretching and


compression also provide a natural way of introducing the


self-similar transition probabilities of the local dissipation.


Examples of non-intermittent cascades abound. Forced


two-dimensional turbulence is dominated by an inverse en-


ergy cascade to larger scales, which is not intermittent. Con-


versely, we have already mentioned that the vorticity in de-


caying two-dimensional turbulence gets concentrated into


stable vortex cores which eventually block the decay. The


resulting enstrophy distribution is highly intermittent, but it
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is not well described by a cascade, nor by a multifractal.


In addition, the intermittency of some systems is not a


small-scale effect in all directions. Turbulent mixing of a


passive scalar, which is the key process in turbulent heat


transfer and in the atmospheric dispersion of pollutants, is


an extremely intermittent phenomenon. The gradients of


the scalar tend to be very localized, but they concentrate in


sheets, narrow in thickness but otherwise extended. Another


problem in which intermittency is confined to large-scale


surfaces is the motion of a three-dimensional pressureless


gas, which has been used as a model for hypersonic turbu-


lence and for the large-scale evolution of dark matter in the


early universe.


In summary, the intermittent generation of extreme events


is a fascinating property of many complex systems, includ-


ing three-dimensional Navier-Stokes turbulence, which in-


terferes, sometimes strongly, with their description by sim-


ple cascade models. It has different roots in different sys-


tems, but significant advances have been made in its quan-


titative kinematic analysis. In some cases we also have a


qualitative understanding of the underlying physical pro-


cesses. But in very few cases do we understand it well


enough to make quantitative predictions.


Acknowledgments. This work was supported in part by the


CICYT grant TRA2006{08226. I am grateful to P. Tabeling and


R.A. Antonia for providing some of the raw data used in the


figures, and to J.C. del �Alamo for Figure 4.


References


Antonia, R. A., and B. R. Pearson, Low-order velocity structure


functions in relatively high Reynolds number turbulence, Euro-
phys. Lett., 48, 163{169, 1999.


Batchelor, G. K., and A. A. Townsend, The nature of turbulent


motion at large wave numbers, Proc. Roy. Soc. London, A 199,
238{255, 1949.


Belin, F., J. Maurer, P. Tabeling, and H. Willaime, Observation


of intense filaments in fully developed turbulence, J. Phys. II,
France, 6, 573{584, 1996.


Belin, F., J. Maurer, P. Tabeling, and H. Willaime, Velocity gra-


dient distributions in fully developed turbulence: experimental


study, Phys. Fluids, 9, 3843{3850, 1997.
Chhabra, A. B., and K. R. Sreenivasan, Scale-invariant multiplier


distributions in turbulence, Phys. Rev. Lett., 68, 2762{2765,
1992.


del �Alamo, J. C., J. Jim�enez, P. Zandonade, and R. D. Moser,


Self-similar vortex clusters in the logarithmic region, J. Fluid
Mech., 561, 329{358, 2006.


Feller, W., An Introduction to Probability Theory and its Applica-
tions, vol. 2, second ed., Wiley, 1971.


Friedrich, R., and J. Peinke, Description of a turbulent cascade by


a Fokker{Plank equation, Phys. Rev. Lett., 78, 863{866, 1997.
Frisch, U., Turbulence. The Legacy of A.N. Kolmogorov, Cam-
bridge U. Press, 1995.


Jim�enez, J., Intermittency and cascades, J. Fluid Mech., 409, 99{
120, 2000.


Jim�enez, J., Algebraic probability density functions in isotropic


two-dimensional turbulence, J. Fluid Mech., 313, 223{240,
1996.


Jim�enez, J., and A. A. Wray, On the characteristic of vortex fil-


aments in isotropic turbulence, J. Fluid Mech., 373, 255{285,
1998.


Jim�enez, J., A. A. Wray, P. G. Saffman, and R. S. Rogallo, The


structure of intense vorticity in isotropic turbulence, J. Fluid
Mech., 255, 65{90, 1993.


Jim�enez, J., F. Moisy, P. Tabeling, and H. Willaime, Scaling and


structure in isotropic turbulence, in Intermittency in Turbulent
Flows, edited by J. C. Vassilicos, pp. 193{212, Cambridge U.
Press, 2000.


Kolmogorov, A. N., The local structure of turbulence in incom-


pressible viscous fluids a very large Reynolds numbers, Dokl.
Akad. Nauk. SSSR, 30, 301{305, 1941, reprinted in Proc. R.
Soc. London. A, 434, 9{13.


Kolmogorov, A. N., A refinement of previous hypotheses concern-


ing the local structure of turbulence in a viscous incompress-


ible fluid at high Reynolds number, J. Fluid Mech., 13, 82{85,
1962.


Lanford, O. E., Entropy and equilibrium states in classical me-


chanics, in Statistical Mechanics and Mathematical Prob-
lems, edited by A. Lenard, Lect. Notes in Physics, pp. 1{113,
Springer, 1973.


McWilliams, J. C., The emergence of isolated coherent vortices in


turbulent flow, J. Fluid Mech., 146, 21{43, 1984.
Meneveau, C., and K. R. Sreenivasan, The multifractal nature of


the energy dissipation, J. Fluid Mech., 224, 429{484, 1991.
Nelkin, M., Universality and scaling in fully developed turbulence,


Adv. Physics, 43, 143{181, 1994.
Nelkin, M., and G. Stolovitzky, Limitations of random multipliers


in describing turbulent energy dissipation, Phys. Rev. E, 54,
5100{5106, 1996.


Novikov, E. A., Intermittency and scale similarity in the structure


of a turbulent flow, Prikl. Mat. Mech., 35, 266{277, 1971,
translated in Appl. Math. Mech., 35, 231{241.


Novikov, E. A., Infinitely divisible distributions in turbulence,


Phys. Rev. E, 50, R3303{3305, 1994.
Richardson, L. F., The supply of energy from and to atmospheric


eddies, Proc. Roy. Soc. A, 97, 354{373, 1920.
Schroeder, M., Fractal, Chaos, Power Laws, W.H. Freeman, 1991.
Sreenivasan, K. R., and G. Stolovitzky, Turbulent cascades, J. Stat.


Phys., 78, 311{333, 1995.
Van Atta, C. W., and T. T. Yeh, Evidence for scale similarity


of internal intermittency in turbulent flows at large Reynolds


numbers, J. Fluid Mech., 71, 417{440, 1975.


This preprint was prepared with AGU's LATEX macros v4, with the


extension package `AGU++' by P. W. Daly, version 1.6b from 1999/08/19.








The story of storminess in northwest Europe1


Hans von Storch  


Institute for Coastal Research, GKSS, Geesthacht, Germany 


                                                                 
1 A similar text will be published as von Storch, H., and R. Weisse, 2007, Regional storm climate and related marine 
hazards in the North Atlantic, in Diaz, H. E., and Murnane, R. J. (eds.), Climate Extremes and Society, Cambridge 
University Press, Cambridge. 


Introduction 


Storms represent the dominant weather hazard in 
Northern Europe. They are associated with abundant 
rainfall and excessive wind force. Wind storms cause 
different types of damages on land and on sea; on 
land, houses and other constructions may be 
damaged; also trees may break in larger numbers in 
forests. In the sea, wind pushes water masses toward 
the coasts, where the water levels may become 
dangerously high, overwhelm coastal defense and 
inundate low-lying coastal areas; also the surface of 
the sea is affected – wind waves are created, which 
eventually transform into swell. Obviously, ocean 
waves represent a major threat for shipping, off-shore 
activities and coastal defense. 


We review a number of questions related to 
windstorms in the northeast Atlantic and northern 
European region, namely 


How to determine decadal and longer variations in 
the storm climate? This issue has been dealt with in 
great detail in the European WASA project (WASA, 
1998). The methodical problem is that many 
variables, which seem to be well suited for this 
purpose, are available only for a too short period or 
suffer from inhomogeneities, i.e., their trends are 
contaminated by signals related to the observation 
process (instrumentation, practice, or environment). 
From air pressure readings at a weather station and 
characteristics of water levels at a tide gauge useful 
indicators may be derived.  


How has the storm climate developed in the last 
few decades and last few centuries? It turns out that 
an increase in storm activity over the considered 
region (northeast Atlantic, northern Europe) took 
place for a few decades since about the 1960s, which 
had replaced a downward trend since about 1900. 
When considering air pressure readings at two 
stations in Sweden since about 1800 no significant 
changes could be found.  


How did wind storm impact on storm surges and 
ocean waves develop in the past decades, and what 
may happen in the expected course of anthropogenic 
climate change? Regionally detailed reconstructions 
of surface winds since about 1960 have been used to 
run dynamical models of water levels, currents and 
ocean waves in the North Sea. Changes were found 
to be consistent with the changes of storm activity, 
namely a general increase since 1960 to the mid 
1990s and thereafter a decline – apart from the 
southern North Sea, where the upward trend is still 
going on. Scenarios based on a chain of assumed 
emissions, global and regional climate models point 
to a slightly more violent future of storminess, storm 
surges and waves in the North Sea. For the end of the 
century an intensification of up to 10% is envisaged, 
mostly independently of the emission scenario used. 
When not only the change in windiness but also the 
enlarged volume of the ocean is considered, then, for 
extreme water levels, an increase of 20 cm in year 
2030 and of 50 cm in 2085 along the German Bight 
coast line are reasonable guesses for future 
conditions. Further inland, in the estuary of the river 
Elbe, the levels are heightened by another 10-20%. 


1.  How to determine decadal and longer 
variations in the storm climate?  


A major problem with determining changes in 
windiness represents the homogeneity, or more 
precisely the lack of homogeneity, of observed time 
series. The term “inhomogeneity” refers to the 
presence of contaminations in a data set, so that the 
meteorological data, which are supposed to describe 
the meteorological conditions and their changes over 
time, are actually a mix of the looked-after signal and 
a variety of factors reflecting changing environmental 
conditions, changing instruments and observation 
practices (Karl et al., 1993).  
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For instance, pressure readings usually depend not 
very much on the specifics of the location (apart from 
the height) and have been recorded over long periods 
of time with rather similar instruments, namely the 
mercury barometer. A rather different example 
represents wind measurements which depend very 
strongly on the details of the surrounding, in 
particular the exposure and obstacles. Also 
instruments and observation practices have changed 
frequently, particularly with wind observations and 
wind estimates over the sea. 


Figure 1 displays a series of examples:  The first 
example shows frequency distributions derived from 
visual estimates of wind speeds in the English 
channel – on distribution is derived from reports of 
ships without an anemometer, the other from reports 
of ships with an anemometer. Obviously, the 
presence of an instrument to measure the wind speed 
has a significant impact on reporting visual 
assessments – in the former case the median is 3 or 4 
Bf, whereas for visual reports from ships with 
instrument the median5 Bf.  


 


 
 


Figure 1a. Frequency distribution of wind estimates on the 
Beaufort scale, derived from voluntary ship reports in the 
English Channel after 1949. The solid dots are derived 
from reports from ships without an anemometer, whereas 
the open dots stem from observations made when an 
instrument was available. All reports are visual 
assessments of the sea state (Peterson and Hasse, 1987). 


The second example shows annual 99%-iles of 
daily wind reports at six locations along the German 
North Sea coast. All stations are close to each other, 
100 km distance, or so. Three are from island 
stations, the other three are reports from coastal 
cities. Obviously, the records show jumps, even in 
the most recent years. The relevant point is that these 
changes are not synchronously happening at the 
neighbouring stations – they represent effects of 
changing observation practices and environments – 


inhomogeneities. These data are quality controlled, 
but even scrupulous efforts by a professional weather 
service cannot help when the immediate environment 
of the instrument is changing (see marking).  


 


 
Figure 1b. Annual 99%-iles of daily wind reports at 6 
locations along the German North Sea coast. Helgoland, 
List, and Norderney are island stations, whereas 
Cuxhaven, Emden, and Bremerhaven are coastal towns. 
Known inhomogeneities are marked by hatching. (Janna 
Lindenberg, pers. communication; using data kindly 
provided by the German Weather Service, DWD.). 


Thus, direct observations of wind are almost never 
helpful to assess changes in windiness for decades of 
time. As an alternative, a number of proxies 
representative of the strength of windiness or 
storminess in a season or a year have been suggested 
and tested. They are mainly based on pressure 
readings. Specifically, spatial and temporal pressure 
differences are in use, and also the frequency of low 
pressure occurrences.  


Schmidt and von Storch (1993) have suggested the 
calculation of geostrophic winds from triangles of 
pressure readings; in this way, one (or possibly more) 
geostrophic wind-speed per day is obtained for given 
location. From the distribution of all numbers within 
one season, or a year, high percentiles are derived as 
proxies for storminess. Figure 2 shows a comparison 
of percentiles derived from geostrophic wind 
estimates and local wind observations for a few years 
in modern times, and a remarkably linear link is 
found – suggestive that any change in real wind 
percentiles would be reflected in changes of the 
geostrophic wind and vice versa (Kaas et al., 1996). 
Thus, time series of the geostrophic wind percentiles 
are considered as proxies of wind and storm 
condition changes in the course of time (Schmidt and 
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von Storch, 1993; Alexandersson et al., 1998, 2000). 
Typically used percentiles are 95% or 99%.  


 


 
 


Figure 2. Percentile-percentile plot of daily wind speed 
and geostrophic wind speeds at one location derived from 
5 years of data. (Kaas et al., 1996).  


An alternative proxy based on spatial differences 
of pressure readings is the annual frequency of days, 
when the geostrophic wind is larger than, say, 25 m/s.  


Two alternative proxies are based on local pressure 
observations, reflecting the experience that stormy 
weather is associated with low pressure and a fall of 
the barometer reading (Kaas et al., 1996). This proxy 
has the advantage that it is available for very long 
time at some locations (Bärring and von Storch, 
2004).  


A totally different proxy is derived from short-
term water variations at a tide gauge. Water levels at 
tide gauges are often changed by local water works 
but also by slow variations related to geological 
phenomena. Therefore, first the annual mean height 
tide is determined, and then the variations of the high 
tide relative to this mean high tide are considered 
(von Storch and Reichardt, 1997).  


With these proxies, an assessment of past 
storminess in Northern Europe is possible (see next 
chapter). The different indices are mostly consistent 
among each other, with the exception of the number 
of deep pressure readings, which correlated only little 
with the other proxies.  


For historical times, when barometers where not 
yet available, historical accounts help to assess wind 
conditions, for instance repair costs of Dikes in 
Holland during the 17th century (de Kraker, 1999) or 
sailing times of supply ships on pre-determined 
routes (e.g., Garcia et al., 2000).  


2. How has the storm climate in the Northeast 
Atlantic developed in the last few decades and 
last few centuries?  


Serious efforts to study changing storminess on the 
NE Atlantic began in the early 1990s, when 
meteorologists noticed a roughening of storm and 
wave conditions. Wave observations from light 
houses and ships (Hogben, 1994; Cardone et al., 
1990; Carter and Draper, 1988) described a 
roughening since the 1950s, and an analysis of deep 
pressure systems in operational weather maps 
indicated a steady increase of such lows since the 
1930s (Schinke, 1992). Unfortunately, these analyses 
all suffered from the problems described above, 
namely either an insufficient length of data series or 
compromised homogeneity. For instance, the skill of 
describing weather details in weather maps has 
steadily improved in the course of time, because of 
more and better data reported to the weather services 
and improved analysis practices. For instance, for the 
case of global re-analysis the improvement related to 
the advent of satellite data on Southern Hemisphere 
analysis is described by Kistler et al. (2001). Another 
example on the effect of better data coverage is 
provided by Landsea et al. (2004) for an example of 
a tropical storm.  


The breakthrough came when the proxies defined 
in the previous section were introduced, mostly in the 
EU project WASA (WASA, 1998). Alexandersson et 
al. (1998, 2000) assembled homogeneous series of 
air pressure readings from 1880 for a variety of 
locations covering most of Northern Europe. They 
calculated 99%iles of geostrophic winds from a 
number of station triangles. After some normalization 
and averaging they derived proxy time series for the 
greater Baltic Sea region and for the Greater North 
Sea region. According to this proxy, the storm 
activity intensified indeed between 1960 and 19952, 
but from the beginning of the record until about1960 
there was a long period of declining storminess, and s 
The 1960-1995 increase in NE Atlantic storminess 


                                                                 
2  Interestingly, in the early 1990s there were widespread 
claims in Northern Europe (e.g., Berz, 1993; Berz and 
Conrad, 1994) that there was a significant increase in 
storminess, which would be consistent with anthropogenic 
climate change. Following this logic, one would had to 
assume that the trend would continue into the future, and 
thus wind-related risks would increase and cause problems 
for the insurance industry. 
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appears also as non-dramatic, when an even longer 
time window is considered, namely homogenized 
local air pressure readings at two locations in 
Sweden, Lund and Stockholm, which have been 
recorded since the early 1800s and earlier (Bärring 
and von Storch, 2004;). The number of deep pressure 
systems (Figure 3a) as well as the number of pressure 
falls of 16 hPa and more within 12 hours (not shown) 
is remarkably stationary since the beginning of the 
barometer measurements. This is remarkably because 
at the same time the regional temperatures, e.g., the 
winter mean temperatures for Denmark, rose 
markedly by almost 2K since 1874 (Figure 3b).  


 


 
 


 
 


Figure 3.  Climate indicators in Southern Scandinavia  (a) 
Annual frequency of daily low-pressure readings in Lund 
(blue) and Stockholm (red) for since the end of the 18th 
century, showing decadal variability but no tendency 
towards higher storm activity in recent years. (Bärring and 
von Storch, 2004) (b) Winter mean temperatures in 
Denmark since 1974 (J. Cappelen, pers. comm.) showing 
an increase by almost 2K.  


 
In the past, sometimes the argument was put 


forward that a general warming would lead to an 
increase of water vapor in the atmosphere, thus a 
warming would provide more “fuel” for the 
formation of storms. This hypothesis was examined 
in the framework of a millennium simulation with a 
state-of-the-art climate model, which was run with 
reconstructed natural and anthropogenic forcing since 
1000 bp, and extended until the year 1990. It turned 
out that during pre-industrial and industrial times 
(i.e., until about the end of the 20th century), the 


hypothesized link could not be detected, even if 
significant temperature fluctuations were simulated. 
However, these hemispheric temperature fluctuations 
did not co-vary with the intensity or the location of 
the mid-latitude storm tracks (Fischer-Bruns et al., 
2005).  


Indeed, there is no evidence that the Little Ice Age, 
and particularly the Late Maunder Minimum were 
storm-poor times; also, the cold season is the storm 
season and not the warmer summer. Clearly, not the 
mean level of temperature is the key parameter but 
the spatial gradients of temperature control the 
statistics of the formation of storms.  


3. How did wind storm impact on storm 
surges and ocean waves develop in the past 
decades, and what may happen in the 
expected course of anthropogenic climate 
change? 


Changes in storminess have a significant impact on 
a variety of socio-economic relevant activities and 
risks. An economic segment obviously sensitive to 
changes in wind-related risks is the insurance 
industry3. Other relevant aspects are related to ocean 
waves and storm surges, and their impact on off-
shore activities, shipping, and coastal structures.  


Using proxies, as described in the previous 
sections, indicates that a systematic roughening of 
storm-related risks has not happened in the past 200 
years, or so. On the other hand, a worsening has 
taken place in the past 40 years, and data during that 
period are good enough to examine the changes of 
storm surge and ocean wave statistics.  


The availability of good weather analyses – on the 
global basis for instance the NCEP re-analyses 
(Kalnay et al., 1996) and, for the European region, 
dynamical downscaling of this reanalysis (Feser et 
al. 2001) – allow a detailed analysis of changing 
ocean wave and storm surge conditions. To do so, 6-
hourly (or even more frequent) wind- and air pressure 
analyses are used to run ocean wave (Günther et al., 
1998; Sterl et al., 1998) and storm surge models 
(Flather et al., 1998b; Langenberg et al., 1999). In 
this way, homogeneous estimates of changes in the 
                                                                 
3 One should, however, not accept an assertion of the 
insurance industry as an unbiased and objective 
description of the situation without careful analysis – 
overestimating the risks involved does in general not harm 
the economic interests of an insurance company. 
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past 50, or so, years, can be constructed (Weisse and 
Plüß, 2005). Using the same models, also scenarios 
of expected climate change can be processed with 
respect to windstorms, ocean waves and storm surges 
(e.g., Flather et al., 1998a; Kauker, 1998; Debernard 
et al., 2003;  Woth et al., 2005; Woth, 2005, Lowe et 
al., 2001, Lowe and Gregory, 2005.) 


Along these lines, the “Feser”-analyses have been 
used to examine changes in patterns of storminess 
(Weisse et al., 2005). In most parts of the Northeast 
Atlantic, storminess – given as annual frequency of 
gales per grid box – increased until the early 1990s, 
south of about 50°N there was a decrease (Figure 4). 
This pattern reversed almost completely in the early 
1990s apart of the southern North Sea, where the 
trend towards more storms continued, albeit 
somewhat decelerated towards the end of the period, 
at least until 2002 Accordingly, simulations of high 
tide statistics reveal an increase of water levels of  a 
few mm/year, both in the seasonal mean as well as in 
the high levels relative to the mean (Weisse and 
Plüß, 2005, Aspelien, 2006), in particular along the 
German Bight coast line.  


Furthermore, in the HIPOCAS project (Soares et 
al., 2002) statistics of ocean (surface) waves have 
been derived. Extreme wave heights have increased 
in the southeastern North Sea within the period 1958-
2002 by rate of up to 1.8 cm/yr while for much of the 
UK coast a decrease is found. The increase in the 
southeastern North Sea, however, is not constant in 
time. The frequency of high wave events has 
increased until about 1985-1990 and remained almost 
constant since that time (Weisse  and Günther, 2007). 
This development closely follows that of storm 
activity (Weisse et al., 2005).  


Scenarios of future wind conditions have been 
derived by several groups. The most useful is 
possibly the set of simulations with the model of the 
Swedish Rossby Center, which features not only an 
atmospheric component but also lakes and a 
dynamical description of the Baltic Sea (Räisänen et 
al., 2004). This model was run with boundary 
conditions taken form two global climate models; 
also the effect of two different emission scenarios has 
been simulated. In these simulations, strong westerly 
wind events are intensified by less than 10% at the 
end of the 21st century (Woth, 2005).  


Such changes of wind speed would have an effect 
on both North Sea storm surges and wave conditions. 
For the storm surges along the North Sea coast line, 
an intensification would be expected, which may 


amount to an increase of 30 cm, or so, to the end of 
the century (Figure 5a). To this wind-related change 
the mean level has to be added, so that for maximum 
values of 50 cm along the German Bight are 
plausible estimates for the increase of water levels 
during heavy storm surges. In the Elbe estuary, larger 
values up to 70 cm are derived. These numbers are 
associated with a wide range of uncertainty (± 50 cm) 
(Grossmann et al., 2007; Fig. 5b).  


 


 
 


Figure 4. Piecewise linear trends in the total number of 
storms per year with maximum wind speeds exceeding 
17.2 m s1. (a) Linear trend for the 1958–T period; (b) 
linear trend for the T–2001 period. Units in both cases are 
number of storms per year. (c) Year T at which a change in 
trends is indicated by the statistical model. (d) Brier skill 
score of the bi-linear trend fitting the data as compared to 
using one trend. (Weisse et al., 2005) . 
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Figure 5.  Expected changes in wind-related storm surge 
heights for the period 2070-2100; (top) maximum 
averaged across many years, RCAO model; units, m; 
Woth, pers. comm.) in the North Sea and local storm surge 
heights in 2030 and 2085 in Cuxhaven (at the mouth of the 
River Elbe) and in Hamburg St. Pauli (~140 km upstream 
the Elbe estuary);  (bottom) including the effects of 
estimated mean sea level rise (Grossmann et al., 2007).  


 


Scenarios of future wave conditions show large 
differences in the spatial patterns and the amplitude 
of the climate change signals. There is, however, 
agreement among models and scenarios that extreme 
wave heights may increase by up to 30 cm (7% of 
present values) in the southeastern North Sea by 2085 
(Weisse und Grabemann, in prep.; not shown). 
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Long-term persistence in nature: On the clustering of extreme events 
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Abstract. A large number of climate records exhibit long-term persistence char-
acterized by a power-law decay of the auto-correlation  function C(s) ~ s γ− . 
Typical values of γ are γ = 0.7 for continental temperature records and γ = 0.3 
for sea surface temperatures and river flows. Here we show that the long-term 
persistence represents a natural mechanism for the clustering of extreme events, 
by which both the observed clustering of hazardous floods during the Middle 
Ages as well as (at least partially) the increase of floods in the past decades in 
Europe can be explained. We also discuss the occurrence of long-term memory 
and the related clustering of extreme events in seismic activity and in the finan-
cial markets.   


Introduction 


The understanding of the occurrence of extreme 
events is one of the major challenges in science (see, 
e.g., Bunde et al., 2002). An important quantity here 
is the time interval between successive extreme 
events, and by understanding the statistics of these 
return intervals one aims to better understand the oc-
currence of extreme events.  


Since extreme events are, by definition, very rare 
and the statistics of their return intervals poor, one 
usually studies also the return intervals between less 
extreme events, where the data are above some 
threshold q and where the statistics are better, and 
hopes to find some general “scaling” relations be-
tween the return intervals at low and high thresholds, 
which then allows one to extrapolate the results to 
very large, extreme thresholds (see Fig. 1).  


For extreme events, the mean return interval Rq is 
usually very large (101-102 y) and it is common 
practice to assume that at these large time scales the 
extreme events are independent of each other, i.e. 
correlations between them are absent. This procedure 
is justified if the data are only short-term persistent 
(in geoscience this is often called ''red noise'') with a 
correlation time of the order of few years. Then the 
return intervals are independent of each other and 
their probability density function (pdf) is a simple 
exponential 


 Pq(r) = 
qR


1
 e qRr /−


  .  (1) 


In this case, all relevant quantities can be derived 
from the knowledge of the mean return interval Rq 
Since the return intervals are uncorrelated, a sequen-
tial ordering cannot occur and thus a clustering of 
events above some threshold q is impossible.  


 
Figure 1. Illustration of the return intervals for three equi-
distant threshold values q1, q2, q3 for the water levels of the 
Nile at Roda (near Cairo, Egypt). One return interval for 
each threshold (quantile) q is indicated by arrows. 


There are many cases, however, where a clustering 
of hazardous events has been observed, for example 
in the floods in Central Europe during the middle 
ages or in the historic water levels of the Nile river, 
which are also shown in Figure 1 for 663 years. Even 
by eye one can realize that the events are not distrib-
uted randomly but are arranged in clusters. A similar 
clustering was observed for extreme floods, winter 
storms, and avalanches in Central Europe (see, e.g., 
Figs. 4.4, 4.7, 4.10, and 4.13 in Pflister (1998), Fig. 
66 in Glaser (2001), and Fig. 2 in Mudelsee et al., 
(2003)). Model simulations show that greenhouse-gas 
induced global warming leads to an increased flood 
risk (Christensen and Christensen, 2003), which 
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might explain the clustering of floods in the last sev-
eral decades. However, an upward trend in the occur-
ence of the extreme floods has not been detected 
(Mudelsee et al., 2003). It is not uncommon to as-
sume that clustering of data is due to (usually un-
known) external trends, this way transferring the 
question of where the clusterings come from to the 
question of where the diverse trends might come 
from.  


The major problem, however, is that the general as-
sumption—that extreme events must be uncorre-
lated—is not justified in a large number of cases; the 
examples range from river floods (Hurst et al., 1965; 
Mandelbrot and Wallis, 1969; Koscielny-Bunde et 
al., 2006; Mudelsee, 2007), temperatures  (Koscielny-
Bunde et al., 1998; Pelletier and Turcotte, 1999; 
Talkner and Weber, 2000; Eichner et al., 2003; 
Király et al., 2006), and wind fields (Santhanam and 
Kantz, 2005) to market volatilities (Liu et al., 1997), 
heart-beat intervals (Peng et al., 1993; Bunde et al., 
2000; Kantelhardt et al., 2001) and internet traffic 
(Leland et al., 1994). Instead, the data show remark-
able long-term dependencies. The main purpose of 
this article is to review the recent work (mostly in 
climate records) on this long-term memory and to 
show how the long-term memory affects the statistics 
of the return intervals and leads, in a quite natural 
way, to the observed clustering of extreme events 
(Bunde et al., 2003, 2005; Eichner et al., 2006).  


 
Long-term correlations 


We consider a record xi where the index i runs from 
1 to N. The xi may be daily or annual temperatures, 
daily or annual river flows, or any other set of data 
consisting of N successive data points. We are inter-
ested in the fluctuations of the data around their 
(sometimes seasonal) mean value. We call the data 
long-term correlated, when the corresponding auto-
correlation function Cx(s) decays by a power law,  
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where γ  denotes the correlation exponent, 0 <γ < 1, 
and xσ  is the standard deviation. Such correlations 
are named ‘long-term’ because the mean correlation 


time 
0


( )xT C s ds
∞


= ∫  diverges in the limit of an infi-


nitely long series where N → ∞. If the xi are uncorre-
lated, ( ) 0=sCx  for 0>s . More generally, if correla-
tions exist up to a certain correlation time xs , then 
( ) 0>sC  for xss <  and  ( ) 0=sC  for xss > . 


 


 
 
Figure 2. Comparison of an uncorrelated and a long-term 
correlated record. The red line is the moving average over 
30 data points. 


Figure 2 shows parts of an uncorrelated (left) and a 
long-term correlated (right) record, with 4.0=γ ; 
both series have been generated by the computer. The 
red line is the moving average over 30 data points. 
For the uncorrelated data, the moving average is 
close to zero, while for the long-term correlated data 
set, the moving average can have large deviations 
from the mean, forming a mountain–valley structure. 
This structure is a consequence of the power-law per-
sistence. The mountains and valleys in Figure 2b look 
as if they had been generated by external trends, and 
one might be inclined to draw a trend-line and to ex-
trapolate the line into the near future for some kind of 
prognosis. But since the data are trend-free, only a 
short-term prognosis utilizing the persistence can be 
made, and not a longer-term prognosis which often is 
the aim of such a regression analysis.  


Since trends resemble long-term correlations and 
vice versa, there is a general problem to distinguish 
between trends and long-term persistence. In recent 
years, several methods have been developed, mostly 
based on the hierarchical detrended fluctuation analy-
sis (DFAn) where long-term correlations in the pres-
ence of smooth polynomial trends of order n-1 can be 
detected (Peng et al., 1993; Bunde et al., 2000, 
Kantelhardt et al., 2001)  


In DFAn, one considers the cumulated sum (''pro-
file'') of the xi   and divides the N data points of the 
profile into equidistant windows of fixed length s. 
Then one determines, in each window, the best fit of 
the profile by an n-th order polynomial and deter-
mines the variance around the fit. Finally, one aver-
ages these variances to obtain the mean variance   







LONG-TERM PERSISTENCE AND CLUSTERING OF EVENTS 21 


F(n)
2


 and the corresponding mean standard deviation 
(mean fluctuation) F(n)(s). One can show that for 
long-term correlated trend-free data described by an 
exponent ( )sF n)(,10 << γ  scales with the window 
size s as  


 ( ) ( ) ,~ αssF n  (3) 


where 2/1 γα −= , irrespective of the order of the 
polynomial n. For short-term correlated records, the 
exponent is ½ for s above sx. It is easy to verify that 
trends of order 1−k  in the original data are elimi-
nated in ( ) ( )sF k  but contribute to ( ) ( )21 , −− kk FF  etc, and 
this allows us to determine the correlation exponent 
γ  in the presence of trends. For example, in the case 
of a linear trend, DFA0 and DFA1 (where F(0)(s) and 
F(1)(s) are determined) are affected by the trend and 
will show larger asymptotic exponents α , while 
DFA2, DFA3, etc. (where F(2)(s) and F(3)(s) are de-
termined) are not affected by the trend and will show, 
in a double logarithmic plot, the same value of α , 
which then gives immediately the correlation expo-
nent γ .When γ  is known this way, one can try to 
detect the trend, but there is no unique treatment 
available. In recent papers by Rybski et al. (2006, 
2007) and Giese et al. (2007), different kinds of 
analysis have been elaborated and applied to estimate 
trends in the temperature record of the Northern 
Hemisphere and in Siberian temperature records.  


 
Long-term correlated climate records 


Figure 3 shows representative results of the DFAn 
analysis, for temperature, precipitation and run-off 
data. For continental temperatures, the exponent α is 
around 0.65, while for island stations and sea surface 
temperatures the exponent is considerably higher. 
There is no crossover towards uncorrelated behavior 
at larger time scales. For the precipitation data, the 
exponent is close to 0.55, not being significantly lar-
ger than for uncorrelated records.  


Figure 4 shows a summary of the exponent α for a 
large number of climate records. It is interesting to 
note that while the distribution of α-values is quite 
broad for run-off, sea-surface temperature, and pre-
cipitation records, the distribution is quite narrow, 
located around α=0.65 for continental atmospheric 
temperature records. For the island records, the expo-
nent is larger. The quite universal exponent 65.0=α  
for continental stations can be used as an efficient test 


bed for climate models (Govindan et al., 2002; Vju-
shin et al., 2004; Rybski et al., 2007).  


 


 
Figure 3. DFAn analysis of 6 temperature records, 1 pre-
cipitation record and 2 run-off records. The black curves 
are the DFA0 results, while the upper red curves refer to 
DFA1 and the lower red curves to DFA2. The blue num-
bers denote the asymptotic slopes of the curves. 
  


 


 
Figure 4. Distribution of fluctuation exponents α for sev-
eral kinds of climate records (from Eichner et al., 2003; 
Monetti et al., 2003; Kantelhardt et al., 2006).  
 


The time window accessible by DFAn is typically 
1/4 of the length of the record. For instrumental re-
cords, the time window is thus restricted to about 50 
years. For extending this limit, one has to take recon-
structed records or model data, which range up to 
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2000 y. Both have, of course, large uncertainties, but 
it is remarkable that exactly the same kind of long-
term correlations can be found in these data, thus ex-
tending the time scale where long-term memory ex-
ists to at least 500 y (Rybski et al., 2007).  


Next we consider the consequences of long-term 
memory on the return intervals between events above 
certain thresholds q.  


 
Return-interval statistics and applications to 
climate records 


Figure 5 shows the probability density function 
(pdf) of the return intervals Pq(r) for long-term corre-
lated records with γ = 0.4 (corresponding to α=0.8), 
for three values of the mean return interval Rq (which 
is easily obtained from the threshold q and is inde-
pendent of the correlations).  


 


Figure 5. Probability density function of the return inter-
vals in long-term correlated data, for three different return 
periods Rq . 


The figure shows that in the semi-logarithmic plot, 
the curves are not straight lines, excluding the possib-
lity that the functions are simple exponentials. To 
see, if the probability density scales with Rq, we plot, 
in Figure 6, Rq Pq(r) versus r/Rq. The figures show 
that all 3 curves collapse. This means that, when we 
know the functional form of the pdf for one value of 
Rq, we can also easily deduce the functional form for 
very large Rq values that—due to its poor statistics—
cannot be obtained directly from the data. So, this 
scaling is a very important property, since it allows 
us to make predictions for rare events that otherwise 
are not accessible with meaningful statistics.  


We expect that the pdf becomes a simple exponen-
tial, i.e., a straight line in the semi-log plot, when the 
data are shuffled, since the long-term correlations are 


being destroyed by the shuffling. The figure shows 
that this is indeed the case.  


 


 
Figure 6. Probability density function of the return inter-
vals in long-term correlated data, for three different return 
periods Rq , plotted in a scaled way. The dotted line is the 
distribution for the shuffled data. The full line is a 
stretched exponential, with exponentγ = 0.4. 


The functional form of the probability distribution 
density is quite simple and seems to be a particularly 
nice generalization of Eq. (1) to long-term correlated 
records. The figure suggests that 


 ( ) γ)/(~ln qq RrrP − , (4)  


i.e., simple stretched exponential behavior. For γ ap-
proaching 1, the long-term correlations tend to vanish 
and we obtain the simple exponential behavior char-
acteristic of uncorrelated processes. For short argu-
ments, however, there are deviations from the pure 
stretched exponential behavior. Closer inspection of 
the data shows that for r/Rq<<1 the decay of the pdf 
is characterized by a power law, with the exponent 


1−γ . We have shown recently (Eichner et al., 2007) 
that this kind of behavior does not depend crucially 
on the way the original data are distributed. In the 
cases shown here, the data had a Gaussian distribu-
tion, but similar results have been obtained also for 
exponential, power-law and log-normal distributions. 
It seems that finite size effects are weaker for the 
Gaussian distribution than for the other distributions. 


Figure 7 shows that the characteristic stretched ex-
ponential behavior of the pdf also can be seen in long 
historic and reconstructed records. The left-hand side 
of the figure shows, in a log-log plot, the fluctuation 
functions of the reconstructed run-offs of the Sacra-
mento river, the reconstructed temperatures of Baffin 
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Island, the reconstructed precipitation record of New 
Mexico, the historic water levels of the Nile and one 
of the reconstructed temperature records of the 
Northern hemisphere. The straight lines in the dou-
ble-logarithmic presentation show clearly that the 
data are long-term correlated, with fluctuation expo-
nents α  between 0.6 and 0.95. From α  we obtain the 
exponent γ , and this exponent then determines the 
pdfs of the return intervals, which are seen in the rhs 
of Figure 7 (full symbols). The full lines are our pre-
diction, and the data agree very well with it. For a 
further test we have shuffled the data (open symbols). 
In this case, we predict straight lines in the semi-
logarithmic presentation, which is also satisfied. The 
form of the pdf indicates that return intervals both 
well below and well above their average value are 
considerably more frequent for long-term correlated 
data than for uncorrelated data. The distribution does 
not quantify, however, if the return intervals them-
selves are arranged in a correlated or in an uncorre-
lated fashion, and if clustering of rare events may be 
induced by long-term correlations.  


 
 


Figure 7. Fluctuation functions (left) and corresponding 
pdfs for the return intervals in scaled form (right) for (from 
top to bottom) the reconstructed run-offs of the Sacra-
mento river, the reconstructed temperatures of Baffin Is-
land, the reconstructed precipitation record of New Mex-
ico, the historic water levels of the Nile and one of the 
reconstructed temperature records of the Northern hemi-
sphere (Mann record). The data have been obtained from 
http://sunsite.univie.ac.at/statlib/S/beran (after Bunde et 
al., 2005).  


  To study this question, we (Bunde et al., 2005, 
Eichner et al., 2007) have evaluated the autocorrela-
tion function of the return intervals in simulated long-
term correlated records. Figure 8shows the result for 
Gaussian distributed data and two values of γ  and 
three return periods. In the double logarithmic pres-
entation, all curves are straight lines with a slope 


Figure 8. Autocorrelation function of the return intervals 
(in arbitrary units) for long-term correlated Gaussian data 
for γ = 0.4 and 0.7 and 3 return periods.n functions (left ) 
after Bunde et al., 2005).  


 


being identical to the exponent γ of the original data. 
This result therefore suggests that the return intervals 
are also arranged in a long-term correlated fashion, 
with the same exponent as the original data. Accord-
ingly, a large return interval is more likely to be fol-
lowed by a large one than by a short one, and a small 
return interval is more likely to be followed by a 
small one than by a large one, and this leads to clus-
tering of events above some threshold q, including 
extreme events.  


 


 
Figure 9. Mean of the (conditional) return intervals that 
either follow a return interval below the median (lower 
dashed line) or above the median (upper dashed line), as a 
function of the correlation exponent γ . The theoretical 
curves are compared with the corresponding values for the 
climate records considered in Figure 7 (same symbols as in 
Fig. 7).  
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As a consequence of the long-term memory, the 
probability of finding a certain return interval de-
pends on the preceding interval. This effect can be 
easily seen in artificial data sets generated numeri-
cally, but not so well in climate records where the 
statistics are comparatively poor. To improve the sta-
tistics and also to reveal the effect in the climate re-
cords, we now only distinguish between two kinds of 
return intervals, “small” ones (below the median) and 
“large” ones (above the median), and determine the 
mean R+


q and R-
q of those return intervals following a 


large (+)  or a small (-) return interval.  Due to scal-
ing, R+


q/Rq  and R-
q/Rq are independent of q. Figure 8 


shows both quantities (calculated numerically for 
long-term correlated Gaussian data) as a function of 
the correlation exponentγ . The lower dashed line is 
R-


q/Rq, the upper dashed line is R+
q/Rq. In the limit of 


vanishing long-term memory, both quantities coin-
cide for γ  = 1 , as expected. Figure 8 also shows 
R+


q/Rq  and R-
q/Rq for the 5 climate records consid-


ered before. One can see that the data agree very 
well, within the error bars, with the theoretical 
curves.  


 
Long-term correlations in financial markets 
and seismic activity 


Finally, I would like to stress that the characteristic 
behavior of the return intervals, i.e., long-term corre-
lations and stretched exponential decay, can also be 
observed in financial markets and seismic activity.  


It is well known (see, e.g., Liu et al., 1997) that the 
volatility of stocks and exchange rates is long-term 
correlated. Figure 10 shows that, as expected from 
the foregoing, the return intervals between daily vola-
tilities are also long-term correlated, with the same 
exponent γ  as the original data (Yamasaki et al, 
2005). It has further been shown by Yamasaki et al, 
(2005) that the pdfs also show the characteristic be-
havior predicted above. Another example where 
long-term correlations play an important role are 
earthquakes in certain bounded areas (e.g., Califor-
nia) in time regimes where the seismic activity is 
(quasi) stationary. It has been discovered recently by 
Lennartz et al, (2007) that the magnitudes of earth-
quakes in northern and southern California from 1995 
until 1998, are long-term correlated with an exponent 
around 4.0=γ , and that the return intervals between 
the earthquakes are also long-term correlated with the 
same exponent. For the given exponential distribution 


of the earthquake  magnitudes (following the Guten-
berg-Richter law), the long-term correlations lead to 
a characteristic dependence on the scaled variable 
r/Rq which can explain, without any fit parameter, the 
previous results on the pdf of the return intervals by 
Corral (2004). 


 


 


 
Figure 10. Long-term correlation exponent γ  for the daily 
volatility (top) and the corresponding return intervals (bot-
tom). The studied commodities are (from left to right), the 
S&P 500 index, 6 stocks (IBM, DuPont, AT&T, Kodak, 
General Electric, Coca-Cola) and 7 currency exchange 
rates (US $ vs. Japanese Yen, British Pound vs. Swiss 
Franc, US $ vs. Swedish Krona, Danish Krone vs. Austra-
lian $, Danish Krone vs. Norwegian Krone, US $ vs. Ca-
nadian $ and US $ vs. South African $. 
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Extreme events in geophysical turbulence and waves:
What populates the tails of distribution functions?
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Laval, M. J. Molemaker, and P. P. Sullivan]
Department of Atmospheric and Oceanic Sciences, UCLA, Los Angeles, CA 90095-1565, USA


Abstract. Extreme events in geophysical turbulence and nonlinear waves are
examined from the perspective of the large-amplitude tails of statistical equilib-
rium Probability Density Functions and the associated coherent flow structures.
Illustrative examples are considered from 3D and 2D homogeneous turbulence,
geostrophic turbulence, wave and vortical stratified turbulence, wave breaking,
convection, Ekman boundary layers, and submesoscale vortices, fronts, and turbu-
lence.


Introduction


In my contribution to this conference I will take a nat-
ural scientist’s view of extreme events, i.e., stripped of an-
throcentric excitement. An extreme event is an extremum
of large magnitude arising in a natural process. Excluding
essentially unique events (e.g., the Big Bang) as beyond dis-
cussion, then the extreme events occupy the large-amplitude
tail of a Probability Distribution Function (PDF) for the pro-
cess of interest. Earthquakes are known to satisfy a well-
known, long-tailed PDF, the Gutenberg-Richter distribution
P [M ] ∝ e−bM [stretched-exponential form] for magnitude
M with b ≈ 1, or, equivalently, P [d] ∝ d−b [power-law
form] for ground displacement d, with M = ln[d]. (P is
the probability density, and normalization constants are ig-
nored.) Thus, the “big one” we are waiting for in Los Ange-
les is merely what is to be expected, and, as part of a smooth
P functional shape, it is not obviously different in its physi-
cal mechanisms than more ordinary earthquakes, just bigger.


A null model, perhaps, for processes that do not exhibit
extreme events is the conventional Gaussian PDF,


P [a] ∝ e−ca2
, c > 0 ,


where the a values in tail region of P (i.e., with |a| �
〈 a2 〉1/2) are much more improbable than in stretched-exponential
or power-law distributions. This distinction can alternatively
be expressed by saying that extreme events are manifesta-
tions of intermittency, while a Gaussian distribution has little
intermittency since very big events are so improbable.


My focus is on extreme events in fluid dynamics. The
linkages I wish to emphasize are the following:


extreme events ↔
high intensity, intermittency ↔


PDF tails ↔


coherent structures .


Coherent structures are recurrent local flow patterns dis-
cussed in the next section. In turbulent fluids with large
Reynolds number Re = V L/ν, the experimental evidence is
that most velocity and/or velocity derivative fields a exhibit
a stretched exponential form,


P [a] ∝ e−caα


, (1)


(with positive constants c and α ≤ 1), at least in the tails
where |a| � 〈 a2 〉1/2. This is illustrated in Fig. 1 with
experimental data on parcel accelerations for 3D turbulence
(non-rotating, unstratified). The plotting format for P [a] is
log-linear, guided by the expectation in (1), and this format
will be used for all the PDFs in this paper. The upward curve
of the P lines is an indication of 1 > α > 0 (i.e., a stretching
of its exponential argument). [There is an indication in Fig.
1 that the PDF tail may be saturating with increasing Re,
but it is otherwise known this is not true; e.g., the kurtosis
(plotted in the inset) for velocity gradient increases approx-
imately as Re1/3 (Sreenivasan and Antonia, 1997). Turbu-
lence is increasingly intermittent with increasing Re.] In
general PDF tails in fluids are longer for fields with higher
orders of derivatives and a fortiori with nonlinear products;
e.g., the energy dissipation rate, ε = ν(∇u)2, has a PDF
shape close to log-normal.


This paper presents a survey of several geophysical fluid
dynamical regimes in terms of their PDFs and coherent
structures. The focus is on what the extreme events are on
their own intrinsic scale, with less attention to how they con-
tribute to the regimes’ aggregate dynamics (as surely they
do). This is essentially an experimental report, largely based
on computational experiments, although dynamical implica-
tions lurk beneath the structural and statistical descriptions.
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Figure 1. PDF for normalized parcel acceleration in 3D laboratory
turbulence for different (Taylor-scale) Reλ values (La Porta et al.,
2001).


Figure 2. Oceanic and atmospheric vortices in the Davis Strait
(north of the Labrador Sea, west of Greenland) during June 2002.
The oceanic vortices are visible on the left because of fragmentary
sea ice, and the atmospheric vortex is evident in the stratus cloud
pattern on the right. Both types are mesoscale vortices with hori-
zontal diameters of 10s-100s km (NASA).


Coherent structures in turbulent flows


Coherent structures (CS) have fascinated me for much
of my research life. Where flow visualization is possible,
the CS are often easily seen. Figure 2 shows atmopsheric
and oceanic vortices, a typical CS type for advective fluid
dynamics. Figure 3 shows an oceanic internal-wave soli-
ton/solibore, one of the important CS types for nonlinear
wave dynamics (another type is a breaker).


CS types are different in different physical regimes. An
attempt at a pan-situational definition of CS is the following:


• A recurrent, spatially local pattern in the fields, espe-


Figure 3. Oceanic internal gravity waves on the near-surface pyc-
nocline, as measured by a satellite’s Synthetic Aperture Radar re-
flection from the associated disturbances of the sea surface. The
waves are generated by tidal flow through the Strait of Gibraltar.
(NASA)


cially in vorticity, ζ = r× u.


• A preferred state with respect to the conservative non-
linear fluid dynamics, permitting self-organization of
the flow by dissipative evolution toward an attractor.


• Spatially isolated from each other, hence dynamically
weakly coupled, most of the time; thus, intermittent
in their strong coupling events (e.g., where dissipation
occurs most strongly).


• Long-lived in a Lagrangian reference frame; thus,
weakly dissipative over most of its lifetime and ca-
pable of “anomalous” material transport.


This definition can be accompanied by the hypothesis that
turbulent flows at large Re spontaneously develop coherent
structures whose dynamics govern the aggregate properties
of the flow, such as the transport and dissipation. If the flow
behavior is not conspicuously simple (i.e., laminar, periodic,
or steady), and if you are not happy with understanding it
merely as a random number generator and an eddy-diffusion
ansatz, then the CS hypothesis — accompanied by its scien-
tific catechism: What are they? How do they arise and disap-
pear? What controls their space-time-size-intensity distribu-
tions? What are their controlling processes and mechanisms
(e.g., stability)? How do they effect an aggregate system
dynamics? — is a very orderly and fruitful way to think
dynamically about complex behaviors.
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Figure 4. |ζ| isosurfaces with several magnifications for a 40963


grid simulation of randomly forced, 3D, isotropic, homogeneous
turbulence. L, η, λ = forcing, Taylor, dissipation scales (supporting
material for Kaneda et al., 2003).


Homogeneous turbulence


If the influences of boundaries, mean flow, stratification,
(planetary) rotation, or any other imposition of inhomo-
geneity, anistropy, and non-stationarity are not dynamically
significant, then the turbulence is homogeneous 3D turbu-
lence, hypothesized by Kolmogorov as the universal regime
at small enough scales and large enough Re. Figure 1 shows
a characteristic stretched-exponential PDF for this regime.
The CS type is a vortex tube generated by vortex stretching,
limited in its diameter by viscosity (as in Burgers vortex),
moved around by the large-scale flow, deformed and ulti-
mately destroyed by the ambient strain field, especially dur-
ing close encounters with other tubes (Fig. 4). The stretch-
ing mechanism leads to the strongest vorticity occurring in
the tubes, and strong strain and dissipations occur near the
tubes; thus, there is a close association in 3D turbulence be-
tween the CS and the large-amplitude tails of the velocity
gradient PDFs.


Intermittency for 3D homogeneous turbulence is usually
represented by the moment structure functions and an ex-
tended similarity structure. This regime has sufficient capac-
ity for extreme events that it is still an open question whether
it can develop a finite-time singularity in the governing fluid
equations (e.g., for reconnecting anti-parallel vortex tubes;
Kerr, 1993).


Homogeneous 2D turbulence is an extremely anisotropic


Figure 5. Snapshot ζz(x, y) in one quadrant for a 81922 grid sim-
ulation of randomly forced, equilibrium 2D turbulence (Bracco et
al., 2007).


Figure 6. Vorticity (left) and vorticity-gradient (right) PDFs for
different grid-sizes (from 2562 to 40962) and Re values in ran-
domly forced, equilibrium 2D turbulence. The abscissa linear mag-
nitude normalized by the standard deviation and the ordinate is
log[P ] (Bracco et al., 2007).


variant of Kolmogorov’s 3D regime. Its CS type is an ax-
isymmetric vortex with a size intermediate between the do-
main size and the dissipation scale (Fig. 5). Its PDF for vor-
ticity ζz is nearly exponential in form , and the PDF for∇ζz


has an even broader tail with positive curvature (i.e., α < 1
in (1)) (Fig. 6). Both PDFs show estimation uncertainties
in their tails due to finite sampling times that are at least as
large as the differences due to the simulation grid-size and
Re value.


Stratified turbulence and waves


Homogeneous geostrophic turbulence (with uniform ro-
tation and density stratification and small Rossby and Froude
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Figure 7. Instantaneous cross-sections of T ′(x, z) in equilibrium
stratified turbulence with Reλ = 103 , F r = 0.1 , Reb ≈ 1.
The large-scale, random forcing is applied either to the vortical
(above) or wave (below) horizontal velocity components (Laval et
al., 2007).


numbers, Ro = V/fL and Fr = V/NH) also devel-
ops axisymmetric coherent vortices with potential vorticity
patches of compact support in 3D (in an unbounded domain)
(McWilliams et al., 1999). The phenomenological behav-
iors and PDF forms are closer to 2D turbulence than 3D.
Figure 2 exhibits characteristic vortical patterns for oceanic
and atmospheric mesoscale flows that have some important
similarities to geostrophic turbulence.


Homogeneous stratified turbulence (with small Fr) can
have two different phenomenological behaviors for its large-
scale flow component, viz., nearly linear, internal grav-
ity waves or nonlinear pancake vortices within vertically
thin layers. With sufficiently large Re � 1 for a given
Fr � a — or, more precisely, with the buoyancy Reynolds
number Reb = ε/(νN2) ≥ 1 — both phenomenological
regimes develop small-scale overturning motions instigated
by Kelvin-Helmholtz instability when vertical shear is lo-
cally large enough (Laval et al., 2003, 2007). In gravity-
wave flows the overturning can be viewed as a wave break-
ing event.


The temperature fluctuations T ′ (Fig. 7) have quite differ-
ent patterns when the large-scale random forcing is applied
in horizontally non-divergent horizontal velocity modes (i.e.,
vortical forcing) compared to horizontally irrotational modes
(i.e., wave forcing). With vortical forcing T ′ shows thin lay-
ers in association with pancake vortices evident in ζa (not
shown) as well as fine-scale overturns, and with wave forc-
ing T ′ shows billows with larger-scale overturns. The over-
turning is expressed by small and negative values of the local
gradient Richardson number,


Ri =
N2


(∂zu)2
.


The two simulations have rather similar P [Ri] (Fig. 8) for
negative Ri values (with N2 < 0), as a consequence of hav-
ing been designed to have similar Rb values, but the vor-
tical case has more frequent large Ri values in compen-
sation for more frequent small, positive Ri values in the


Figure 8. PDFs of Ri in the vortical- (red) and wave-forced (blue)
cases in Fig. 7 (Laval et al., 2007).


Figure 9. PDFs for T ′ (left) and ζh (= ωh) (right) in the vortical-
(red) and wave-forced (blue) cases in Fig. 7. Again the abscissa
is linear magnitude normalized by the standard deviation and the
ordinate is log[P ] (Laval et al., 2007).


wave case. The PDFs for T ′ are quite different in the two
cases (Fig. 9, left), with a much longer tail for the vorti-
cal case, but they are rather similar for the horizontal vor-
ticity ζh associated with the overturning motions (Fig. 9,
right). P [T ′] is close to a Gaussian distribution for the
wave-forced case, while P [ζh] has a stretched-exponential
form in both cases. These preliminary results are sugges-
tive of an anisotropic small-scale universality independent
of the large-scale forcing modes, even before approaching
3D Kolomogorov anisotropy on even smaller scales than are
present in these simulations; however, this possibility still
needs further testing.


Even more generally, surface and internal gravity waves
can break when their amplitude is large enough. These are
a CS type in their recurrent spatial patterns, and they are
extreme events in their PDFs for vorticity and dissipation
rate.


Boundary-layer turbulence


Near a fluid boundary microscale turbulence develops in
response to boundary fluxes of momentum and buoyancy.
The Ekman layer at the surface of the ocean is controlled
by a surface wind stress — actually, a set of momentum
impulses delivered to ocean currents from breaking surface
gravity waves, themselves generated by form stress from the
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Figure 10. Langmuir circulations evident in the vertical velocity
fields: w ≤ − 0.01 m s−1 near the surface, and w in the boundary-
layer interior in a Large-Eddy Simulation of the oceanic Ekman
layer with wave-averaged vortex force and a stochastic representa-
tion of breaking waves: wind speed U10 = 15 m s−1, and wave
age Cp/U10 = 0.9 (Sullivan et al., 2007).
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Figure 11. PDF for w (normalized by its standard deviation) in the
same Ekman-layer flow as Fig. 10. “Gauss” is a Gaussian PDF
plotted for comparison. Notice the skewness bias toward down-
drafts that strengthens with depth and consequently enhances the
entrainment-layer material fluxes (at z ≈ − 30 m). (Sullivan et al.,
2007)


wind — stable density stratification in the interior, Earth’s
rotation, and a wind-generated surface gravity-wave field.
The important CS type in this regime is a Langmuir circu-
lation (Fig. 10) due to the wave-averaged vortex force as-
sociated with Stokes drift (Craik and Leibovich, 1976). The
PDFs for vertical velocity have a suggestion of long tails
(not very well resolved in a Large-Eddy Simulation) but,
more strongly, a strong bias toward downwelling jets. These
jets are particularly strong where a breaker occurs near a Y-
junction in the field of Langmuir circulations.


Turbulent convection arises from gravitationally unsta-
ble density stratification. With large enough Rayleigh num-
ber, Ra ∼ Re2, convection develops buoyant plumes as its
coherent structures. Its PDFs have a stretched-exponential
form (Castaing et al., 1989). With the additional effect of
rotation, plumes can turn into more dramatic events such as
convective chimneys, tornadoes, and hurricanes.


Submesoscale fronts and turbulence


Oceanic mesoscale eddies have a vertical scale compara-
ble to the pycnocline depth or bottom depth, and a horizontal
scale comparable to the first-baroclinic deformation radius,
Rd. Eddies usually occur with small Ro and Fr values, and
they approximately satisfy geostrophic and hydrostatic force
balances in their evolution. In the geostrophic turbulence
paradigm of Charney (1971), eddy energy is transferred to
larger scales and potential enstrophy to smaller ones (i.e., in
inverse and forward wavenumber directions, respectively).
In the quasigestrophic forward enstrophy cascade with de-
creasing horizontal scale `, the Rossby number remains in-
variant in the sense that, on average, V` decreases propor-
tionally to `, and no contradiction necessarily arises to the
asymptotic approximation of small Ro.


On scales just smaller than the mesoscale, but still large
enough so rotation and stratification are influential, it is well
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Figure 12. Equilibrium mesoscale and submesoscale eddy-mean
flow problems solved with high horizontal grid resolution (i.e.,
dx < 1 km): an Eastern Boundary Currnt (EBC), left, and
Eady’s flow with uniform stratification and mean vertical shear,
right (Capet et al., 2007; Molemaker et al., 2007).


known that there is substantial fluctuation energy associ-
ated with inertia-gravity waves. And there are strong sub-
mesoscale advective flows as well, notably submesoscale
coherent vortices, e.g., Meddies that travel long distances
from their generation near the Mediterranean Outflow (McWilliams,
1985). Furthermore, some recent computational simulations
of mesoscale flows with especially fine spatial grid resolu-
tion (Fig. 12) have shown that, contrary to the geostrophic
paradigm, there is significant advective energization of the
submesoscale regime, involving intermittent breakdown of
geostrophic and hydrostatic balances with locally large Ro
and Fr values. The principal mechanism is frontogenesis
(Hoskins and Bretherton, 1972). Relatively large mesoscale
strain rates between the eddies sharpen horizontal buoyancy
gradients down into the submesoscale range, enhance the
vertical vorticity by vortex stretching, convert available po-
tential energy to kinetic energy, and provide a vertical buoy-
ancy flux that acts to restratify the upper ocean in competi-
tion with microscale turbulent mixing (Fig. 13). The sharp-
ening fronts are vulnerable to submesoscale instabilities that
disrupt the fronts, spawn submesoscale coherent vortices,
and add to a forward energy cascade toward microscale dis-
sipation (Fig. 14). The PDFs for this submeoscale turbu-
lence have long tails and substantial skewnesses created dur-
ing the frontogenesis (Figs. 15–16).


Summary


In several different regimes of geophysical turbulence and
strongly nonlinear waves, intermittent extreme events are
to be expected as indicated by the long tails in the associ-
ated PDFs that are generally similar in shape to a stretched-
exponential form. The PDF tails are associated with the
coherent structures that arguably are also the key to under-
standing the dynamics of these regimes.


Figure 13. Surface temperature and ζz/f fields in the EBC simu-
lations, showing mesoscale eddies and submesoscale fronts, frontal
instabilities, and vortices. Mesoscale straining initiates subme-
soscale frontogenesis, and submesoscale features are much more
abundant between the mesoscale eddy centers (Capet et al., 2007).
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Figure 14. Local zoom plots in Eady’s flow for w(x, y) (right)
and T (x, y) (left) for a stable submesoscale front (above) and an
unstable one (below). The instability grows by energy conversion
of the horizontal shear in the along-front velocity with horizontal
Reynolds stress by the frontal fluctations. (Molemaker et al., 2007)


Figure 15. EBC submesoscale fronts evident as a long tail in P [δ]
with δ = |∇hρ′|/〈 |∇hρ′|2 〉1/2 for two different horizontal grid
resolutions (dx = 6 and 0.75 km: ICC6 and ICC0, respectively)
and for surface and pycnocline (70 m) ρ fields. Fronts are stronger
in the surface layer than the pycnocline, and they are sharper with
higher grid resolution because 〈 |∇hρ′|2 〉1/2 increases (Capet et
al., 2007).


Figure 16. PDFs in the EBC flow for ζz/f (left) and w [m d−1]
(right) near the surface (black) and in the pycnocline (gray) in a
simulation with dx = 0.75 km. The dashed line in the w plot is
from a simulation with coarser resolution (dx = 6 km). Note the
skewness biases toward cyclonic vorticity and downwelling in the
surface layer, both established during frontogenesis (Capet et al.,
2007).
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Statistics of dispersion in flows with coherent structures


R. Ferrari


Massachusetts Institute of Technology, Cambridge, MA, USA


Abstract. Float trajectories in the ocean are shown to have moments of displacements
with large-t behavior 〈|x|p〉 ∼ tγp for times less than a year. The study of γp as a function
of p provides a more complete characterization of ocean dispersion than does the single
number γ2. Also at long times, the core of the displacement distribution relaxes to a
self-similar profile, while the tails consisting of floats that have experienced exceptional
displacements, are not self-similar. Depending on the region considered, the effect of the
tails can be negligible, and then γp is a linear function of p (strong self-similarity). But if
the tails are important, then γp is a non-trivial function of p (weak self-similarity). In the
weakly self-similar case, the low moments are determined by the self-similar core, while
the high moments are determined by the non-self-similar tails. The popular exponent
γ2 may be determined by either the core or the tails. Implications of these results for
parameterization of ocean dispersion in numerical models are discussed.


Introduction


An outstanding problem in large-scale ocean dynam-
ics is the understanding, characterization, and represen-
tation of tracer transport by coherent mesoscale struc-
tures, such as jets, intense vortices, eddies, planetary
waves. In coarse-resolution models used for climate
studies the mesoscale transport is parameterized as an
enhanced eddy diffusivity D. This approach is formally
valid only for times longer than the decorrelation time
of the coherent mesoscale structures of order of a few
months up to a few years [Taylor, 1921; Freeland et al.,
1975; Veneziani et al., 2004]. The goal of this paper
is to discuss whether alternative mathematical models
can be developed to parameterize mesoscale transport
at shorter times.


Taylor [1921] provided the first formal analysis of dis-
persion of a cloud of tracer particles in a turbulent ve-
locity field. In particular he showed that at times longer
than the decorrelation time of the Lagrangian velocity,
the mean square displacement of a cloud of particles,
or equivalently the area of a tracer patch1, grows lin-
early with time and the rate of increase is given by the
eddy diffusivity. In the eighty years since Taylor’s pio-
neering work, it has been noted that in most turbulent
flows normal diffusion is achieved only after extremely
long transients, because long-lived coherent structures
spontaneously emerge and generate long tails in the co-
variance function of the Lagrangian velocity. During


1The equivalence between the statistics of particle displace-
ments and tracer concentration holds as long as the tracer con-
centration associated with tagged water parcels does not change
much as a result of molecular mixing over the time for which the
Lagrangian correlation time is significant.


these transients dispersion is anomalous, i.e., the mean
square particle displacement does not grow linearly in
time. There is mounting theoretical [Young, 1988; Fer-


rari et al., 2001; Zaslavsky, 2002; Reynolds, 2002a] and
observational [Solomon et al., 1994; Weeks et al., 1996;
Cardoso et al., 1996] evidence that generalizations of
Taylor’s approach can be derived to study anomalous
dispersion.


Anomalous dispersion has been observed in the ocean.
Rupolo et al. [1996] found evidence of anomalous disper-
sion in float trajectories from the Western North At-
lantic for times between a few days and three months.
Berloff and McWilliams [2002] and Reynolds [2002b]
studied particle and tracer dispersion in high-resolution
numerical simulations of wind-driven ocean gyres. They
found that in many regions dispersion was anomalous
for up to a year. Berloff and McWilliams [2002] went
on to propose mathematical models to parameterize
this anomalous dispersion. A major limitation of these
studies is that they focused exclusively on second-order
statistics like the mean-square particle displacement
and the covariance function of the Lagrangian velocity.
In this paper we show that anomalous dispersion can-
not be fully characterized by second order statistics. A
consideration of lower and higher order statistics is nec-
essary to properly quantify anomalous dispersion and
derive accurate parameterizations.


The paper is structured as follows. First we intro-
duce the dichotomy between normal and anomalous
diffusion in terms of second-order statistics of disper-
sion. Then we show that a consideration of lower- and
higher-order statistics provides a better characteriza-
tion of dispersion. Finally these concepts are illustrated
with a stochastic model, the “non-Markovian telegraph
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model”, and with an analysis of float trajectories from
the Western North Atlantic.


Normal versus anomalous diffusion


Let us consider the Lagrangian time series, such as
the x-velocity of a tagged fluid particle, u(t), as a func-
tion of time. We limit the discussion to one spatial
dimension for simplicity, but the results apply to any
number of dimensions. The distinction between normal
and anomalous diffusion can be understood by examin-
ing the rate at which the velocity covariance decreases
to zero. Normal diffusion occurs if the velocity covari-
ance decreases rapidly, while anomalous diffusion re-
sults from processes in which particles move coherently
for long times with infrequent changes of direction. This
distinction is quantified by the tail behaviour of the
velocity autocovariance function. For example, if the
covariance function decays exponentially then there is
normal diffusion, whereas if the covariance function de-
cays algebraically then there is the possibility of anoma-
lous diffusion.


The definition of anomalous diffusion is based only
on the behaviour of the mean square displacement of
particles about the center of mass, 〈x2〉, where angular
brackets 〈 〉 denote an ensemble average over many real-
izations of the dispersion process. But we usually want
to know more about the distribution of particles than
simply the second moment. In the case of normal dif-
fusion, detailed information concerning the distribution
is obtained by solving the diffusion equation,


ct = Dcxx (1)


The goal of this paper is to discuss what statistical
information is required to develop continuum models,
analogous to (1), which provide the same detailed in-
formation for anomalously diffusing particles.


Normal diffusion


We have indicated above that the crudest measure of
dispersion of a cloud of tagged fluid particle is the mean
square displacement about the center of mass, 〈x2〉. We
can calculate the rate of change of 〈x2〉 by first noting
that


dx2


dt
= 2


∫ t


0


u(t)u(t′) dt′. (2)


We now ensemble average the right part of equation (2).
If we assume that the Lagrangian velocity is statistically
stationary, 〈u(t)u(t′)〉 depends only on the time differ-
ence t− t′. Thus, we introduce the covariance function,


C(t − t′) ≡ 〈u(t)u(t′)〉, (3)


and, after a change of variables, write the ensemble av-
erage of (2) as


d〈x2〉
dt


= 2


∫ t


0


C(t′) dt′. (4)


Equation (4) is Taylor’s formula, which relates the vari-
ance in particle displacement 〈x2〉 to an integral of the
Lagrangian velocity covariance function C(t). Taylor’s
formula is one of the most important results on disper-
sion. However, it is rarely pointed out that it cannot
be easily extended to moments other than the second.
Little progress has been made in relating 〈|x|〉, or other
moments, such as 〈x4〉, to velocity statistics. This will
turn out to be a key limitation when applying Taylor’s
approach to study anomalous diffusion.


Taylor envisioned situations in which the covariance
function C(t) decreases rapidly to zero as t → ∞, so
that the integral in (4) converges. In this case, the
dispersion of the ensemble of particles at large times is
characterized by a diffusivity D given by


D =


∫


∞


0


C(t′) dt′. (5)


Integrating both sides of (4) over time we have


〈x2〉 = 2


∫ t


0


(t − t′)C(t′) dt′. (6)


The results above relate the variance in particle dis-
placement 〈x2〉 to an integral of the Lagrangian velocity
autocovariance function C(t). If C(t) decreases to zero
as t → ∞, the dispersion of the ensemble at large times
is characterized by a diffusive growth rate 〈x2〉 ∼ 2Dt.


Anomalous diffusion


Dispersion experiments over the past twenty years
have revealed behaviors which are much richer than
those suggested by the arguments of Taylor. There are
numerous examples of processes for which the growth
of variance is described by a power law


〈x2〉 ∝ tγ . (7)


Sometimes γ = 1 (normal diffusion), while in other
cases γ 6= 1. If γ 6= 1 the process is referred to as
anomalous diffusion.


Typically one thinks of processes that have a C(t)
which decreases to zero as t → ∞, so that the integrals
in (4) and (6) converge to nonzero values. Anoma-
lous diffusion corresponds to situations in which C(t)
decreases so slowly that the integral in (4) diverges.
This can happen when the covariance function C(t) has
a long tail, that is C(t) ∼ c t1−ν with 1 < ν < 3 as
t → ∞.
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When diffusion is anomalous the diffusivity D doesn’t
exist anymore. However, it still follows, integrating (6)
with C(t) ∼ c t1−ν, that


〈x2〉 ∼ c t3−ν


(3 − ν)(2− ν)
. (8)


The case in which 〈x2〉 = 2Dt, that is with ν = 2, is
considered normal diffusion. Thus it seems appropriate
to define,


• superdiffusion when 1 < ν < 2; the RMS displace-
ment of the ensemble grows faster then linearly
with time, as 3 − ν is greater than one.


• subdiffusion when 2 < ν < 3; the condition that
2 < ν ensures that the integral of C(t) converges
to zero; the second inequality, ν < 3, ensures that
the integral in (6) diverges. The exponent 3 − ν
is less than one.


At first glance, the two possibilities of subdiffusion


and superdiffusion appear as unlikely exceptions to the
more natural cases where D is given by a convergent
integral. However there are numerous examples in fluid
mechanics in which both super- and subdiffusion are
observed experimentally or computationally. Long tails
in C(t) are generally the result of long-lived coherent
structures and cannot be dismissed as unlikely patholo-
gies.


Strongly versus weakly self-similar


diffusion


The dichotomy between normal and anomalous dif-
fusion is based solely on the behavior of the second
moment. The overwhelming majority of studies on
anomalous diffusion are concerned mostly with that sin-
gle descriptor of dispersion. However, one often wants
to know more than the evolution of 〈x2〉. In general,
one would like to describe the evolution of the overall
distribution of particles. The problem can be tackled
by considering the distribution of particles released at
a point. In mathematical jargon this corresponds to
finding the Green’s function or propagator of the dis-
persion process. The propagator can then be used to
obtain solutions for arbitrary initial particle distribu-
tions. It is usually not possible to obtain the propagator
exactly, though asymptotic methods often provide use-
ful approximations in the form of similarity solutions.
That is to say, as t → ∞, the propagator collapses to
the self-similar form


c(x, t) ≈ t−1/νC(x/t1/ν) . (9)


In the case of normal diffusion γ2 = 1, ν = 2, and C is a
Gaussian. In the superdiffusive case there are examples


in which C is a Lévy density [e.g., see [Zumofen and


Klafter, 1993]. In the subdiffusive case, C is neither
Lévy nor Gaussian [e.g., see Young, 1988].


The approximation in (9) is valid only in a central


scaling region (CSR). The nonscaling tails of the dis-
tribution are occupied by particles which have expe-
rienced exceptionally large displacements. Sometimes
tails are important even though they contain few par-
ticles: the second moment 〈x2〉 might be dominated by
a few large terms corresponding to tail particles. This
problem is strikingly demonstrated when C(ξ) is a Lévy
density which has, for ξ � 1, a slow algebraic decay:
C(ξ) ∼ ξ−ν with 1 < ν < 2. Thus, in the Lévy case,
the second moment of the similarity approximation (9)
diverges. But in a simulation or experiment 〈x2〉 is al-
ways finite and this problem with the Lévy density is
simply the result of incorrectly applying (9) outside of
the CSR.


To summarize, the tails are not described by (9), and
there are several important questions suggested by this
observation. For instance, we have introduced two ex-
ponents, γ2 and 1/ν . How are they related? The naive
answer is that γ2 = 2/ν . In fact, γ2 = 2/ν is correct if
C is a Gaussian, and also in the subdiffusive example in
Young [1988]. But γ2 6= 2/ν if C is a Lévy density. How
representative of the dispersion of a typical particle is
the single statistic 〈x2〉, and the exponent γ2? Given
the results of an experiment or simulation, how can we
detect the existence of a CSR and determine the two
exponents γ2 and 1/ν? Is the similarity solution in (9)
the solution of a partial differential equation, or perhaps
a “fractional kinetic equation” such as those derived in
Zaslavsky [2002]?


Moments and strong versus weak self-similarity


The general moments, 〈|x|p〉, provide information
about both the CSR and the non-scaling tails. Small
values of p sample the CSR, while larger values of p sam-
ple the tails. Given the great interest in turbulent struc-
ture functions of fractional order, e.g., [Frisch, 1995], it
is surprising that 〈|x|p〉 has attracted only sporadic at-
tention as a descriptor of dispersion. We located very
few papers which discuss 〈|x|p〉 in the context of anoma-
lous diffusion, e.g., [Aranson et al., 1990; Castiglione et


al., 1999; Andersen et al., 2004] and none in the context
of geophysical flows.


Using the behavior of 〈|x|p〉 as t → ∞, Ferrari et


al. [2001] propose to make a distinction between strong


self–similarity and weak self–similarity. Given a power-
law growth of the p’th moment,


〈|x|p〉 ∼ tγp , (10)


they say that a process is strongly self–similar if all mo-
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Figure 1. Classification of processes as normally versus anomalously diffusive, and weakly versus strongly self-
similar. In the four panels the shaded wedge indicates the region between normal diffusion, γp = p/2, and ballistic
separation γp = p. In the bottom row the break in slope is at p = ν . The most elementary case is the top left
panel, which is exemplified by the Markovian telegraph process. The most complicated case is the bottom right
panel, which is exemplified by the non-Markovian telegraph process.


ments satisfy the scaling law suggested by (9). In other
words, if γp = p/ν for all p then the process is strongly
self–similar. If γp is a more interesting function of p,
such as the example in the bottom left panel of Fig. 1d,
then the process is weakly self-similar. While all dif-
fusive processes have nonscaling tails which defeat (9),
this defeat is particularly sharp if the process is weakly
self-similar. The function γp, as opposed to the single
number γ2, provides more information and the possibil-
ity of more stringent comparison between theory, simu-
lation and observation. Furthermore a characterization
of the CSR is essential to derive mathematical models
of the dispersion process and this cannot be done in
terms of γ2 only.


The dichotomy between strong and weak self-similarity
is independent of the dichotomy between normal and
anomalous diffusion. Thus, as indicated in Fig. 1, there
are four cases which might occur. In this article we
present several models which, depending on parameter
settings, fall into each of the four boxes in Fig. 1.


The telegraph model: a theoretical case


study


The telegraph model is a simple example of a ran-
dom walk continuous in time. Here we use it as a tuto-
rial example to study the properties of dispersion pro-
cesses. The model is particularly instructive because
one can compute the scaling for all moments and ob-
tain the CSR exactly. We introduce both a Markovian
and a non-Markovian telegraph model to represent re-
spectively flows without and with long-lived coherent
structures. Then we use the models to illustrate the di-
chotomy between normal and anomalous diffusion ver-
sus the dichotomy between strongly and weakly self-
similar diffusion.


Markovian telegraph model


In a telegraph process, the velocity of a particle, u(t),
can have only one of two possible values, +U and −U .
The velocity of each particle flips randomly back and
forth between ±U with a transition probability α/2 per
unit time. This means that in a time dt a fraction
αdt/2 of the particles switches velocity. If the transition
rate α/2 is constant we can say that a particle has no
memory of when it first arrived in its present state.
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Thus this telegraph model is Markovian.


The velocity covariance function and diffusivity for
the Markovian telegraph model are [e.g. Young, 1999],


C(t) = U2e−αt, D =
U2


α
. (11)


The exponentially decaying covariance function ensures
that D is finite and that the displacement variance ul-
timately grows diffusively, i.e. 〈x2〉 ∼ 2Dt for t � 2/α.
For the Markovian telegraph model we can explicitly
compute the evolution equation for the total concentra-
tion of particles c(x, t),


ctt + αct − U2cxx = 0. (12)


On large, slowly evolving length-scales scales one can
neglect the term ctt in (12) and so obtain the diffusion
equation, with the diffusivity U2/α, as an approxima-
tion of (12).


Using the method of Morse and Feshbach [1953], the
solution of (12) with the initial conditions c(0, x) = δ(x)
and ct(0, x) = 0 is


c(x, t) =
1


2U


(


∂


∂t
+ α


)


e−αt/2I0


[ α


2U


√


U2t2 − x2


]


, (13)


for |x| ≤ Ut and I0 is a modified Bessel function.
c(x, t) = 0 for |x| > Ut. The Gaussian similarity ap-
proximation, which applies in the CSR, is obtained by
taking the double limit t → ∞ with |x|α1/4/Ut3/4 → 0
in (13). Thus, the tails of c(x, t) span the region


(U/α) (αt)3/4 < |x| < U t . (14)


The Green’s function in (13) is plotted using the sim-
ilarity variable x/


√
t in Fig. 2. The nonscaling tails fall


below the Gaussian approximation except for δ-function
peaks at x = ±Ut. These ballistic peaks consist of par-
ticles which have traveled with constant velocity since
t = 0. However, the complete tail-structure of C is
more complicated than simply a pair of ballistic peaks
at x = ±Ut: the Gaussian similarity approximation
fails, and the tails begin, at x ∼ t3/4 � t. But, despite
the asymptotically expanding zone in (14), the moments
have 〈|x|p〉 ∼ tp/2 for all p. Thus, this elementary tele-
graph model is both normally diffusive and strongly
self-similar. The tail structure is not self-similar, but
the failure of similarity is so mild that as t → ∞ all
moments are determined by the CSR. This is the scal-
ing shown in the upper left panel of Fig. 1.


Non-Markovian telegraph model


Ferrari et al. [2001] developed a generalization of
the telegraph model which can be used to illustrate all
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Figure 2. The Green’s function in (13) at five evenly
spaced times with 10 < αt < 20. In this semi-log plot
the Gaussian similarity approximation is a parabola and
as t increases the curves collapse onto this parabola.
The strongest symptom of the tails are δ-function peaks
at x = ±Ut. These ballistic peaks are produced by
particles which have traveled with constant velocity
since t = 0. The number of these particles decays like
exp(−αt/2), as indicated by the dashed lines.


four cases in Fig. 1. In this generalization, particles
switch randomly between moving with u(t) = +U and
u(t) = −U . The transition probabilities between these
states is function of the time since the last transition.
In other words, each particle carries an “age”, a, which
is the time elapsed since the particle transitioned into
its present state. The introduction of memory of the
past makes the model non-Markovian and admits the
possibility of anomalous and weakly self-similar diffu-
sion.


The formulation of the non-Markovian telegraph
model boils down to specifying the dependence of the
transition rate α on the age a. As far as scaling ex-
ponents of moments and CSR are concerned, only the
a � 1 structure of α matters. The asymptotic form of
α is determined with a simple dimensional argument.
The transition probability α has the dimensions of in-
verse time. If the only time-scale relevant for long-lived
particles is the particle age, a, then it follows that α
is inversely proportional to a, i.e., α ∼ ν/a. There is
observational support for this scaling law. For example
Solomon et al. [1994] estimated the transition probabil-
ity of the direction of propagation of particles under-
going anomalous diffusion in dispersion experiments in
a rotating annular tank. They found that α depended
inversely with the time since the last transition. Fer-


rari et al. [2001] further showed that the non-Markovian
telegraph model with α ∼ ν/a did reproduce well the
experimental results of Solomon and collaborators.


With the choice α ∼ ν/a, the velocity covariance for
the non-Markovian telegraph model at long time-scales
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as, C(t) ∼ c t1−ν [Ferrari et al., 2001]. For 1 < ν < 2
the integral of C(t) diverges and there is anomalous
diffusion,


〈x2〉 ∼ ct3−ν


(3 − ν)(2− ν)
. (15)


If ν > 2 then there is normal diffusion,


〈x2〉 ∼ 2Dt + O(t3−ν). (16)


Subdiffusion appears in the telegraph model if particles,
in addition to alternating between flights with velocities
u(t) = ±U , are also allowed to stick and spend time
without moving, u(t) = 0 [Ferrari et al., 2001]. In a
geophysical context the flights could represent advec-
tion by jets and the pauses trapping by stationary vor-
tices. We do not pursue these embellishments because
they are not essential for illustrating the fundamental
properties of the non-Markovian telegraph model.


Ferrari et al. [2001] derive analytically the scaling
for all moments 〈|x|p〉 for the non-Markovian telegraph
model. They find that γp is a piecewise–linear function
of p and the break in slope occurs at p = ν as shown
in Fig. 3. The break in slope at p = ν is produced by
an exchange of dominance between the majority of par-
ticles in the CSR, which determine the moments with
p < ν , and the exceptional particles in the tail which
determine the moments with p > ν . The tail particles
have experienced almost ballistic motion, i.e. unidirec-
tional propagation at constant speed, which is why the
line γp = p + ν − 1 is parallel, but below, the pure
ballistic law γp = p.


Solutions for the propagator are difficult to obtain
analytically and the interested reader is referred to Fer-


rari et al. [2001]. In Figure 4 we show the concentration
c(x, t) at various times from a numerical integration of
the non-Markovian telegraph model with initial condi-
tions c(0, x) = δ(x) and ct(0, x) = 0. The solution is
plotted using the similarity scaling in (9). The scaling
collapses the concentration in a CSR where the distribu-
tion is well approximated by a Lévy density. The CSR
determines the evolution of moments p < ν . The dis-
agreement between the Lévy density and the numerical
simulation in the tails is because the Lévy approxima-
tion is not valid at large x. The disagreement is par-
ticularly striking at the δ-peaks at x = ±Ut which cor-
respond to particles that have never transitioned from
their original state. These peaks decay algebraically
in time as t1−ν and determine the scaling of moments
p > ν .


We have shown that in the non-Markovian telegraph
model γp is a piecewise–linear function of p. We are not
claiming that all weakly self–similar processes have the
piecewise–linear relation in Figure 3. But piecewise–
linear γp is probably the simplest form of weak self-
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Figure 3. A schematic illustration of a non-Markovian
telegraph model which is both weakly self-similar and
superdiffusive. The exponent γp is a piecewise linear
function of p with a break at p = ν . The shaded wedge
is the region between the diffusive law γp = p/2 and
the ballistic law γp = p. Low-order moments, p < ν ,
are determined by a central scaling region, in which (9)
applies. The higher moments, p > ν , are determined by
the nonscaling tails of the concentration profile. Since
ν < 2 the second moment is determined by the tails
of the concentration and determination of γ2 does not
provide information about the dispersion of a typical
particle in the central scaling region.
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Figure 4. Particle concentration c(x, t) at a few se-
lected times produced by a non-Markovian telegraph
model. The amplitude of the concentration and the
x-axis are rescaled with the factor t1/νF to show the
self-similar nature of the CSR. The dashed line is the
self-similar Lévy density to which the concentrations
should converge at large times. The dash-dotted lines
show the algebraic decay of the δ-peaks at x = ±Ut.
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similarity: the break in slope is a clean signature of the
exchange of dominance between the CSR and the tails
of the distribution of particles. The study of a set of mo-
ments is therefore a useful tool to identify whether there
is a CSR that satisfies the similarity scaling in (9). This
information can then be used to derive equations that
reproduce the scaling of the diffusive process. Zaslavsky


[2002] shows that the long-time behavior of the prop-
agator core of diffusive processes that satisfy (9) can
be described by Fractional-Fokker-Planck-Kolmogorov
(FFPK) equations which are integro-differential equa-
tion with algebraically decaying kernels. FFPK are
the natural extension of the diffusion equation for non-
normally diffusive processes. Much alike the diffusion
equation, they are accurate in a CSR but not in the
tails of the distribution.


Dispersion of floats in the Western


North Atlantic: an oceanographic case


study


There have been a few studies documenting anoma-
lous diffusion in the ocean [Rupolo et al., 1996; Berloff


and McWilliams, 2002; Reynolds, 2002b]. These au-
thors find that diffusion can be anomalous in the ocean
for up to a year as a result of mesoscale coherent struc-
tures that introduce long-memory effects in the disper-
sion of tracers and floats. These studies focused on sec-
ond order moments. We are not aware of any study that
analyzed other moments to determine whether diffusion
in strongly or weakly self-similar during these transients
and whether there is CSR that can be used to derive
a parameterization of the diffusive process. Here we
attempt such a calculation using float data from the
Western North Atlantic.


The dataset analyzed in this section is archived at
the Subsurface Float Data Assembly Center (WFDAC)
at Woods Hole. We use 105 float trajectories from
the NAC and ACCE experiments [?]etails of the ex-
periments can be found in [LaCasce and Bower, 2000].
These were obtained with neutrally buoyant subsurface
drifters, ballasted for a few density surfaces within the
main thermocline (100-900 m) and tracked acoustically
using the deep sound channel. Position fixes were made
1-3 times a day. All floats lasted at least 250 days. The
NAC floats are in the Newfoundland Basin, that is be-
tween the Great Banks and the mid-Atlantic ridge. The
ACCE region is in the central North Atlantic, strad-
dling the mid-Atlantic ridge. The North Atlantic Cur-
rent and its associated mesoscale eddies dominate the
flow [Zhang et al., 2001], and the region is richly ener-
getic. LaCasce and Bower [2000] show that the eddy
statistics in these regions are fairly uniform and the
ensemble of trajectories can be considered statistically
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Figure 5. Float trajectories used in this analysis. The
dataset were collected as part of the NAC and ACCE
experiments. The red dots indicate where the floats
were released.


homogeneous. The full set of float trajectories is shown
in Figure 5.


Our goal is to quantify the float dispersion by tran-
sient mesoscale eddies. Hence the first task is to remove
from the full velocity the the mean climatological flow
ū to obtain the eddy velocity u′ ≡ u − ū. The eddy
velocity so defined will include different kinds of fluctu-
ation phenomena, like vortices due to flow instabilities,
wave fluctuations, and possible seasonal-to-interannual
variability. Following Davis [1991] and given that the
northwest Atlantic can be characterized by regions with
quasi-homogeneous statistical properties, we estimated
the mean flow by binning the float velocities in boxes
of 1◦ × 1◦ and then averaging all measurements within
each box. The size of the binning boxes was chosen as
the most sensible tradeoff between the importance of
resolving both spatial shears of the mean flow and eddy
scales on the order of the internal Rossby radius of de-
formation, and the necessity of keeping a high enough
data density per bin to guarantee statistical significance
of the results. Veneziani et al. [2004] found that this
approach compares favorably versus alternative tech-
niques and provides a robust estimate of the mean flow
in the region here considered.


The eddy float displacements are then computed in-
tegrating the equations


dx


dt
= u(t) − ū(x, y)and


dy


dt
= v(t) − v̄(x, y). (17)


The moments are computed as


〈|x|p〉(t) =
1


N


∑


|xn|p,


〈|y|p〉(t) =
1


N


∑


|yn|p,
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where the sum is over the 105 float trajectories. The
moment exponents, γp, are then estimated by linear
least squares fit between log〈|x|p〉 and log t (and equiva-
lently for meridional displacements). We find that there
is a robust scaling for times between 50 and 250 days.
For shorter times the moments do not show a power
law scaling. The scaling for moments with 0 < p < 4
are shown in Figure 6. Zonal displacements follow the
scaling for strongly self-similar normal diffusion with
γp = p/2. Meridional displacements are instead weakly
self-similar and subdiffusive. These results are consis-
tent with the studies of Rupolo et al. [1996], based on
analysis of float data, and of Berloff and McWilliams


[2002], based on numerical simulations of a wind-driven
gyre. Both found normal diffusion in the zonal direction
and subdiffusive behavior in the meridional direction for
up to a year in the northern part of the subtropical gyre.
They interpreted the subdiffusive behavior as a signa-
ture of the barrier to transport due to meridional PV
gradients. However both studies considered exclusively
the growth rate of the second moment. Figure 6 shows
that there is a CSR for 0 < p < 1 where γp = p/2.
This suggests that the CSR scales like a Gaussian and
is well described by the regular diffusion equation. The
subdiffusive behavior is not associate with a CSR but
with the scaling of the tails of the particle distributions.


The results presented in this section are preliminary.
It is possible that the weak self-similarity in the scaling
of the meridional moments can be partly attributed to
lack of convergence of the statistics over the time win-
dow considered. However, similar issues can be raised
for the results referenced above. More importantly is
that by focusing on a set of moments, we were able to
identify a CSR which displays the diffusive law γp = p/2
both in the zonal and in the meridional directions. It
is the tails of the particle distributions that display
anomalous behavior in the region considered.


Conclusions


An outstanding problem in large-scale ocean dynam-
ics is the characterization and representation of tracer
and particle transport by mesoscale geostrophic eddies.
In coarse-resolution models used in climate studies the
mesoscale turbulent transport is parameterized with a
diffusion equation and an enhanced eddy diffusivity D.
Taylor [1921] first showed that this approach is for-
mally valid only for times longer than the decorrelation
time of the turbulent eddies. Recent analysis of float
data [Rupolo et al., 1996; Veneziani et al., 2004] and
numerical simulations [Berloff and McWilliams, 2002;
Reynolds, 2002b] found that the diffusive limit is either
achieved after transients of more than one year or it
is not reached at all because particles drift to regions
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Figure 6. Scaling for the zonal and meridional eddy
displacements for the float ensemble shown in Fig. 5.
The eddy displacements are computed according the
the evolution equations in (17). The scaling exponent
γp is shown for moments 0 < p < 4. The shaded wedge
is the region between the diffusive law γp = p/2 and
the ballistic law γp = p. Low-order moments, p < 1,
are determined by a central scaling region and follow
the diffusive law. The higher moments for the zonal
displacements continue to follow the diffusive law, while
for the meridional displacements are subdiffusive.


with different statistics before asymptoting the diffusive
limit. The time necessary to reach the diffusive limit is
so long as a result of long memory introduced in the flow
by long-lived coherent structures such as mesoscale vor-
tices, meanders of swift currents, and planetary waves.
In this paper we discussed techniques to characterize
and parameterize dispersion at times shorter than the
decorrelation time of the eddy velocity. First we illus-
trated the approach using a non-Markovian extension
of the telegraph model. Then we applied the technique
to ocean data from the Western North Atlantic.


The dispersive power of the velocity field is typically
defined in terms of the growth rate in time of the sec-
ond moment of particle displacements 〈x2〉. Disper-
sion is said to be normal if 〈x2〉 ∼ t. Rupolo et al.


[1996], Berloff and McWilliams [2002], and Reynolds


[2002b] find that for periods between a few days and
a year ocean dispersion is anomalous, i.e. 〈x2〉 ∼ tγ2


with γ2 6= 1. Based on these results, a few studies
have proposed mathematical models that reproduce the
anomalous scaling of the second moment [e.g. Berloff


and McWilliams, 2002; Reynolds, 2002a]. In this pa-
per we showed that the behavior of the second moment
is not a good indicator of dispersion in the anomalous
regime. A better characterization of the dispersion pro-
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cess is given by the scaling of the general moments 〈|x|p〉
at t → ∞. We showed examples of stochastic processes
and ocean float trajectories where 〈|x|p〉 ∼ tγp at large
times. The exponent γp is an important descriptor of
the dispersive process. The small-p moments contain
information about the behavior of most of the parti-
cles. The large-p moments are determined by relatively
few tail-particles which have experienced large displace-
ments. Depending on the details of the dispersive pro-
cess, the much studied exponent γ2 might lie on either
of the two branches.


We have emphasized that γp provides more infor-
mation than γ2. But γp also contains less information
than the full particle concentration. So what are the
advantages of using γp? It has been our consistent
experience that clean functional forms for γp emerge
at relatively early times and with a modest number of
particles. By contrast, convincingly demonstrating self-
similar collapse of the concentration profiles is much
more difficult.


The importance of identifying the central scaling re-
gion containing most of the particles cannot be over-
emphasized. Accurate parameterizations of the disper-
sive process must capture the behavior of the majority
of the tracer particles and these lie in the central scaling
region. The common practice in theoretical and obser-
vational studies of ocean dispersion is to focus exclu-
sively on the behavior of the second moment. This ap-
proach does not provide sufficient information to iden-
tify the central scaling region. Mathematical models
tuned to reproduce the scaling of the second moment
will have poor skill in reproducing the behavior of most
particles whenever diffusion is weakly self-similar.


We close with some remarks on the importance of
our results for deriving mathematical models of disper-
sion. We have shown a few examples of dispersive pro-
cesses for which γp = p/ν for small moments repre-
senting the central scaling region of the particle con-
centration. Zaslavsky [2002] shows that when ν = 2
the dispersive process is well described by the diffu-
sion equation. When ν 6= 2 the dispersive process
is described by Fractional-Fokker-Planck-Kolmogorov
(FFPK) equations which are integro-differential equa-
tion with algebraically decaying kernels. The long-time
behavior of the propagator core is the similarity solu-
tion (9) of the FFPK equation. Hence FFPK equations
might be a useful model to characterize ocean disper-
sion on annual timescales.
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Dynamical constraints on the extreme low values of the
potential vorticity in the ocean


L. N. Thomas


Woods Hole Oceanographic Institution, Woods Hole, Massachusetts, USA.


Abstract. High-resolution two- and three-dimensional numerical experiments
are used to study the manner in which advection of potential vorticity (PV)
by frontal instabilities growing out of an initially symmetrically unstable flow
or forced by destabilizing wind-forcing constrains the extreme minima in the
PV to values near zero. The instabilities act as a PV pump, upwelling high
PV water from the pycnocline while subducting low PV surface water. The
positive correlation between the velocity and PV fields results in an upward
eddy PV flux. When the baroclinic flow is forced by down-front winds,
which exert an upward, PV-reducing, frictional PV flux, the eddy and surface
frictional PV fluxes were found to scale with one another. This PV pump
mechanism tends to increase PV in the surface boundary layer and constrains
the extreme low values of the PV from dropping below zero at the expense
of reducing the PV in the pycnocline. When the wind alternates orientation
between down-front and up-front orientations, PV is both removed from and
injected into the fluid. The PV pump mechanism limits the reduction of
PV by down-front winds but not the enhancement of PV by up-front winds,
causing the skewness of the isopycnal PV distribution to become positive.


Introduction


The potential vorticity (PV) is a tracer of critical
importance for balanced motions in the ocean. Under
certain conditions, knowledge of the global distribution
of this one tracer field, combined with information on
the lateral structure of the density on horizontal sur-
faces is all the information that is needed to determine
all dynamically important variables (e.g. the balanced
flow field, density, and vertical circulation) via an in-
version of elliptical equations [Hoskins et al., 1985]. For
adiabatic, inviscid flow, the PV is conserved so that
changes in the PV field are due solely to advection.
PV conservation combined with invertibility makes the
equations governing the balanced flow first order in time
[McWilliams et al., 1998]. Consequently, if the value of
the PV on each fluid parcel is known at some time (plus
the surface density field), for all subsequent times all dy-
namical variables can be calculated. The question arises
as to what sets the initial value of the PV of the fluid
and whether there are any constraints on the extreme
low and high values that the PV can take. The value
of the PV on a fluid parcel is ultimately determined by
frictional forces and or diabatic processes, since these
are the only processes that can result in a Lagrangian
change of PV. In this article, using numerical simula-
tions and theoretical considerations I will illustrate the
way in which wind-driven frictional forces can destroy


or create PV and how hydrodynamic instabilities pro-
vide a mechanism to limit the extreme low PV values
that the fluid can attain.


Potential vorticity and hydrodynamic
instability


When the Ertel PV


q = (fk̂ +∇× u) · ∇b, (1)


where f is the Coriolis parameter, u is the velocity, and
b = −gρ/ρo is the buoyancy (g is the acceleration due
to gravity and ρ is the density), takes the opposite sign
of the Coriolis parameter, i.e. fq < 0, the fluid is un-
stable to overturning instabilities [Hoskins, 1974]. The
instabilities that arise take different names depending
on whether the vertical vorticity, stratification, or baro-
clinicity of the fluid is responsible for the low PV. For
flows where fζabsN


2 < 0 (ζabs = f − uy + vx) and
N2 > 0 the instabilities that arise are termed inertial
or centrifugal. Gravitational instability occurs when
N2 < 0. In strongly baroclinic flows, the PV can take
the opposite sign of f even if fζabsN


2 > 0. This is
illustrated by decomposing the PV into two terms


q = qvert + qbc, (2)
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one associated with the vertical component of the ab-
solute vorticity and the stratification


qvert = ζabsN
2, (3)


the other attributable to the horizonal components of
vorticity and buoyancy gradient1


qbc =
∂u


∂z


∂b


∂y
− ∂v


∂z


∂b


∂x
. (4)


For a geostrophic flow, it can be shown using the ther-
mal wind relation that (4) reduces to


qg
bc = −f


∣∣∣∣∂ug


∂z


∣∣∣∣2 = − 1
f
|∇hb|2, (5)


so that fqg
bc is a negative definite quantity, indicating


that the baroclinicity of the fluid always reduces the
PV. When |fqbc| > fqvert the instabilites that develop
are termed symmetric.


Numerical experiments of flows with fq < 0 have
shed light into the way in which overturning instabili-
ties modify the PV field. In one such experiment, an
inertially unstable equatorial flow was shown to develop
inertial instabilities that through meridional advection
of PV tended to homogenize PV, driving the PV to
values near zero [Hua et al. , 1997]. In addition to mix-
ing PV, meridional stirring by inertial instability has
been proposed as a potentially important mechanism
for lateral mixing of tracers near the equator [Richards
and Edwards, 2003]. While inertial instability mixes
PV horizontally, symmetric instability (SI) tends to stir
PV along isopycnal surfaces which, in the strongly baro-
clinic regions where SI is prevalent, are slanted. Numer-
ical experiments reveal that in its finite amplitude state,
SI mixes away low PV anomalies via down-gradient
advective PV fluxes [?]. The experiments mentioned
above emphasize how, by mixing low and high PV fluid,
overturning instabilities tend to limit the extreme low
value of the PV to near zero. These experiments were
not forced by boundary stresses or buoyancy fluxes,
however. In this article, I will explore whether or not
instabilities at wind-forced, strongly baroclinic fronts
are similarly capable of limiting the extreme values of
the PV. Wind forcing further complicates the matter
because it can introduce frictional sinks and sources of
PV that can compete with or augment the increase in
PV by instabilities. The interplay between instabilities
and frictional PV sources/sinks will be studied numeri-
cally, but before this, a brief description on how friction
changes the PV is necessary.


1Note that only hydrostatic motions are being considered,
so that in (4) terms in the horizontal vorticity involving lateral
derivatives of the vertical velocity can be neglected.


Frictional change of potential vorticity


Changes in the PV arise from convergences/divergences
of the PV flux J, i.e.


∂q


∂t
= −∇ · J = −∇ ·


(
uq + JF + JD


)
, (6)


where J has advective, frictional


JF = ∇b× F (7)


(F is a frictional or nonconservative body force) and
diabatic


JD = −D(fk̂ +∇× u) (8)


(where D = Db/Dt represents all diabatic processes,
D/Dt is the Lagrangian rate of change) components
[?]. Thomas [2005] showed that friction acting at the
sea surface will result in a reduction of the PV when


fJF
z = f∇hb× F · k̂


∣∣∣
z=0


> 0. (9)


Friction can either input or extract PV from the fluid,
depending on the orientation of the frictional force and
the lateral buoyancy gradient. Down-front winds (i.e.
oriented in the direction of the baroclinic shear) drive
PV fluxes that meet condition (9). For these winds and
when the Ekman depth is shallower than the mixed
layer depth, Ekman flow advects denser water over
light, and convection ensues that mixes the stratifi-
cation and reduces the PV. Friction injects PV into
the fluid when a baroclinic current is forced by upfront
winds or during frictional spin-down since the Ekman
flow in both cases advects lighter water over dense and
restratifies the fluid [Boccaletti et al., 1990; Thomas and
Ferrari, 2007].


Two-dimensional baroclinic zone
experiments


In this section, two dimensional numerical experi-
ments will be utilized to illustrate mixing of PV by un-
forced and wind-forced SI. The initial condition used
in the simulations is the baroclinic zone configura-
tion described in Thomas [2005]. The configuration
consists of a buoyancy field with a spatially uniform
north-south gradient, ∂b/∂y = −S2, and a vertically-
sheared, laterally-homogeneous, zonal geostrophic flow,
∂u/∂z = S2/f . The stratification takes a constant
value N2


ml in a surface layer of thickness H. Beneath
this layer the stratification increases linearly with depth
so as to mimic a pycnocline. Within the surface layer,
the PV, qml = fN2


ml−S4/f , is less than zero (fqml < 0)
owing to the baroclinicity of the fluid (i.e. N2


ml > 0),
making the fluid susceptible to SI. Experiments with
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Figure 1: Isopycnals (black contours), vertical velocity (top), and PV (bottom) at t = 2.0
inertial periods from the 2D baroclinic zone experiment not forced by winds.
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Figure 1. Isopycnals (black contours), vertical velocity
(top), and PV (bottom) at t = 2.0 inertial periods from
the 2D baroclinic zone experiment not forced by winds.


and without wind forcing were performed using the
ROMS model [Shchepetkin and McWilliams, 2004]. In
the wind-forced experiments, the wind-stress was spa-
tially uniform, oriented in the down-front direction, of
magnitude τo, and turned on impulsively at t = 0, then
held constant through the experiment. Boundary con-
ditions for the flow and density fields that deviate from
the initial conditions are periodic on the northern and
southern edges of the model domain.


A snapshot of the vertical velocity and PV fields
for the unforced experiment (N2


ml = 3.6 × 10−5 s−2,
S2 = 6.3 × 10−7 s−2, f = 1 × 10−4 s−1, H = 38 m)
is shown in Figure 1. Overturning motions associated
with SI are evident in the vertical velocity field. The
overturns are slantwise, nominally aligned along isopy-
cnal surfaces. A comparison of both fields in the figure
shows that the vertical circulation downwells low PV
from the surface while upwelling high PV from the pyc-
nocline, resulting in an upward advective PV flux. The
vertical advective PV flux is quantified by calculating
the covariance of w and q, wq (the overline denotes a
lateral average), and is shown in Figure 2. This PV flux
is largest at the base of the surface layer, peaking near
the onset of the instability (at t ≈ 2 inertial periods)
and subsequently decreasing with time. This vertical
exchange of PV drives the laterally averaged PV, q, in
the surface layer to positive values, while decreasing the
PV in the pycnocline.


An experiment with the same flow parameters but
forced with a down-front wind-stress of magnitude τo =
0.1 N m−2 was performed to investigate if the advective
input of PV by SI into the surface layer can compete
with the removal of PV by friction. As in the unforced
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is denoted in white.


13


Figure 2. Temporal and vertical structure of the ver-
tical advective PV flux wq (left) and the laterally av-
eraged PV q (right) for the unforced, 2D experiment.
The zero PV contour is denoted in white.
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Figure 3. Solutions from the baroclinic zone experi-
ment forced with a τo = 0.1 N m−2 wind-stress at t = 6
inertial periods. The zonal velocity (shades) and den-
sity (contours) fields (top); the meridionally-averaged
advective PV flux (bottom left); and PV (shades) and
secondary circulation (vectors) (bottom right). Warm
(cool) shades indicate higher (lower) values.


run, slantwise circulations form (Figure 3). Convergent
flow associated with the vertical circulation is fronto-
genetic, resulting in the formation of multiple fronts
with sharp frontal jets. The overturning motions in-
duce an upward advective PV flux at the base of the
surface layer, as in the unforced experiment, but with a
stronger magnitude (Figure 4). A comparison between
Figures 2 and 4, shows that the maximum PV flux is
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Figure 4. Temporal and vertical structure of the
vertical advective PV flux wq (left) and the laterally-
averaged PV q (right) for the wind-forced run with
τo = 0.1 N m−2. The zero PV contour is denoted in
white.


about five times stronger in the forced experiment and
that the PV flux persists in time. The persistence in
wq results in a continual deepening of the surface layer,
as seen in the laterally-averaged PV field. Outside of
the Ekman layer (beneath ∼ 20 m), q remains positive,
suggesting that the advective PV flux associated with
the forced SI is strong enough to prevent friction from
reducing the PV in the surface layer below zero.


To investigate how the advective PV flux compares
with the surface frictional PV flux, a series of experi-
ments were performed where the appropriate scaling for
JF


z


[JF
z ] =


τo


ρoδe
S2 (10)


(where δe = 0.4
√


τo/ρo/f is the Ekman layer depth)
was varied and the advective PV flux was calculated.
The advective PV flux measured at the base of the sur-
face layer (at the depth d) is plotted against the scaling
for the frictional PV flux in Figure 5. As seen in the fig-
ure, the advective and frictional PV fluxes scale nearly
linearly with one another. The impact of this result
can be measured in terms of a PV budget of the surface
layer. The budget is constructed by taking the volume
integral of (6) over the depth of the surface layer∫∫ z=0


z=−d


∂q


∂t
dzdy = −


∫∫ z=0


z=−d


∇ · Jdzdy (11)


= −
∫


JF
z dy


∣∣∣
z=0


+
∫


wqdy
∣∣∣
z=−d


,


where Gauss’s theorem has been exploited and the pe-
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Figure 5. The vertical advective PV versus the scal-
ing for the frictional PV flux for all the wind-force, 2D
experiments. A line with a slope of one is plotted for
reference.


riodic and no normal flow boundary conditions (on
the lateral and top boundaries, respectively) have been
used. The correspondence between the advective and
frictional PV fluxes seen in Figure 5 implies that the
two terms on the left hand side of (12) tend to can-
cel and hence minimize the rate of change of q in the
surface layer. In this way, the vertical circulation asso-
ciated with forced SI acts as a PV pump, drawing PV
from the pycnocline to limit the frictional reduction of
PV in the surface layer.


Although the baroclinic zone experiments described
above yield insights into the dynamics of forced SI,
they are admittedly limited in their two-dimensional
configuration. It remains to be shown that at a fully
three-dimensional front forced by winds that the PV
pump mechanism described above is active. The three-
dimensional numerical experiments of a wind-forced
front described in the next section are designed to ad-
dress this issue.


Three-dimensional experiments of a
wind-forced front


The initial conditions for the three-dimensional ex-
periments are shown in Figure 6 and are the same as
those used in Thomas [2007], consisting of two isolated
fronts with equal and opposite lateral density gradients
and frontal jets. The widths, depths, and cross-front
density gradients of these fronts, and the stratification
in the pycnocline are modeled after the subpolar front
of the Japan/East Sea during the winter, which is a
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Figure 6: Initial conditions for the zonal velocity (shades) and density (contours) of the
three-dimensional numerical experiment. The contour interval for the density is 0.1 kg
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Figure 6. Initial conditions for the zonal veloc-
ity (shades) and density (contours) of the three-
dimensional numerical experiment. The contour inter-
val for the density is 0.1 kg m−3. The vertical grid
spacing is indicated on the left axis.


relatively shallow and strong front [Thomas and Lee,
2005]. The simulations were again run with the ROMS
model, in a fully three-dimensional domain of width 45
km and 200 km in the zonal and meridional directions,
respectively, and 500 m deep. The horizontal resolution
was 1 km and 0.5 km in the x and y directions. As can
be seen in the spacing of the vertical grid in Figure 6,
the vertical resolution was enhanced near the surface
so as to resolve the Ekman layer. Lateral boundary
conditions were periodic. Two experiments were per-
formed with different wind-forcing. In the first exper-
iment, a spatially uniform zonal wind-stress of magni-
tude τx


w = τo = 0.2 N m2 was turned on at the start of
the experiment and left on for the duration of the ex-
periment2. In the second experiment, the wind-stress
was again spatially uniform, but the wind-vector ro-
tated with time following the form


(τx
w, τy


w) = τo (cos(2πt/T ), sin(2πt/T )) , (12)


where τo = 0.2 N m2 and T = 3 days. A rotating wind-
stress with a period of three days was chosen to mimic
the passage of storms over the fronts. The motivation
for using a wind-stress of this form that removes as
well as injects PV was to see if there are limitations on
either the extreme low or high values of the PV that is
generated when both a PV source and sink is present.


In the experiment with the constant zonal wind-
stress, southward Ekman transport advects the sur-
face density field. For the first few inertial periods


2Note that this differs from the experiment described in
Thomas [2007] where the zonal wind-stress was turned off mid-
way through the run.


(f = 1 × 10−4 s−1), the flow is two-dimensional, but
after ∼ 2.5 inertial periods, the front with the eastward
flow becomes unstable to three-dimensional instabili-
ties. In contrast, the front with the westward flow re-
mains two-dimensional throughout the experiment. At
this front, the eastward wind-stress results in the for-
mation of a stratified layer in the upper 30 m. This
restratification is a consequence of the frictional injec-
tion of PV by the upfront wind-stress.


At the front with the eastward jet, the downfront
wind forcing leads to the formation of low PV water,
as can be seen in the maps of the PV on an isopycnal
surface that outcrops at the front (Figure 7). As the
front forms meanders, the frontal vertical circulation
upwells water with high PV from the pycnocline and
subducts low PV surface water. The positive correla-
tion between the flow and PV anomalies implies that
there is an upward along-isopycnal eddy PV flux in the
same direction as the frictional PV flux. This suggests
that, similar to results from the two-dimensional baro-
clinic zone experiments, there is a relationship between
eddy and frictional PV fluxes. To quantify this rela-
tionship, the net eddy PV flux along an isopycnal layer


J e
y =


∫ ∫ z=zt


z=zb


q′′v′′dzdx (13)


where zt, zb are the top and bottom depths of the isopy-
cnal layer, the zonal integral is performed over the
full domain, and the double primes denote the devia-
tion from the thickness weighted isopycnal mean, i.e.
v′′ = v − vh


x
/h


x
, h = zt − zb (the overline denotes a x


average) was calculated and compared to the net fric-
tional PV flux going through the outcrop area A of that
isopycnal layer


J F
z =


∫∫
A
∇hb× F · k̂


∣∣
z=0


dydx, (14)


An example of the geometry and outcrop area of the
isopycnal layer used in the calculation is shown in Fig-
ure 7(a). As shown in the figure, the regions of low
PV are associated with anticyclonic circulations. The
eddy PV flux (13) is positive over the latitudinal extent
of the anticyclonic circulations, peaking near their cen-
ters (Figure 7(c)). The full timeseries and meridional
structure of the eddy PV flux is plotted as a Hovmöller
diagram in Figure 8. Also plotted in the figure is the
thickness weighted, isopycnally averaged PV. Similar to
the instant shown in Figure 7(b)-(c), the maximum in
the eddy PV flux tends to occur near the minimum in
the mean PV, and propagates into the interior of the
fluid as the low PV water is subducted. The maxi-
mum in the eddy PV flux, J e


y


∣∣
y=ymax


, grows after the
front goes unstable, peaking at t ≈ 4.5 inertial periods,
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Figure 7: Frontal meandering and upward, along isopycnal eddy PV flux at the front with
the eastward jet in the constant wind-stress experiment at t = 4.1 days after the onset of
the winds. (a) Upper (red) and lower (blue) isopycnal surfaces of density 28.3 and 28.5
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and PV fields results in a net positive meridional eddy PV flux along the isopycnal layer
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Figure 7. Frontal meandering and upward, along
isopycnal eddy PV flux at the front with the eastward
jet in the constant wind-stress experiment at t = 5.6
inertial periods after the onset of the winds. (a) Upper
(red) and lower (blue) isopycnal surfaces of density 28.3
and 28.5 kg m−3, respectively, that bound the isopycnal
layer used to calculated the net eddy and frictional PV
fluxes. (b) Isopycnal map of the PV (shades) and veloc-
ity (vectors) averaged in the vertical over the isopycnal
layer shown in (a). (c) The correlation of the velocity
and PV fields results in a net positive meridional eddy
PV flux along the isopycnal layer


∫∫
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Figure 8. Hovmöller diagrams of (left) the thickness-
weighted, mean PV and (middle) the net eddy PV
flux J e


y on the isopycnal layer shown in figure 7(a).
The location of the maximum eddy PV flux (dots) and
the zero PV contour (magenta) are also plotted with
qh


x
/h


x
. Timeseries of the maximum net eddy PV flux,


J e
y


∣∣
y=ymax


, (blue) and the frictional PV flux integrated
over the outcrop area (red), J F


z , (right).


then levels out at a quasi-steady value close to the net
frictional PV flux J F


z . Also note that for times be-
fore the onset of frontal instabilities, the lowest value
of the mean PV is negative, however once the insta-
bilities reach finite amplitude, the minimum in qh


x
/h


x


switches to being positive. These results suggest that
the eddy PV flux at fully three-dimensional wind-forced
fronts scales with the surface frictional PV flux and that
the PV pump mechanism holds in three-dimensions and
limits the extreme low value of the PV to values greater
than zero.


In the first of the two three-dimensional experiments,
the wind was held constant so that the net frictional PV
flux was always outward, and PV was constantly be-
ing extracted from the fluid. In the second experiment
with a rotating wind vector (12), the frictional PV flux
oscillates, both inputing and extracting PV in one cy-
cle. Therefore one might expect that averaged over the
period of rotation of the wind vector, the wind-stress
would have no net effect on a fluid parcel’s PV. This is
true at the beginning of the experiment when the front
is two-dimensional. During this stage, when the wind is
upfront, Ekman flow advects lighter water over dense,
stratifying the fluid and increasing the PV. Then, as
the wind-turns downfront, that light water is pushed
back to the less dense side of the front, the stratifica-
tion is reduced and the PV returns to close to its initial
value. Once the front goes unstable however, the pro-
cess is no longer so reversible. A sequence of images of
isopycnal maps of the PV is used to explain why this is
so. After the formation of frontal meanders and follow-
ing a period of down-front winds, low PV surface water
is subducted into the interior where it is isolated from
the Ekman layer and PV input during upfront winds
(Figure 9 (a)-(b)). By leaving the frictional boundary
layer in a time less than T , fluid parcels experience a
net change in PV over a cycle. As the wind vector ro-
tates to the upfront orientation, high PV is formed on
the northern edge of the isopycnal outcrop (Figure 9
(a)-(c)). The high PV fluid subsequently collects into a
surface intensified cyclone that pairs with a subsurface
anticyclone associated with subducted low PV water,
forming a propagating dipole vortex (Figure 9 (c)-(f )).
The outcrop area of the cyclone forms a closed loop in
contrast to the outcrop of the front that extends across
the domain in the zonal direction. Consequently, the
net frictional PV flux through the outcrop of the cy-
clone is zero regardless of the orientation of the wind,
allowing the high PV in the cyclone to persist through
periods of down-front winds.


As with the solution from the first experiment, the
net eddy PV flux (13) was calculated and compared to
the net frictional PV flux and structure of the thickness
weighted, mean PV (Figure 10). Similar to the con-
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Figure 9. Temporal evolution of the PV on the 28.4
kg m−3 isopycnal surface for the experiment with the
rotating wind-vector. The black line denotes the orien-
tation of the wind-stress and the time in inertial periods
is indicated at the top of each panel.
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Figure 10. Hovmöller diagrams of (left) the thickness-
weighted, mean PV and (middle) the net eddy PV flux
J e


y on the isopycnal layer bounded by the 28.3 and 28.5
kg m−3 isopycnals for the experiment with the rotating
wind-vector. The location of the maximum eddy PV
flux (dots) and the zero PV contour (magenta) are also
plotted with qh


x
/h


x
. Timeseries of the maximum (blue)


and minimum (black) net eddy PV flux along with the
the frictional PV flux integrated over the outcrop area
(red), J F


z , (right).


stant wind-stress experiment, an upward eddy PV flux
is associated with the subducting low PV water mass.
There are also regions where J e


y is negative. Time-
series of the maximum and minimum net eddy PV flux
are compared to the integrated frictional PV flux in
Figure 10(c). As can be seen in the figure, J F


z oscil-
lates with the three day period of the wind while the
maximum and minimum eddy PV flux intensifies once
the front goes unstable and then saturates. The value
that the extrema in the eddy PV flux take after sat-
uration approach the maximum and minimum values
of the frictional PV flux. Looking at the structure of
J e


y in detail, during times near the maximum in J F
z ,


an upward eddy PV flux develops at the surface and
propagates into the interior (e.g. t = 8, 12, 16 inertial
periods). The matching of the frictional and eddy PV
fluxes suggests that the PV pump mechanism is active
with a time-dependent wind-stress and that the subme-
soscale eddies responsible for the advective PV flux can
respond to relatively fast changes in the wind-stress.


Another signature of the PV pump mechanism is the
limitation of the minimum PV to values greater than
zero. This is also seen in the rotating wind experiment
as the thickness weighted mean PV is positive at all lo-
cations after the front goes unstable. The effect of the
frontal instabilities on the extrema in the PV is most
clearly illustrated by examining distributions of the PV
on isopycnals. Histograms of the PV calculated on the
isopycnal outcropping at the front taken near the end of
the experiment is characterized by a long tail for q > 0
and a rapid decrease near q = 0, causing the PV dis-
tribution to have positive skewness (Figure 11). Time-
series of the skewness and net frictional PV flux reveal
that before the onset of frontal instabilities, the skew-
ness oscillates nearly in quadrature with J F


z . This is
the time period when the front and the PV field remains
two-dimensional and, as mentioned previously, there is
the near reversible change in PV. Once the instabilities
grow to finite amplitude however, the skewness remains
positive, indicating the effectiveness of the PV pump
mechanism to limit the extreme low values of the PV.


Conclusions


When a baroclinic current is forced by a down-front
wind, an upward frictional PV flux is induced that ex-
tracts PV from the fluid and destabilizes the flow. In-
stabilities ensue that act as a PV pump, drawing high
PV from the pycnocline while subducting low PV from
the surface via an eddy PV flux proportional to the
frictional PV flux. This mechanism tends to keep the
extreme low value of the PV from dropping below zero
at the expense of reducing the PV in the interior of the
fluid. When the current is forced by a wind that alter-
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Figure 11. Upper left: timeseries of the net frictional
PV flux and skewness of the PV distribution on the 28.4
kg m−3 isopycnal surface for the rotating wind-vector
experiment. Upper right: histogram of the PV on the
28.4 kg m−3 isopycnal layer at t = 20.9 inertial periods.
Bottom: PV field on the 28.4 kg m−3 isopycnal surface
at t = 2.8 and 4.9 inertial periods, when the front is
two-dimensional, and at t = 8.5 inertial periods during
the onset of instabilities.


nates in orientation, and hence alternately supplies and
removes PV, the PV pump mechanism limits the reduc-
tion of PV during periods of down-front winds but not
the injection of PV by up-front winds. This causes the
skewness of the isopycnal PV distribution to become
positive.


The limitation of the extreme minima in the PV to
values near zero has also been observed in numerical
simulations of baroclinic flows forced by atmospheric
buoyancy loss (e.g. ?, Legg et al. [1998], and Straneo,
et al. [1995]). In such simulations, in contrast to the
experiments presented here, the PV flux at the surface
is provided by diabatic processes and not by frictional
forces. In spite of their different forcing mechanisms,
the similarities in the PV distributions seen in both
types of simulations suggests that an analagous PV
pump mechanism involving eddy and surface diabatic
PV fluxes may be active at buoyancy forced baroclinic
currents. It would be of interest to see if there is a gen-
eral relation between eddy and surface frictional and
diabatic PV fluxes because it would imply that a pa-
rameterization for eddy PV fluxes in the upper ocean
should take into account atmospheric forcing.
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Does extreme internal-wave breaking matter for ocean mixing?


J.A. MacKinnon


Scripps Institution of Oceanography, La Jolla, CA


Abstract. Over the last few decades complex yet promising statistical models


of internal wave breaking have been developed and favorably compared with a


variety of oceanic data. The models equate the turbulent dissipation rate with the


rate of downscale energy transfer through a steady spectrum. However, a recent


profusion of strong wave breaking examples have appeared that violate statistical


assumptions of the dissipation model yet produce significant turbulent mixing.


Here we review a few such examples and discuss implications for development of


accurate yet practical mixing parameterizations.


Introduction


Internal gravity waves are ubiquitous in the ocean, with


typical horizontal velocities of cm/s and vertical displace-


ments of tens of meters. Internal waves can be “extreme”


in a variety of ways. Consider the favored definition of ex-


treme as “rare but influential” where influence is of course


inherently subjective. For example, some internal waves are


extremely large in amplitude − waves observed in Mamala


Bay (less than 10 km from the ‘Aha meeting site) have ver-


tical displacements of 100 meters and pose a significant po-


tential complication for sewage outfall containment [Alford


et al., 2006]. Some internal waves are extremely powerful


− large-amplitude internal solitons pose a substantial risk to


offshore oil platforms [Cai et al., 2003]. However, internal


waves are often perceived as most influential for the turbu-


lent mixing their death throes produce. Here we will focus


on this internal wave driven mixing in the global ocean, and


rare but influential properties thereof.


In fact, diapycnal mixing in the ocean interior is primar-


ily driven by internal wave breaking. This mixing trans-


ports heat, dissolved gases, and nutrients, and controls the


exchange between the deep and upper ocean. Recent think-


ing suggests that the downward turbulent diffusion of heat


in low latitudes provides potential energy that drives the


global-scale Meridional Overturning Circulation [Munk and


Wunsch, 1998]. In regional and large-scale numerical mod-


els turbulent mixing is typically represented by a diffusivity


that is constant everywhere except possibly right below the


surface mixed layer. However, mixing in the real ocean is


far from spatially uniform, but has been shown to be patchy


in space and time, which in turn has profound implications


for patterns of biological productivity and ocean circulation


[Simmons et al., 2004].


Spectral theories of internal wave breaking


Understanding, predictive knowledge, and eventual prac-


tical parameterization of mixing driven by internal wave


breaking require mastery of three steps:


1. Patterns of internal wave generation: Most energy


input into the internal-wave field is in two frequen-


cies of waves − tidal (generated by the sloshing of


the barotropic tide over topography), and near-inertial


(generated by surface winds). Global maps of esti-


mates of both are appearing in the literature [Egbert


and Ray, 2001; Alford, 2003]. For internal tides, while


higher mode waves dissipate near the generation site


(leading to a global pattern of mixing hotspots that


mirrors that of internal tide generation), 70-90 percent


of the energy escapes to propagate up to thousands of


km across ocean basins as low-mode waves [St. Lau-


rent and Nash, 2004].


2. Pathways of propagation: Propagating waves are af-


fected by a range of processes, from refraction by


the evolving mesoscale to reflection and scattering


from topography [Johnston et al., 2003]. However,


in much of the ocean, evolution of the lowest (energy-


containing) modes seems reasonably well explained


by simple propagation theory [Rainville and Pinkel,


2006].


3. Processes that transfer energy into small-scale tur-


bulent mixing: Turbulent mixing is directly produced


by the breaking of small-scale internal waves through


shear or convective instability [Staquet and Sommeria,


2002]. However, the rate-limiting step is often the rate


at which energy is transferred from larger-scale waves


to smaller-scale waves (which subsequently break).


Though down-scale energy transfer within the inter-


nal wave field can be accomplished by a variety of


91







92 MACKINNON


means, the focus here is on wave-wave interactions,


which have been argued to dominate scale transfor-


mation away from boundaries [Müller et al., 1986].


The statistical models that are typically used to predict


down-scale energy transfer were inspired by the observa-


tion that spectra of internal wave energy as a function of


frequency and wavenumber show a remarkable degree of


similarity around the world, especially given the above-


mentioned inhomogeneity in forcing [Garrett and Munk,


1979]. This is not to say that the energy density is the


same everywhere, but the energy density spectrum appears


to largely follow a well prescribed family of shapes, with fre-


quency and vertical wavenumber spectral slopes both around


-2. The vertical wavenumber spectrum rolls off at scales


where the Richardson number is order one, suggesting that


wave breaking plays a dynamical role in maintaining the


spectral shape [Gargett et al., 1981; Polzin, 2004]


Energy may be transferred between finite amplitude waves


of different scales through the nonlinear advection terms in


the equations of motion. Full analytical solutions of nonlin-


ear interactions for a broad-banded spectrum of waves are


beyond easy reach, and theory has approached the problem


through several types of statistical approximation [Müller


et al., 1986; Lvov and Tabak, 2001; Polzin, 2004]. The


strongest thread of analysis has been resonant interaction


theory, which considers slow changes in the amplitude of


freely propagating waves through first order expansion of


nonlinear terms. The basic building block is the resonant in-


teraction that occurs among three waves with sum and differ-


ence phases that add together ( k1±k2 = k3, ω1±ω2 = ω3.)


The total rate of down-scale energy transfer as taken as the


integral over all possible resonant and slightly off-resonant


triads. Simplifying assumptions require waves to be in-


coherent, independent, and describable by a smooth spec-


trum. The dominant energy transfer to small-scale (near-


breaking) waves comes from scale-separated interactions -


high mode (shear-containing) waves interacting with low-


frequency, low-mode (energy-containing) waves.


Another approach to down-scale energy transfer uses ray-


tracing to focus on scale-separated interaction between large


and small-scale waves [Henyey et al., 1986]. With simi-


lar assumptions of statistical independence (although fewer


restrictions on the weakness of nonlinearity), the method


predicts the wavenumbers of high-mode waves in essence


random-walk their way to smaller scales.


In both cases a prediction of steady down-scale transport


(equated to the dissipation rate) can be written as a function


of spectral energy level, with the two approaches producing


functionally similar formulae. This in turn can be turned


into a useful tool to estimate the turbulent dissipation rate


from low-resolution shear and strain measurements, which


are far easier and cheaper to make than microstructure es-


timates of mixing [Gregg, 1989; Polzin et al., 1995; Gregg


et al., 2003]. The end product dissipation parameterization


is often referred to as the Gregg-Henyey (GH) scaling.


The next step is to turn such a theory into a predic-


tive mixing parameterization that can be practically used in


larger-scale numerical models that are starting to explicitly


resolve the low-mode portion of the internal wave field. The


above description suggests the field is well on its way to cre-


ating just such a thing, and perhaps the problem has moved


from a question of fundamental science to one of practical


implementation.


Trouble in paradise


However, after several decades of intense work to put to-


gether a model of wave dissipation, over the last few years


there has been a perverse rise of exceptions to the steady sta-


tistical view. In some cases mixing is extremely large, in


others the magnitude is moderate but the turbulence departs


from the GH model in ways that are extremely significant or


unusual. Here we provide a quick tour of such deviatory be-


havior. The examples below are meant to be illustrative but


are far from comprehensive.


Directly breaking waves - no cascade needed


The statistical theory outlined above assumes that the rate


at which energy is made available for mixing is dynam-


ically controlled by the rate of energy transfer through a


reasonably broad continuum of internal waves between the


largest and smallest (order one Ri) scales. Yet a number of


examples have recently emerged of cases where low-mode


waves, recently generated by external forcing, have order


one Richardson numbers and are directly breaking.


A popular example is the tidal soliton, commonly ob-


served in coastal seas around the world [Apel et al., 1995].


Typical soliton packets are formed by nonlinear steepening


of an onshore propagating internal tide and contain a se-


ries of very high frequency (tens of minutes or less) sharp


thermocline displacements and associated high shear and


strong mixing. Figure 1 shows a soliton packet observed


on the New England Shelf. Turbulent dissipation is ele-


vated orders of magnitude above background values on the


isopycnals that follow the peak shear of each soliton pulse


[MacKinnon and Gregg, 2003]. Moum et al. [2003] ob-


serve regular large solitons propagating onshore on the Ore-


gon shelf and present stunningly detailed pictures of Kelvin-


Helmholtz billows within. More than just dramatic dynam-


ical oddities, soliton turbulence contributes the majority of


turbulent dissipation for both regions, over a range of ther-


mocline isopycnals that are crucial for transport of biological


nutrients into the euphotic zone. Interestingly, though soli-


tons also occur in deeper water, the stretched out low-mode


waves don’t always have enough shear to create significant


turbulence [Klymak et al., 2006].
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Figure 1. Turbulent mixing during the passage of one soliton packet on the New England Shelf. The solid lines are contours of northward


(on-shelf) baroclinic velocity from -0.3 to 0.3 ms−1 in intervals of 0.1 m s−1 . The shaded areas are 4-m shear variance, ranging from 0


(white) to 3.5 × 10−3 s−2 (black) in increments of 5 × 10−4-s−2 . Profiles of dissipation rate are overlain, and correspond to the colorbar


above. The slight slant of each profile represents the passage of time as the profiler descends. The black (upper) and magenta (lower)


stars on each profile indicate the evolving locations of the 22.65 and 24-kg m−3 isopycnals, respectively. Measurements were taken in


70 m of water. Velocity measurements from shipboard ADCP, isopyncal displacements and turbulent dissipation rate from the Modular


Microstructure Profiler, see MacKinnon and Gregg [2003] for more details.
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Figure 2. Average vertical profiles of turbulence dissipation near Kaena Ridge, Hawaii, for four time periods [Klymak et al., 2007]. In


each panel the thick black line is the estimate from the microconductivity probe, thin shaded from density overturns, thick shaded from


Gregg-Henyey parameterization.
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Yet some deep-water internal waves are also prone to


direct breaking. For example Klymak et al. [2007] care-


fully delineate two regimes of internal-wave related turbu-


lence on the Hawaiian ridge (Fig. 2). In the upper water


column, wave amplitudes are moderate and observed turbu-


lence agrees well with the GH model described above. Yet


in the lower water column, large amplitude waves triggered


by the barotropic tide are directly breaking through convec-


tive instability, and observed dissipation rates are 10-100


times larger than would be predicted by the GH statistical


theory (Fig. 2, thick black versus grey). Such strong mix-


ing surely matters for diffusion along the Hawaiian Island


Chain, but cannot be represented by existing statistical the-


ory. Recent observations on the Oregon slope show similarly


strong overturns related to barotropic tidal flow along corru-


gated topography, interestingly in a region not predicted to


be be a significant generation site for internal tides [Nash


et al., 2007].


Finally, areas with energetic low-mode waves or rela-


tively shallow water depths may violate GH approach be-


cause the bandwidth between large-scale and breaking waves


is not wide enough to support the weakly nonlinear dynam-


ics that set the rate of downscale energy transport in spectral


theories. For example, even when solitons are not present


on the New England Shelf, the ‘background’ dissipation rate


does not scale with shear and stratification in a way predicted


by GH theory. Similar observations were made on the the


Monterey shelf [Carter et al., 2005] and the Oregon shelf


[Avicola et al., 2007]. At more intermediate depths, Kunze


et al. [2002] observe dissipation rates in Monterey Canyon


30 times those predicted by GH-type scalings. They attribute


the discrepancy to a combination of lack of spectral band-


width and other topographic scattering processes that may


accelerate the transfer of energy to smaller scales. Work in


progress by the present author is attempting to numerically


flush out the role of limited bandwidth for down-scale en-


ergy transfers.


Spectral transfer short-circuited


The GH statistical model of wave dissipation assumes


that waves are statistically independent and incoherent, an


assumption often made for dispersive wave fields. In par-


ticular, it is assumes that waves involved lose coherency on


a time-scale shorter than the characteristic duration of sig-


nificant energy transfer [Müller et al., 1986]. However, re-


cent evidence indicates that rapid Parametric Subharmonic


Instability (PSI) may violate these assumptions. The pro-


cess involves a transfer of energy from a propagating inter-


nal tide to smaller scale waves of near half the frequency.


Numerical simulations by MacKinnon and Winters [2005]


show that for a coherent internal tide (as often observed in


the ocean), energy transfer from PSI can be orders of mag-


nitude faster than predicted by statistical theory [Olbers and
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Figure 3. IWAP: Time series of north-south velocity from HDSS


sonar at 28.9N. Velocity is presented in a semi-lagrangian coor-


dinate system using isopycnal locations measured by a Fast-CTD


system.[Alford et al., 2007]


Pomphrey, 1981]. Similar results have been found in numer-


ical simulations by Hibiya et al. [1998, 2002]. MacKinnon


and Winters [2005] predict that the transfer should be partic-


ularly efficient at a ‘critical’ latitude of 28.9, where the half-


frequency waves are exactly the local inertial frequency. At


this point the mechanism switches from a triad interaction


between freely propagating waves to a pure instability, the


time-scale of which is given in Young and Tsang [2007].


The Internal Waves Across the Pacific (IWAP) Experi-


ment was designed to track long range propagation of the


internal tide from generation at the Hawaiian Ridge to 37


N, and look for evidence of PSI along the way. The ex-


periment involved a suite of measurements made April-June


2006, including ship-based sonar measurements of veloc-


ity, 50-day time series with moored profilers, and short in-


tensive time series with the Pinkel Fast-CTD [Alford et al.,


2007]. Our initial conclusion is that while PSI does not sig-


nificantly disrupt the propagation of the internal tide, it does


provide a substantial source of near-inertial waves at the crit-


ical latitude. A 5-day time series at 28.9 shows clear near-


inertial motions (Fig. 3). In striking contrast to more typi-


cal surface-generated (downward-propagating) near-inertial


waves observed at other stations, these motions show no


vertical phase propagation. This feature is consistent with


generation through PSI, which produces similar amounts of


up-going and down-going near-inertial energy. These in-


ertial features have Richardson numbers around 0.7, sug-


gesting wave stability restrictions may set the vertical wave-


length selected by the PSI. Preliminary calculations suggest


the power input into near-inertial waves through this mech-


anism is the same order or larger than wind input into the


near-inertial wave field at this latitude.


This rapid energy transfer is not just of local interest,


but appears to set large-scale latitudinal patterns of wave
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Figure 4. IWAP Top panel: depth-averaged horizontal kinetic


energy in clockwise (blue) and counter-clockwise (red) motions.


Velocity was vertically detrended to remove the (low-mode) inter-


nal tide and emphasize shear-containing near-inertial motions. The


solid line in each case indicates an average over 4-8 North-South


transects with the shipboard HDSS sonar, the shaded areas indi-


cated one standard deviation on either side. Lower panel: Turbu-


lent diffusivity calculated using the method of Kunze et al. [2006].


Diffusivity was averaged only below 500 meters due to as yet un-


resolved instrument issues in shallower water.[Alford et al., 2007]


energy and mixing. The influence of PSI-generated waves


may be seen by decomposing horizontal velocity into com-


ponents that rotate clockwise with depth (indicating down-


ward energy propagation), and counter-clockwise with depth


(indicating upward energy propagation). Up-going energy


rises sharply just south of the critical latitude (Fig. 4, upper


panel). As a result of this elevated shear, turbulent diffu-


sivity also rises in this latitude range (Fig. 4, lower panel).


Further evidence of a strong PSI-induced latitudinal pattern


of mixing comes from altimetric analysis [Tian et al., 2006]


and XCP surveys [Hibiya and Nagasawa, 2004].


Spectral myths


The most systematic challenge to spectral models of


down-scale energy transfer is the suggestion that a univer-


sal steady frequency-wavenumber spectrum may not exist.


Problems with and caveats to the GM spectrum have been


noted from the beginning, such as coherency of the energy-


containing motions, particularly the internal tide, and is-


sues of ‘fine-scale’ contamination at higher frequencies and


wavenumbers [Müller et al., 1986]. More recently, Pinkel


[2007] has proposed a kinematic model that goes further


to explain a significant portion of the continuum frequency


spectrum of shear as simply doppler shifting of a few intrin-


sic spectral peaks. In particular, he considers a world with


intrinsic peaks near the inertial frequency and zero frequency


(vortical mode), with a certain vertical wavenumber distribu-


tion. His kinematic model advects these motions by a com-


bination of random lateral and vertical motions (as from, for


example, mesoscale currents or instrument motion), and de-


terministic tidal heaving. The result is an apparent frequency


spectrum that replicates several features of observations - an


hourglass shape of increasing frequency bandwidth with in-


creasing wavenumber, and realistic spectral levels and slopes


of shear variance. The upshot is that we may be able to


simplify the dimensions of the problem from a complicated


spectrum of interacting waves (and associated weighty in-


tegrals over all interacting components) to a cast of only a


few characters. If most of the down-scale energy transfer is


happening at near-inertial frequencies, conceivably assisted


by higher-frequency waves, a simplified model of wave dis-


sipation could be developed.


Conclusions


At this point we must confront the following questions:


Does extreme internal wave breaking matter to mixing?


Are statistical models of down-scale energy flux useful?


Where do we go from here? The answer in each case


has two facets - a dynamical answer (what is nature actu-


ally doing) and a practical answer (how can we incorporate


the most accurate mixing into large-scale numerical mod-


els). Consider the following two regimes.


Topographically complex or shallow areas


In shallow water and regions of complex topography


(e.g., internal tide generation sites) it appears we don’t yet


have a full grasp on the zoo of processes controlling tur-


bulent mixing − new and strange beasts seem to surface at


every AGU meeting. These include not only various non-


linear types of internal waves (solitons and bores), but also


processes like topographic scattering that directly transfer


energy to smaller scales [Müller and Liu, 2000; Kunze et al.,


2002; Johnston et al., 2003; Nash et al., 2004], and hydraulic


effects that are not really propagating waves at all [Thurn-


herr, 2006]. For many of these regions we seem to still be in


a phase of basic exploration, hopefully fueled by continuing


observations. At the same time, the ‘background’ mixing


in coastal areas does appear to show reliable statistical rela-


tionships with broad internal wave properties, although the


limited bandwidth makes for a different sort of relationship


than observed in the open ocean [MacKinnon and Gregg,


2003; Carter et al., 2005; Avicola et al., 2007].


Practically speaking, the best bet for parameterizting mix-


ing in such areas in the near term may be to use local


high-resolution models (e.g. Fringer et al. [2006]) that


can resolve many of the small-scale non-hydrostatic pro-


cesses. Existing and new observations provide an essential


guide as to what processes should be included and focused


upon. Such models can be run with an ensemble of initial-


ized mesoscale states and analyzed to produce an ensemble-
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averaged resultant diffusivity. This spatially variable but


static diffusivity can then be plugged into operational re-


gional models.


Deep open ocean


However, in large parts of the open ocean it appears that


the wave spectrum (to the extent it is not a doppler shifted


myth) is well-behaved enough that statistical ideas of wave-


wave interaction may indeed regulate the rate of energy


transfer to dissipative scales. Strong breaking in places like


the Hawaiian ridge is of local but probably not basin-wide


significance. There are still some processes to be understood


(e.g. broad latitudinal patterns set by PSI), but remaining dy-


namical issues may be able to be fleshed out with a few fo-


cused observational programs and dedicated numerical pro-


cess studies.


Practical parameterizations of open ocean mixing could


take a couple of forms. One is similar to the approach


mentioned above − taking an ensemble of mesoscale initial


states and running an offline ’internal wave’ model that gen-


erates internal waves, propagates the low modes, and uses an


updated GH-type of parameterization to see where the dissi-


pate [Müller and Natarov, 2003; Polzin, 2004]. The average


diffusivity map calculated from these processes could be fed


back into a GCM .


However, there is also the possibility of developing a


more dynamic mixing parameterization that would prescribe


diffusivity based on the low-mode internal waves that are


already starting to be seen in higher-resolution GCMs (al-


though most do not yet include tides). This approach would


have the huge advantage that diffusivity could vary with sea-


sonally changing stratification and mesoscale currents, and


include the episodic nature of storm-induced near-inertial


wave generation. Furthermore, such a dynamic mixing pa-


rameterization would allow for potentially important feed-


backs involving things like storm intensity, stratification,


mixing and overturning circulation strength in future climate


predictions.


One stumbling block along this route is that GH-type pa-


rameterizations are usually not presented in a prescriptive


form. That is to say, they are designed to describe the rate


of down-scale energy transport (dissipation rate) for a given


observed spectrum. What is needed is a form that will take


as a starting point the amplitude of a traveling low-mode in-


ternal tide or near-inertial wave and prescribe both the local


spectrum that sets up in equilibrium with the power sucked


out of the passing wave, and the rate of down-scale transfer


to turbulence that such a spectrum mediates. Ideally some


approximation of those dynamics could be encapsulated in a


parameterization that is computationally simple and takes as


input only variables like shear and stratification that GCMs


already have on hand. Such an approach seems challenging


but not unfeasible and efforts such as Müller and Natarov


[2003], Polzin [2004], and work underway by the present


author show signs of hope.
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