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Abstract. An investigation into density and velocity fluctuations in the

oceanic thermocline is presented. Two kinds of numerical simulation are

reported. In the first, an attempt is made to capture the transition from

breaking internal waves to the small-scale turbulence they generate. The

model used for this is based on a continual forcing of a large-scale standing

internal-wave. Evidence is presented for a transition in the energy spectra

from the anisotropic k
−3 buoyancy range to the small-scale k

−5/3 isotropic

inertial range. Density structures that form during wave breaking are analyzed

and regions of mixing associated with the breaking events are visualized. In

the second kind of simulation, internal-wave packets are followed as they

propagate through the thermocline. It is found that the breaking of crests

within the packet can lead to overturning events on the scale observed in the

ocean, and the subsequent turbulence can form a continuous wake.

Introduction

In recent observations of fluctuations in the oceanic
thermocline, Alford and Pinkel (1999, 2000) found many
overturns with vertical scale of about 2 m and these
were highly correlated with the presence of energetic
waves with vertical wavelengths on the order of 10 m.
Large scale fluctuations, say 10 m and above in ver-
tical scale, can be described reasonably well as inter-
nal waves. For much smaller scales, say 1 m and be-
low, the flow is probably better described in terms of
nearly isotropic turbulence. Intermediate between the
large-scale wave dynamics and the small-scale turbu-
lence is a transition regime in which there is a com-
petition between waves and turbulence. It is this
intermediate range, often called the buoyancy range,
that contains the overturning activity observed by Al-

ford and Pinkel. Since the observations are essen-
tially one-dimensional in space, a direct numerical sim-
ulation which could faithfully describe events in this
range would help toward understanding the full three-
dimensional flow structures behind the observations.
The first part of our investigation will focus on the
production of overturns by an idealized internal wave
forcing.

The second part of our investigation concerns the
propagation of internal-wave packets through the ther-
mocline. Alford and Pinkel (1999, 2000) observed co-
herent regions of strong oscillatory vertical strain rate
that travel vertically through 100 m or more of the ther-
mocline. These propagating structures had an internal
wave structure with vertical wavelength of about 10 m,
and the entire coherent region could be described by
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an envelope of about 50 m in vertical extent. These
coherent structures were strongly correlated with 2 m
overturns. Given the complicated nature of the flow,
with strong components of large-scale advection, it was
difficult to know precisely what kind of structures to
associate with these coherent localized oscillations. Al-
ford and Pinkel suggested that these were internal-wave
packets. Here we hope to validate that identification
to a certain extent by showing how an idealized packed
would propagate through a simplified model of the ther-
mocline, and by showing that the observed overturn-
ing scales could be consistent with internal-wave packet
propagation.

Given current computer resources, it would not be
practical to simulate all of the scales that are relevant
to the breaking of waves in the buoyancy range. The
forcing of the waves is thought to result from a com-
plicated interaction of many internal waves with scales
ranging in the vertical from 10’s of meters to hundreds
of meters and more, and typical horizontal internal wave
scales can be even much greater than these. On the
small-scale end of the spectrum, the observed break-
ing is occurring on vertical scales of the order of 1 m,
and these breaking events produce turbulence that ex-
tends down to a viscous cutoff on the order of 1 cm.
Thus direct numerical simulation of the entire range of
scales is still impractical. We will use a combination
of LES modeling and an artificial model of the large
scale forcing in order to reduce the spectral range that
we will need to cover. To attack our first problem of
investigating how waves at the short-scale end of the
Garrett-Munk (1975) spectrum go unstable and break
in the buoyancy range, we have used an artificial forcing
with length-scales fixed at 20 m in the vertical and 20
m in the horizontal to represent the effect of all larger
scales. At the small-scale end of the simulation, we have
introduced an eddy viscosity with a cutoff at the 16 cm
level in both horizontal and vertical directions. Thus
our model does some violence to the true physics at
the large and small-scale ends of the simulated range.
However, the hope is that it will do justice to the evo-
lution in the buoyancy range. This model does prove
capable of capturing the transition from the buoyancy
to the inertial range. For the problem of wave-packet
propagation, which is perhaps the source of the order
10 m scale variability most correlated with overturning,
we needed to expand our domain size in order to allow
for the propagation and evolution of the packet.

Forced 20-meter wave

Our first goal is to determine to what extent our
simulations can capture the transition from the buoy-
ancy range to the inertial range in the energy spec-

tra. Constructing a theory of this transition is compli-
cated because of the anisotropy of the buoyancy range.
To make progress, some theoretical formulations have
represented the entire spectrum as depending only on
wavenumber k. The model for the kinetic energy spec-
trum in the buoyancy range is then

E(k) = αN2k−3 (1)

where α is an empirical constant and N is the Brunt-
Väisälä frequency, which measures the strength of the
stratification. The Brunt-Väisälä frequency is defined
by

N2 = − g

ρ0

∂ρ̄

∂z
(2)

where g is the acceleration of gravity, ρ̄ is the back-
ground density profile, assumed stable (i.e. ∂ρ̄/∂z < 0),
and ρ0 is the volume average of ρ̄. From the observed
spectra of vertical shear, the constant α is determined
to be about 0.47, but it will be more convenient for us
to consider the two components of the horizontal veloc-
ity (u, v) separately, and, assuming horizontal isotropy
in the observations, this would suggest α ≈ 0.2 for the
spectrum of either component (cf. Gibson 1986, Gargett
et al. 1981). The inertial range kinetic energy spectrum
is given by

E(k) = CKε
2/3k−5/3 (3)

where ε is the turbulent dissipation rate of total kinetic
energy and CK is the empirical Kolmogorov constant.
A reasonable value to assume for CK is 1.5 (cf. Lesieur,
1997). For the energy of one component of the velocity
field, there would simply be a prefactor of 1/3 multi-
plying this isotropic spectrum. The Ozmidov (or buoy-
ancy) wavenumber is then estimated by simply match-
ing these two spectra at wavenumber kb. The result is,
up to an order one multiplicative constant,

kb ≡
√
N3/ε, (4)

(cf. Holloway, 1981; Gibson 1986).

The model for the potential energy spectrum in the
buoyancy range is similar to that for the kinetic en-
ergy spectrum. The empirical constant α for the tem-
perature spectrum is found to have value of about 0.2
(cf. Gibson 1986, Gregg 1977). The spectral model for
the inertial range of density fluctuations is the Corrsin-
Obukhov spectrum, which involves the decay rate of
density fluctuations as well as ε. For our purposes, we
prefer to write the spectrum directly in terms of the
turbulent decay rate of potential energy, which we shall
write as εpe. Then the Corrsin-Obukhov spectrum for
the potential energy takes the following form:

PE(k) = Coεpeε
−1/3k−5/3, (5)
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where Co is the Corrsin constant.

For all of the simulations presented here, we have
used the Boussinesq approximation. The evolution
equations may be written as

∂u

∂t
+ u · ∇u+

1

ρ0
∇p′ − ρ′

ρ0
g = ν(∇2)∇2u, (6)

∇ · u = 0. (7)

∂ρ′

∂t
+ u · ∇ρ′ + w

∂ρ̄

∂z
= κ(∇2)∇2ρ′, (8)

where ν(·) and κ(·) are considered functions of the
Laplacian operator and are used to represent eddy pa-
rameterizations in general (cf. Herring and Metais
1992) and g = −gẑ. We have neglected the effect of ro-
tation, which should not play a major role at the small
scales with which we are concerned. The total density
is given by

ρ = ρ̄(z) + ρ′(x, y, z, t), (9)

where ρ′(x, y, z, t) is the deviation from the horizona-
tally averaged density ρ̄(z). ρ0 is the average of ρ̄(z)
over z. The pressure p′ is the deviation from the back-
ground mean pressure. p′ can be determined in terms of
u by taking the divergence of (6) under the assumption
that the velocity field is divergenceless.

We simulate these dynamical equations with a spec-
tral code with triply periodic boundary conditions. As a
sub-grid scale parameterization, we have used the large-
eddy simulation model of Lesieur and Rogallo (1989).
This eddy viscosity νt(k) is approximately constant
throughout the buoyancy range and the large-scale end
of the inertial range, but increases rapidly with k in the
vicinity of the spectral cutoff kc. Due to the spectral
shape of the eddy viscosity, this model is sometimes
called the cusp model. It seems reasonable in modeling
the buoyancy range to use such a model since it does
not completely neglect the effects of unresolved eddies
on the buoyancy range, but, at the same time, it puts
the strongest eddy viscosity in the inertial range near
the cutoff.

We should emphasize the point that the size of the
eddy viscosity depends on the amount of energy at the
cutoff scale. If the resolution of the simulation of a given
physical flow is increased, that is if kc is increased, then
the eddy viscosity will be correspondingly smaller. The
total viscosity used in the simulations is the sum of
the eddy viscosity and the constant molecular viscosity
νmol. Thus the ν(∇2) in equation (6) in the spectral
simulation is taken as the total viscosity:

ν(k) = νmol + νt(k) (10)

The choice of turbulent diffusion depends on the
choice of values for various parameters that enter into

the closure model for stratified turbulence. For simplic-
ity, we have just taken the turbulent Prandtl number
Prt(k) to be a fixed constant independent of k in our
simulations. We determined this constant by examin-
ing the evolution of the potential energy spectrum for
decaying stratified turbulence that is initially highly ex-
cited at all scales. More specifically, we started with an
initial spectrum in which the GM spectrum was contin-
ued to scales below 10 m as in the decay simulations
of Siegel and Domaradzki (1994). With Prt = 0.55
our simulations of decaying turbulence produced spec-
tra with the high wavenumbers obeying the k−5/3 law
for both velocity and density fluctuations.

Next we turn to the question of the forcing. The
large-scale flows that actually drive the buoyancy range
are predominantly the waves of the Garrett-Munk range.
The full range where internal wave dynamics dominates
includes scales of kilometers in the horizontal and hun-
dreds of meters in the vertical. Because of lack of reso-
lution, we cannot provide a full representation of the
effects of all large-scale internal wave forcing on the
buoyancy range. In our model, of necessity, we perform
a drastic reduction in modeling the forcing; we replace
the driving of all of the GM waves by a linear stand-
ing wave at one wavelength. Bouruet-Aubertot et al.
(1995, 1996), in two-dimensional simulations of a strat-
ified turbulence, excited a standing wave of the type
we use, but they allowed this wave to decay, whereas
we maintain its amplitude at the same level throughout
the simulation.

To give the form of the forcing used, let us first in-
troduce nondimensional units. We will take all lengths
to be scaled by 2π/L, where L is the length of one side
of our computational domain. Time will be scaled by
1/N . Then the frequency of linear internal waves is
given by

σ = ±kh
k
, (11)

where kh =
√
k2x + k2y is the horizontal wavenumber.

One particular linear standing wave is

u = (u, v, w) = A
g∗√
2
(0, sin y sin z, cos y cos z) sin

t√
2
,

(12)
ρ′

ρ0
= A cos y cos z cos

t√
2
, (13)

where A is an arbitrary amplitude and g∗ is the nondi-
mensional gravity. Note that the dimensional period of
this wave, which is the forcing period, is given by

TF =
√
2
2π

N
. (14)

To give some idea of the structure of this standing
wave, we show in Figure 1 a contour plot of the density
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Figure 1. Contour plot of the density field in a vertical
y-z cross section through the center of the domain. The
width and height of the cross section are each 20 m,
which corresponds to 2π in nondimensional units. The
instant shown corresponds to maximum displacement
of the isopycnals for the forced standing wave.

field in a vertical y−z cross section. Note that the den-
sity field in this standing wave has no variation along
the x direction. In this figure, we see an instantaneous
representation of the iso-density surfaces. When t/

√
2 is

an odd multiple of π/2, these isopycnals will all be flat.
The degree to which they deviate from that at other
times depends on the value of A as well as t. The instant
of time represented here is such that t/

√
2 is an integer

multiple of π and, hence, one of maximum distortion of
the density contours. Note that the density field in (13)
has two nodal planes, represented by two thick contour
lines in the figure, at z = ±π/2 (nondimensional). Dur-
ing the forcing cycle, these planes remain flat and fixed
in position. The fluid above and below these planes ver-
tically approaches and retreats from them depending on
the phase in time and the y position considered. Thus
the points on the nodal planes at y = 0 and y = ±π
are the centers of regions of oscillating high strain rate.
On the other hand the points where the isopycnals are
steepest, that is where y = ±π/2,±3π/2 and z = 0,±π
the magnitude of the shear ∂v/∂z is highest. Thus one
advantage of the standing wave forcing is that the points
of highest shear and highest strain rate remain fixed in
space making it easier to differentiate the kinds of over-
turning events associated with these extremes. This will
be convenient for making comparisons with Alford and

Pinkel’s (2000) analysis. In particular, they noted that
there were regions of high shear where classical shear
instabilities often, but not always, resulted in overturn-
ing. Even more more interestingly, there were regions of
high Ri in which overturns were also observed. In more
than half of these cases Ri was even greater than 2 sug-
gesting that the typical shear instability (Ri < 1/4) is
unlikely. Many of these overturns were in regions of high
vertical strain rate. With our standing wave forcing, the
regions of high shear and high strain rate are separate
and each occur in the same location during each forcing
oscillation. This helps simplify the analysis.

In two-dimensional numerical studies of Bouruet-
Aubertot et al. (1996), the standing wave becomes un-
stable and generates turbulence. This would also hap-
pen in our three-dimensional simulation, but the tur-
bulence would be highly constrained since there is yet
no source of x-variation in our flow. To break the two-
dimensional symmetry of the flow, while maintaining
the basic structure of the large scale, we add a weak
component of forcing with x-variation. We have tried
this in various ways: adding a random initial pertur-
bation at all scales, randomly forcing the modes with
k = 1 at each time step, adding another large-scale
standing wave, adding a propagating wave, and so on.
The results are similar to each other if the perturbations
are sufficiently weak. For the simulations discussed be-
low, we have added to the primary forcing wave only a
small amplitude standing wave of the same spatial scale.
Specifically, we added the following perturbation:

u = A′
g∗√
2
(cos(x+ z), 0,− cos(x+ z)) sin

t√
2
, (15)

ρ′

ρ0
= A′ cos(x+ z) cos

t√
2
. (16)

Thus in the simulations discussed below the forcing oc-
curs only at k =

√
2. The coefficient A′ was taken to

be A/20, and, hence, the energy in the perturbation is
only 1/400 that of the primary forcing wave.

We performed a series of experiments in which the
size of the computational domain and the amplitude of
the forcing were varied. The initial studies were at res-
olution 643 and showed that for sufficiently large am-
plitudes A for which the forcing wave itself was over-
turning, a k−5/3 spectrum extending over most of the
spectral range could be established. For weaker forc-
ing, a steeper spectrum approximating k−3 was found
(Carnevale and Briscolini, 1999). For intermediate am-
plitude forcings, we were able to observe, at least inter-
mittently, cases which do appear to exhibit the transi-
tion from the buoyancy range to the smaller scale in-
ertial range. Weak and strong forcings are measured
relative to shear amplitudes typical in the thermocline.
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The best results were obtained with a forcing ampli-
tude that could actually be considered representative
of wave amplitudes in the thermocline. Specifically, the
forcing amplitude that we refer to as intermediate, is for
a value of A in equations (12) and (13) such that the
maximum shear during a cycle of the forcing is equiva-
lent to the rms shear of the GM spectrum at the scale of
our computational domain. The rms shear is calculated
by integrating the shear of the GM spectrum from the
kilometer scale down to the scale of interest (cf., Gregg,
1989). Our best results tended to be for cases in which
the vertical wavelength of the forcing was 20 m. For
N = 3 cph, the net rms shear from the GM spectrum
for this scale is SGM (20 m)≈ 3 × 10−3s−1 (cf., Gregg,
1989). Taking this value to determine the amplitude
of our forcing, we obtain a standing wave in which the
largest deviation of the density isosurfaces are as illus-
trated in Figure 1. Thus we have a standing wave that
does not itself overturn during the forcing cycle, and,
in addition, the Richardson number of the forcing wave,
defined by

Ri ≡ −
g
ρ0

∂ρ
∂z(

∂u
∂z

)2
+
(
∂v
∂z

)2 , (17)

does not drop below 3.125. Therefore, the forcing wave
itself is convectively stable and not subject to shear in-
stability. This kind of forcing is consistent with the pic-
ture that the GM waves themselves are not convectively
or shear unstable, but through wave-wave interactions
will produce smaller scale waves that are unstable by
these criteria. Choosing a stronger forcing wave that
is itself convectively or shear unstable would miss the
important cascade process that produces the unstable
waves of the buoyancy range, but would rather produce
turbulence directly resulting in an inertial range (cf.
Carnevale and Briscolini, 1999).

For all of the simulations discussed below, we used
a resolution 1283 and a computational cube of 20 m on
a side. Our isotropic spectral cutoff is at wavenumber
60, and the smallest resolved wavelength is about 33
cm (with grid spacing 20 m/128 ≈ 16 cm). The forc-
ing amplitude was fixed so that the max shear in the
forced wave is SGM (20 m), and the Väisälä frequency
was taken to be 3 cycles per hour, which is a typical
oceanic value.

A long simulation was performed with realistic values
for the molecular viscosity and diffusivity. The kine-
matic viscosity was set to νmol = 0.01 cm2/s and the
molecular Prandtl number at Prmol = 7 (cf. Gargett,
1985). We can calculate a Reynolds number for the
oceanic flow for vertical motions on the 20 m scale by
using the rms shear. Thus we can write

Re = SGM (L)L2/νmol. (18)

For L = 20 m, this Reynolds number would be ap-
proximately 105. By including the molecular viscosity,
the simulation is an attempt to represent flow with this
Reynolds number. We will see that there is not much
difference with results obtained by neglecting the molec-
ular components of viscosity and diffusivity. That is to
say that over the range of scales simulated (20 m to 33
cm) the difference between infinite Reynolds number
flow and that for Re = 105 is small.

We can think of our standing wave forcing as the
linear susperposition of a set of propogating internal
waves. To be precise, the combination of the two stand-
ing waves given in (12) and (15) consists of 12 propagat-
ing plane waves. These wave interact nonlinearly pro-
ducins smaller-scales that eventually fill out the entire
spectrum. The early evolution is essentially just that of
the nearly two-dimensional standing wave. During this
time there are only sinusoidal waves on the most dis-
turbed isosurface, but these waves then fold over form-
ing elongated overturns. These regions are convectively
unstable and break. At this point the three dimension-
ality of the flow becomes evident.

After about five cycles of the forcing, the large-scale
wave breaks repeatedly, however, not necessarily during
each forcing period. The wave breaking on the most
disturbed isopycnal occurs roughly symmetrically with
large-scale overturning occurring nearly at the same val-
ues of y and z each time and along lines of constant x,
respecting in the large scales the symmetry of the main
part of the forcing. However, no two breaking events
with the subsequent evolution during the forcing cy-
cle are the same. In Figure 2, for one such cycle, we
show eight instantaneous images of this isosurface us-
ing a perspective three-dimensional plot. The frames
are ordered temporally from left to right and top to
bottom. The first frame in the upper left hand cor-
ner corresponds to t = 11.39TF , and the interval be-
tween frames is ∆t = TF /7. Thus the first and last
frames correspond to the same phase of the forcing.
The first frame captures the moment when breaking
is just beginning. Let us say that the first four frames
represent the breaking event, and the last four the af-
termath. We see that during the breaking event, heavy
fluid spills over lighter fluid, crashing down with the cre-
ation of small-scale structures all along the lines of the
two breaking regions. Similar behavior is in laboratory
experiments with standing-wave forcing (Taylor 1992,
McEwan 1983a). Afterwards, the region of the small-
scale turbulent structures spreads, eventually ’contam-
inating’ the entire isosurface. If we compare the final
frame with the first frame, we see that the final surface
is much rougher, filled with small-scale structures ev-
erywhere, and that there is no larger scale folding-over
of the surface as there was in the first frame. In the
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 2. The evolution of the ρ = ρ0 isopycnal during one cycle of the forcing. The frames are ordered by time
from left to right and top to bottom. The first corresponds to t = 11.39TF , and the interval between frames is
∆t = TF /7.
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later evolution, the wave will break again, but only af-
ter a refractory period, in this case of about two forcing
cycles.

Next we will consider the energy spectra for the flow
at the same times as those illustrated in Figure 2. Since
the energy is highly anisotropic at scales larger than
those in the inertial range, plotting the total energy as
a function of the isotropic wavenumber tends to obscure
the transition between small and large scales. To most
clearly display the transition, we have found it useful to
consider the spectrum Ev(k) of v, the y component of
velocity, which is the horizontal component that is di-
rectly affected by the forcing. Along with the spectra,
we have also drawn lines corresponding to the inertial
range spectrum (1/3)CKε

2/3k−5/3 and buoyancy range
spectrum 0.2N2k−3. For each frame, ε is taken as the
total kinetic energy dissipation rate at that time. We
have included a factor of (1/3) which is appropriate
for a single component in the isotropic inertial range.
For the Kolmogorov constant, a value of 1.5 was used
in each case. We should emphasize that no attempt
is made here to fit the data, but the coefficient is just
taken as this standard value a priori. For the buoyancy
range spectrum, we have used the coefficient α = 0.2
in all cases. In each frame shown in Figure 3, we see a
fairly good match at wavenumbers greater than about
20 (that is for scales below about 1 m) to the Kol-
mogorov inertial range spectrum. The main deviation
is at wavenumbers near k = 60, the cutoff wavenumber,
and this is to be expected from previous experience with
the cusp model (cf. Lesieur and Rogallo, 1989). The
spectrum below wavenumber 20 is naturally far more
irregular than that above due to the much smaller num-
ber of modes in the lower spectral bands. If we neglect
the first few wavenumbers, then there is some evidence
here for a steeper spectral range for wavenumbers below
about k = 20, that is for scales larger than about 1 m,
at least in the frames that correspond to times during
the breaking of the wave (first four panels). In the af-
termath of breaking, the spectra tend to be somewhat
flatter (the last four panels). The best representative
of the transition between buoyancy and inertial range
is found in panel (c), which corresponds to a time when
the enstrophy is near a local maximum. Here the buoy-
ancy range spectrum makes a reasonably good fit in
the range of scales from about 4 m down to about 1 m.
From the forcing scale (20 m vertical) to about the 5 m
scale, there is a dip in the energy that has also been seen
in the spectra from similar two-dimensional simulations
of the decay of a standing wave (Bouruet-Aubertot et al.
1996).

In this experiment it appears that the expected spec-
tral signature of a transition between a buoyancy range
at large scale and the inertial range at small scale oc-

curs only for periods during which there is active break-
ing. Indeed, it appears that wave-wave interactions re-
peatedly build up energy in the buoyancy range until
a k−3 spectrum is achieved. At that point significant
breaking occurs and energy drains from the buoyancy
range. Let us focus on the breaking event. In Fig-
ure 4a is the image of the ρ = ρ0 isosurface at the
time identified as the best for illustrating the spectral
transition from the buoyancy to the inertial range. It
shows the curling over and spilling down or plunging of
the heavier fluid over lighter, while Figure 4b suggests
mixing by the appearance of many small-scale struc-
tures along the two parallel lines of the breaking wave.
The corresponding spectra for all three components of
kinetic and for the potential energy are shown in Fig-
ure 5. First we notice that although the spectra are
highly anisotropic from the forcing scale (20 m) down
to about the 1 m scale, there is an approximate ‘re-
turn’ to isotropy for the smaller scales. This is particu-
larly evident in the kinetic energy spectra for t =11.82
TF (panel c). In panels (a) and (c), we have made an
attempt to draw the best fit inertial range spectra to
determine the appropriate Kolmogorov constants (CK)
that fit these data. We did this for the Ev(k) spectra,
obtaining the best fit ‘by eye’ from enlarged portions
of the small scale spectra. The result that was used to
draw the inertial range model spectra in panels (a) and
(c) is (CK) = 1.4. In panels (b) and (d), the poten-
tial energy spectra are drawn. In these panels the small
scales were fit to the Corrsin-Obukhov spectrum to de-
termine the appropriate Corrsin constant. In panels (b)
and (d) the Corrsin constants used to draw the model
Corrsin-Obukhov spectrum were Co = 0.83 and 0.8 re-
spectively. In all panels the model buoyancy range
spectrum drawn is 0.2N2k−3. Thus the Kolmogorov
constant found here is somewhat smaller than the em-
pirical values of 1.5 and the Corrsin constant is some-
what larger than the empirical value of 0.67. Never-
theless, the values are remarkably close to the empiri-
cal values, given that the spectral width of the inertial
range here only covers wavelengths from about 1 me-
ter to about 33 cm. Also the near collapse of the three
kinetic energy spectra for small scales is encouraging.
Thus it seems that the subgrid scale model is work-
ing well at small scales and that the dynamics of the
transition from anisotropic buoyancy to the isotropic
inertial range is acting as imagined in theoretical mod-
els. Finally, we should note that the value of ε from the
simulations is about one third of the value observed by
Alford and Pinkel (2000) associated with values of N =
3 cph. This appears quite reasonable given the level
of modeling we have had to employ for the forcing and
subgrid scale vortices.

Besides the kinetic and potential energy spectra, we
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Figure 3. Kinetic energy spectra for the v component of the velocity during one cycle of the forcing. The dashed
lines correspond to the Kolmogorov spectrum (1/3)CKε

2/3k−5/3 with CK = 1.5 and the saturation spectrum
0.2N2k−3. The time interval between frames is ∆TF /7 and the first frame corresponds to time t = 11.39TF . These
are log-log plots of E(k) in units of N2(L/2π)3 vs. k in units of 2π/L. All plots have the scales as indicated in
panel (g).
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(a)

(b)

Figure 4. A breaking event visualized on the ρ = ρ0 isopycnal. These are enlargements of the images shown in
the composite Figure 2 in panels 3 and 4, corresponding to times (a) 11.68 and (b) 11.82 TF (one seventh of a
forcing period apart).
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Figure 5. (a) Kinetic energy spectra for all three components of the velocity at time t = 11.68TF . The thick long
dashed, solid and short dashed lines correspond to the energy spectra for the u,v, and w components respectively.
The thin solid lines correspond to the Kolmogorov spectrum (1/3)CKε

2/3k−5/3 with CK = 1.4 and the saturation
spectrum 0.2N2k−3. (b) Potential energy spectrum at time t = 11.68TF . The thick solid line corresponds to the
potential energy spectrum. The thin solid lines correspond to the Corrsin-Obukhov spectrum Coεpeε

−1/3k−5/3 with
Co = 0.83 and the saturation spectrum 0.2N2k−3. (c) As in (a) but for t=11.82 TF and CK = 1.4. (d) As in (b)
but for t=11.82 TF and Co = 0.80.
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can also find predictions for the buoyancy flux spectrum
in both the theory of Lumley-Shur (cf. Lumley 1964,
1967, Phillips 1967, Weinstock 1985) and the theory
of Holloway (1983, 1986). The modal spectrum of the
buoyancy flux can be written as

−gR < w∗

k
ρ′
k
> /ρ0. (19)

If this quantity is positive, then for wavevector k there
is conversion of potential energy to kinetic energy, and
vice versa if it is negative.

The prediction of the Lumley-Shur theory for the
buoyancy flux spectrum in the buoyancy and inertial
ranges is

BF (k) = −2D ε0
kb

(
1 +D(kb/k)

4/3
)1/2

(kb/k)
7/3 (20)

where kb is as defined in (4) andD is a constant. Lumley
(1964) assumed the buoyancy flux to be negative and,
hence, D to be positive. In displaying his final result,
Lumley incorporated D into his definition for kb, but
we will leave it explicit. Lumley’s prediction of negative
buoyancy flux through the buoyancy and inertial ranges
is just the opposite of what we have found numerically
for our wave-forced problem. All of the ingredients for
an alternative prediction of the buoyancy flux are given
in Holloway (1983), and based on this we have derived
the same prediction as given in (20, but with the sign
of D clearly arbitrary (for details see Carnevale et al.,
2001).

In Figure 6a, we plot the buoyancy flux spectrum
from our simulation as a function of k. This is a time
averaged spectrum, where we have averaged over a pe-
riod of 6TF , with time increment of 0.1TF . The time
averaging is necessary to remove temporal fluctuations
in the large-scales. Note that the buoyancy flux spec-
trum is negative for large scales (1 < k < 3), and pos-
itive for smaller scales. This implies a transformation
of kinetic to potential energy at large scales (closest to
the forcing scale k =

√
2) and a transfer of potential

to kinetic energy at all smaller scales. Since our ob-
served buoyancy flux spectrum is positive through both
the buoyancy and inertial ranges, it can be compared to
the theoretical prediction given by (20) only by choos-
ing a negative value for D. To define the constant D,
we note that the wavenumber where the buoyancy flux
vanishes is determined by D. Here we shall choose D
so that the zero value occurs at k = 3.5 (corresponding
in our simulation to a wavelength of 5.7 m) since our
buoyancy flux was found to vanish between k = 3 and
k = 4. The theory will apply only above this wavenum-
ber, and we can think of this as the lower limit on the
buoyancy range, or the upper wavenumber of the Gar-
rett Munk spectrum in the schematic shown in our in-
troduction. To compute kb, given by (4), we use the
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Figure 6. (a) Graph of the buoyancy flux spectrum
averaged over 6 periods of the forcing, with 10 samples
per period. (b) as in (a) but only the positive portion of
the spectrum plotted in log-log format to compare with
the theoretical spectrum of equation (20) with negative
coefficient D. The result from the simulation is repre-
sented by the thick line, while the theoretical spectrum,
based on ε0 = ε̄ where the overbar represents time av-
eraging, is drawn as a thin line. All graphs in (a) and
(b) are normalized by ε̄/κb.



 



 



 



 



 



 



 



 



 



 




