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Abstract.
Numerical studies of internal wave reflection from sloping boundaries are
presented. Previous work (Slinn and Riley, 1996, 1998a, 1998b, 1999) has
restricted attention to internal waves that approach the bottom slope in a
plane normal to the boundary (normal incidence). This work extends the
scope of the three-dimensional time-dependent numerical experiments to
examine internal waves that approach the slope at an oblique angle φ out of
the plane normal to the boundary. These preliminary studies with obliquely
incident waves at the critical frequency have shown that strong alongslope
mean currents are generated near the boundary by the flux of incident wave
momentum when wave breakdown occurs in a turbulent layer above the
slope. After a short time the mean boundary currents interact with the
oncoming wave field in a complex fashion. The waves break down near the
upper interface of the current and no longer penetrate to the slope. Turbulent
mixing near the boundary is nearly extinguished, and a new turbulent layer
is produced at the upper interface of the shear layer. At this point the flux of
wave momentum into the water column occurs farther from the wall, and the
net result is a steady thickening of the alongslope boundary current. For the
moderate wave parameters used in an illustrative example, within ten wave
periods after the onset of wave breaking the mean current is approximately
two vertical wavelengths thick and has a velocity close to the phase speed of
the oncoming waves in the alongslope direction.

Introduction

Past numerical studies of internal wave reflection
from slopes have examined mixing in turbulent bound-
ary layers that are created when internal wave energy
is focused near boundaries (e.g., Slinn and Riley, 1996,
1998a, 1998b). Gaining improved understanding of di-
apycnal (vertical) mixing in the ocean is the underlying
motivation for these experiments. In nature, vertical
mixing is inhibited by the ocean’s stable stratification.
Munk (1966) shows that a basin-averaged vertical eddy
diffusivity of roughly κ = 10−4 m2 s−1 must exist to
balance the effects of upwelling and downward diffusion.
Field studies, however, have failed to observe such large
vertical diffusivities in the ocean interior, falling short
by approximately an order of magnitude. The conclu-
sion from the field experiments is that 80-90% of the
vertical mixing is not taking place in the ocean interior.
Instead, the mixing is expected to occur near bound-

aries in turbulent benthic boundary layers.
Recent field experiments (Eriksen 1985, 1998) have

suggested that the oceanic internal wave field can pro-
vide sufficient energy to activate strong mixing near
sloping boundaries, which can in turn account for a
significant portion of the overall oceanic vertical mix-
ing. One mechanism by which this may occur is the
breaking of internal gravity waves, as they reflect off
the continental shelf or off other sloping boundaries
near islands or seamounts. When an internal wave of
frequency ω propagating in a uniformly stratified envi-
ronment reflects from a larger-scale, sloping boundary,
its angle of propagation with respect to the horizon-
tal, θ, is preserved (Phillips, 1977). The angle between
the group velocity vector and the horizontal depends
upon the wave frequency, ω, and the background den-
sity stratification according to the dispersion relation
ω = N sin θ, where N is the buoyancy frequency de-
fined by N2 = (−g/ρo)(∂ρ/∂z). This reflection from
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a sloping boundary can lead to an increase in the en-
ergy density of the wave, as the energy in the oncoming
wave is concentrated into a more narrow ray tube upon
reflection.

The situation probably most effective for boundary
mixing arises when an oncoming wave reflects from a
bottom slope α that nearly matches the angle of wave
propagation θ. In this case linear theory suggests that a
small amplitude oncoming wave may be reflected with
large amplitude, thus exhibiting nonlinear behavior and
possibly wave breaking and turbulence. The flux of re-
flected energy from the slope is adjusted in two ways
during reflection. The wave energy is transferred to
shorter wavelength (higher wave number) and the group
velocity decreases. At the critical condition, θ = α,
linear wave theory predicts a reflected wave of infinite
amplitude, infinitesimal wavelength, and zero group ve-
locity, leading to the trapping of oncoming wave energy
in the boundary region. In such a case, nonlinearities
and turbulence must come into play.

Previous numerical and laboratory experiments have
primarily examined internal waves that approach the
slope in the plane normal to the boundary. Field obser-
vations, of course, contain incident waves that approach
the slope from a full spectrum of incident angles. The
purpose here is to begin to bridge this gap by conduct-
ing numerical experiments of internal wave reflection for
waves that approach the boundary at varying angles of
oblique incidence.

Results

Numerical simulations of the three-dimensional Navier-
Stokes equations are utilized to complement other meth-
ods of investigation; the advantage compared to field
measurements is the ability to isolate a single physical
process and examine its behavior in different parameter
ranges. The numerical model is described in detail in
Slinn and Riley (1998b).

This model simulates forced, dissipative, incompress-
ible, stratified flow within the Boussinesq approxima-
tion (Phillips, 1977) and incorporates advanced numer-
ical techniques. For a sloping ocean floor, the coordi-
nate system used in the numerical simulation is rotated
to align with the slope. The x′-direction is upslope, the
y-direction is along or across the slope, the z′-direction
is normal to the slope, and z is in the true vertical di-
rection opposite gravity. The model is periodic in the
x′- and y-directions and bounded by a plane wall at the
bottom boundary. Note that the background density
and pressure fields are not periodic at the lateral bound-
aries in x′. If the remaining perturbation density and
pressure fields are initially periodic in the x′-direction,
however, they will remain so, because the background

fields are subtracted from the governing equations. The
important nondimensional parameters are the Richard-
son, Reynolds, and Prandtl numbers.

During simulations, incoming waves are forced con-
tinuously from inside the computational domain, utiliz-
ing spatially localized forcing terms. The two-dimensional
forcing method of Slinn and Riley (1998b) has been gen-
eralized by Lombard and Riley (1998, private communi-
cation) to include the three-dimensional case of oblique
wave incidence.

Fu =
A

k2 cosα−mk sinα+ l2 cosα
×[F (z)(l2 sinα− km cosα+m2 sinα) cosΦ
−F ′(z)(k cosα−m sinα) sin Φ],

Fv = − A

k2 cosα−mk sinα+ l2 cosα
×[F (z)(ml cosα+ kl sinα) cosΦ
+F ′(z)l cosα sinΦ] ,

Fw = AF (z) cosΦ,

Fρ = − A[(k cosα−m sinα)2 + l2]
ω(k2 cosα−mk sinα+ l2 cosα)

×[F (z) sinΦ + F ′(z) sinα(k cosα−m sinα) cosΦ],

where Φ = kx+ly+mz−ωt and the forcing localization
terms, F (z) and F ′(z), and wave numbers in the rotated
coordinate system, κ = (k, l,m), are as defined in Slinn
and Riley (1998b). For l = 0 these expressions simplify
to those used previously for normally incident waves.

Both the velocity and density fields are locally forced
(Fu, Fv, Fw, and Fρ are added to the rhs. of the momen-
tum and density equations) in a region several wave-
lengths above the boundary in a manner that generates
one or more monochromatic wave trains with specified
frequency and wavenumber vectors incident upon the
sloping terrain. No-slip boundary conditions on veloc-
ity are employed at the bottom boundary, while a zero
flux boundary condition is used for the density field.

For moderate Reynolds number experiments, e.g.,
for Re < 2000, all of the scales of motion are well re-
solved and the numerical experiments represent a di-
rect numerical simulation (DNS). Typical grid resolu-
tions used in the experiments are 256 x 128 x 200 grid
points. For the higher Reynolds number experiments,
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Figure 1. Definition sketch of geometry: with bottom slope
α, the wave number vector κ lies on the cone with angle θ
from the horizontal, and φ is the direction of the incident
wave vector from normal to the slope.

e.g., for 2000 < Re < 10, 000, the model incorporates
additional numerical dissipation at the smallest resolved
length scales (e.g., a simple sub-grid-scale model).

Results from an oblique reflection experiment at the
critical frequency with Re = λUw/ν = 2000, Ri =
Nλ/Uw = 120, bottom slope α = 20o, and angle from
normal incidence φ = tan−1 (k/l) = 52.5o (Eriksen,
1982) are presented here. This experiment shows a
very different flow results for oblique waves compared
to normally incident waves. The major difference is the
generation of a strong mean alongslope current in the
y-direction. We use the terminology “alongslope” to
mean a v-velocity component along or across the slope,
as opposed to an upslope or downslope current that
would appear in the u′-velocity component in the x′ di-
rection. Aspects of the generation of a mean current by
obliquely incident internal waves have been predicted
by Hogg (1971), Wunsch (1973), and Thorpe (1997).

In the present studies the forcing is turned on at
t = −6.5, where time is nondimensionalized by the
wave period. Between −6.5 < t < 0 the wave train
approaches the wall, and we intentionally maintain a
zero mean v-velocity in the model by subtracting the
mean flow at each time level. This is done because
during the period of initial transients, as the leading
edge of the wave train approaches the wall, the ampli-
tude of the wave train is not constant in space. Hence,

the gradient of the Reynolds stress (ρuv)z is nonzero
and will generate a weak mean v-velocity. While this
transient mean velocity is small compared to the later
development of the mean flow from wave breakdown, it
is cleaner to “start” the experiment when the uniform
wave train has reached the boundary. At this point,
t = 0, the artificial constraint on the mean is removed
below the forcing region, and a flux of momentum from
breaking waves produces an alongslope current.

An analogous process occurs for surface wave break-
ing at the shore when waves approach the beach at
an oblique angle. An alongshore current (e.g., Slinn
et al., 1998, 1999) can develop in the surf zone from
the flux of surface wave momentum. This process has
been explained using the concept of the radiation stress
(Bowen, 1969). Simply stated, if a reflected wave train
does not carry as much momentum away from a bound-
ary as is carried toward the boundary by an incident
wave train, then there will be a compensating flux of
momentum to a mean flow.

The picture that emerges from the preliminary oblique
internal wave reflection experiments is that at early
time (0 < t < 3) wave breakdown occurs in a fashion
similar to the case of normal incidence in a turbulent
layer with δ < λz/2. During this period an alongslope
current is generated in this region with maximum local
velocities approximately equal to the component of the
phase speed of the oncoming wave in the y-direction,
Cphy, and a horizontally averaged v-velocity of approx-
imately 0.6Cphy. After approximately three wave pe-
riods the location of wave breakdown separates from
the bottom boundary and occurs instead at the upper
surface of the mean current, where the oncoming wave
experiences a shear flow. During this period the flux of
wave momentum to the mean flow occurs farther from
the slope, and the mean boundary layer grows thicker.
By t = 10 (wave periods) the boundary layer thick-
ness is δ ≈ 2λz, and the mean velocity for z′ < 2λz is
v(z′) ≈ 0.6Cphy. As the mean flow strengthens only a
small portion of the oncoming wave energy appears to
penetrate through the shear layer and reach the bound-
ary.

The process is illustrated in Figure 2. Panels in the
left column show fields at t = 1, and panels in the right
column are for t = 10. The top row shows isopycnals
in a two-dimensional cross-section (an x-z plane). At
t = 1 wave breakdown at the boundary is visible from
the density surfaces for z′ < 0.5λz. The direction of
propagation of the group velocity of the oncoming waves
is downward, to the right, and into the page in this
experiment. The full domain extends to a height of
z′ = 6λz, and the wave forcing region is located between
3λz < z′ < 5λz . By t = 10 the isopycnals near the
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Figure 2. Isopycnals (top), v-velocity contours (middle), and kinetic energy dissipation rates ε/νN2 (bottom), In
an x− z plane one and ten wave periods after the beginning of wave breakdown in the bottom boundary layer for
obliquely incident internal waves at the critical frequency with a bottom slope of 20o and RE = 2000.
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boundary are relatively flat while the region near z′ =
2λz exhibits overturned isopycnals.

The middle row of panels in Figure 2 show cross sec-
tions of the v-velocity component normalized by Cphy.
At t = 1 the dominant signal is that of the uniform on-
coming waves with disturbances of comparatively large
positive values of v developing near the wall where wave
breaking is active. The bottom two panels show the nor-
malized kinetic energy dissipation rate ε/νN2 that indi-
cates regions of strongest wave energy dissipation. The
lower right panel shows that the region of wave breaking
is separated from the wall at t = 10. The middle right
panel, v at t = 10, shows that a thick layer of v-velocity
has developed. The strongest currents are localized at
the shear layer at the interface between the boundary
current and the oncoming wave field. There is an appar-
ent layering of the velocity structure within the mean
boundary layer that may be due to the superposition
of the mean flow with residual wave energy that pene-
trates through the region of wave breaking. This is not
clear because the layers do not retain the characteristic
slope of the oncoming wave field. It would be expected,
however, that the slope of the waves would change to
conserve the apparent frequency (ω + #k · #u) where the
mean velocity is nonzero (Phillips, 1977). This is an
area for further investigation.

Additional features of the oblique wave experiment
are shown in Figure 3. The top two panels of Figure 3
show ε/νN2 in an x′-y plane parallel to the boundary
located at a height of z′ = 0.12λz at t = 1 and 10. At
t = 1 the orientation of the wave fronts, perpendicu-
lar to φ, are evident in the dissipation rate contours.
Flow visualizations show that these wave fronts sweep
through the boundary layer in a uniform manner until
the mean velocity becomes relatively strong, at which
point a combination of wave propagation and drift in
the y-direction operate. By t = 10 dissipation near
the wall has essentially shut down, (shown in the up-
per right panel of Figure 3) and isolated flow features
appear to drift with v.

The lower left panel of Figure 3 shows the horizon-
tally (x′-y) averaged v velocity as a function of distance
from the boundary (z′/λz) at t = 2, 4, 6, 8, and 10. The
approximately steady thickening of the boundary layer
in time with nearly constant v-velocity of 0.6 Cphy is
the main feature. The lower right panel shows the vol-
ume averaged kinetic, potential, and total energies in
the experiment. In addition, the time integrated net
buoyancy flux is shown. The increasingly negative val-
ues of the time integrated buoyancy flux indicate a flux
of wave potential to kinetic energy. For normally in-
cident waves the kinetic and potential energies remain
approximately equipartitioned during wave breakdown.

The relative increase of average kinetic energy over po-
tential energy at longer time indicates the contribution
from the mean flow.

The potential energy dissipation rate normalized by
the total work input to force the oncoming internal
wave, η = χ/W , varies with the oblique angle φ. In ini-
tial experiments, for φ = 52.5o, η = 0.32; for φ = 31.0o,
η = 0.45; and for φ = 0.0o η = 0.34. Additional experi-
ments exploring the dependency of the dissipation rates
on the Reynolds and Richardson numbers in addition
to φ are planned.

Summary

In general, the flows that develop in experiments with
obliquely incident waves differ strongly from previous
work with normally incident waves. The mean flows are
an order of magnitude stronger than the weak circula-
tions that develop for normally incident waves. Density
intrusions extending from the turbulent boundary layer
that were a robust feature with normal waves are swept
alongslope by the mean current as other boundary mix-
ing processes dominate.

Several key questions are being investigated in on-
going work: How do the net mixing properties change
when a mean flow is present? How does the flow behav-
ior depend on the oblique angle φ for a fixed frequency
and bottom slope? Do different flows develop for dif-
ferent steepnesses of slopes? Why does the wave break
when approaching the top of the shear layer? Is this
flow behavior similar to a wave approaching a critical
layer? What continues to support the mean flow near
the wall when waves no longer penetrate to the bound-
ary? Will this eventually spin down? How thick will
the mean flow boundary layer become before it reaches
an equilibrium state for different wave conditions? Can
the resulting mean flow properties be predicted by lin-
ear models? What is the effect of the wave amplitude?
If multiple incident waves with different wave properties
approach a boundary how will the mean flow respond?
We are pursuing the answers to these and other ques-
tions utilizing the numerical experiments.
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z = 0.12λz, one and ten wave periods after the onset of wave breakdown in the boundary layer for obliquely
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