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Abstract.
Laboratory experiments and field observations suggest that the degeneration
of basin-scale internal standing waves into packets of solitary waves is an
important mechanism for the transfer of energy within the internal wavefield
in lakes. Since these shorter solitary waves break at the boundaries, this
process provides a flux path from the wind to the turbulent benthic boundary
layer. However, numerical models that make the hydrostatic approximation
cannot simulate the evolution or propagation of internal solitary waves
and therefore capture this important energy flux path. The feasibility of
parameterising the important effects of solitary waves in hydrostatic models
is discussed. Using a simple KdV model, some initial steps are suggested
towards the development of such a solitary wave closure scheme.

Introduction

The internal wave field in a lake is energized by wind
blowing over the surface, generating basin-scale waves
or seiches. Horn et al. (1999) have shown that, for
many lakes, an initial basin-scale seiche will steepen
due to nonlinear effects until the steepening is balanced
by dispersive effects, generating internal solitary waves.
Packets of such solitary waves are frequently observed
in lakes (Thorpe et al., 1972; Farmer, 1978; Hunkins
and Fliegel, 1973). The shoaling and breaking of these
solitary waves is an important energy sink for the inter-
nal wave field and plays a major role in driving mixing
in stratified lakes (Imberger, 1998). Importantly, the
turbulent mixing events caused by the shoaling of in-
ternal solitary waves are local in both time and space.
Unlike basin-scale waves, which gradually decay as they
dissipate energy in the benthic boundary layer over the
whole basin, internal solitary waves break on their first
encounter with the sloping boundaries of a lake, dissi-
pating most of their energy in a single breaking event
(Michallet and Ivey, 1999).

Since the water quality and ecology of a lake are de-
pendent on the vertical mixing of nutrients, oxygen and
other biological agents, it is important that our models
include this energy flux path: from the wind, to basin-
scale internal waves, to shorter solitary waves, to turbu-
lence in the benthic boundary layer (this is not to say
that there are not other energy flux paths that result in
mixing in the benthic boundary layer). Furthermore, it
may not be sufficient to only reproduce the basin-wide

rate of vertical mixing; it may be necessary to reproduce
the spatial and temporal variability of mixing events,
for it is these events that control many biogeochemical
processes. It is likely that in many cases current hydro-
dynamic models of lakes do not correctly reproduce the
cascade of energy from the basin-scale internal waves
to solitary waves and hence do not reproduce the spa-
cially and temporally local boundary mixing driven by
the shoaling of these waves. The reasons for this short-
coming are twofold: (a) many hydrodynamic models
of lakes make the hydrostatic assumption and there-
fore neglect the physics that allows the generation and
propagation of solitary waves, and (b) in many cases
the solitary waves would be sub-grid scale.

In this paper we address only the first of these short-
comings; we discuss the feasibility of parameterising
the important effects of solitary waves in hydrostatic
models. We make use of a simple inviscid two-layer
Korteweg-de Vries model to describe the nonhydrostatic
evolution of some simple initial conditions, comparing
the evolution with that observed in an equivalent hydro-
static model. Some initial steps are suggested towards
the development of a solitary wave closure scheme.

A KdV model of long internal waves

Hydrostatic models cannot reproduce the evolution
and propagation of internal solitary waves because they
neglect the vertical accelerations that generate these
waves. The simplest model to include both weak non-
linearity and dispersion is the Korteweg-de Vries (KdV)
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Figure 1. A comparison of the KdV model with laboratory
experiment (from Horn et al., 1999a).

equation (for a general review of the KdV equation see
Miles, 1981). The KdV equation describes the evolu-
tion of weakly nonlinear long waves while assuming that
nonlinear effects enter the equation at the same order
as dispersive effects; solitary waves evolve when non-
linear effects are balanced by dispersive effects. In an
inviscid two-layer system consisting of a fluid of depth
h1 and density ρ1 overlying a fluid of depth h2 and den-
sity ρ2, and making the Boussinesq approximation, the
KdV equation can be written as

ηt + coηx + αηηx + βηxxx = 0 (1)

where η(x, t) is the interface displacement, co =
(g′ h1h2

h1+h2
)1/2 is the linear long-wave speed, α = 3

2co(h1−
h2)/h1h2 and β = 1

6coh1h2. The solitary wave solution
to (1) is given by

η(x, t) = a sech2

(
x − ct

λ

)
(2)

where a is the solitary wave amplitude, λ = (12
a

β
α )

1/2

is the characteristic wavelength and c = co + aα
3 is the

solitary wave speed.
The KdV equation has been applied to observations

of internal waves in lakes (e.g., Hunkins and Fliegel,
1973) and has been shown to agree well with experi-
mental data (e.g., Koop and Butler, 1981; Horn et al.,
1999a). Figure 1 shows the very close agreement be-
tween the pseudo-spectral KdV model of Horn et al.
(1999a) and a laboratory experiment designed to in-
vestigate the nonlinear steepening of standing internal
waves. Given this close agreement between the KdV
model and the laboratory experiments, we use the KdV

model below to investigate the steepening of a number
of different initial conditions. A useful feature of the
KdV model is that by setting the dispersive term to
zero (β = 0) in (1), the model becomes an equivalent
hydrostatic model, allowing direct comparisons between
the evolution under the hydrostatic and KdV equations.

Steepening time scale

To highlight the major differences between the be-
haviour of hydrostatic models and our KdV approxi-
mation of the real world, we first consider the evolution
of a simple cosine initial condition. Figure 2 shows the
evolution of such an initial condition in a frame of ref-
erence moving at the linear long wave phase speed. It
can be seen that the initial condition evolves in a sim-
ilar way in each model until a time t = Ts, by which
time the initial cosine has steepened until the front face
is almost vertical. Ts is the steepening time scale de-
rived by Horn et al. (1999). The initial steepening of
a long wave is described by the nonlinear hydrostatic
wave equation (Long, 1972)

ηt + coηx + αηηx = 0 (3)

where α is the nonlinear coefficient from (1). Equation
(3) is just the KdV equation (1), neglecting the disper-
sive term. Balancing the unsteady and nonlinear terms,
while moving in a frame of reference with the long-wave,
the steepening time scale is defined as

Ts ∼ λ

αηo
(4)

where λ is some characteristic wavelength and ηo is the
initial amplitude. In the absence of dispersion, Ts is
the the time that it takes for a line of slope ηo/λ to
steepen and become vertical. In a series of laboratory
experiments, Horn et al. (1999) observed that solitary
waves emerged from an intial condition at time Ts.

In both systems the horizontal length scale of the
wave is initially long compared with the depth of the
fluid, so the hydrostatic approximation is valid and the
initial steepening is well described by (3). However, as
the wave steepens, its horizontal length scale decreases
until the vertical accelerations, and hence dispersive ef-
fects, become significant, eventually balancing the non-
linear steepening. The internal solitary waves subse-
quently evolve owing to this balance between nonlinear
steepening and dispersion. The behaviour of the models
diverge for t > Ts because the hydrostatic model con-
tinues to neglect the vertical accelerations when they
are clearly important.

In a hydrostatic model the wave would continue to
steepen until breaking unless diffusion dissipates the
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Figure 2. The evolution of a cosine initial condition under
a hydrostatic equation and the KdV equation. The contours
are of interface displacement. The initial and final interface
profiles are shown below and above the X–T contour plots.

shock. In the psuedo-spectral code used for these sim-
ulations, wave-breaking is prevented by a prescibed
hyper-viscosity that dissipates the high wavenumber
energy of the sharp front. In most finite-difference
schemes numerical diffusion plays a similar role. The
result is that in a hydrostatic model the wave contin-
ues to propagate as a steep fronted feature, dissipating
energy as it travels, so that its amplitude quickly de-
cays. In contrast, in the KdV model dispersive effects
are retained and lead to the evolution of solitary waves
at time t = Ts.

The propagation and the dissipation of internal wave
energy are very different in the two models. In the hy-
drostatic model, energy is dissipated in the interior of
the lake by diffusion across the sharp front. In the KdV
model, the initial internal wave energy is re-packaged
into coherent high energy-density solitons that propa-
gate without loss until they encounter a boundary. In
a real lake the propagation of solitons will be accompa-
nied by some viscous losses and may even induce some
local shear instabilities, but the fundamental difference
remains that the hydrostatic model will always dissi-
pate energy within the interior of the lake that would
otherwise be dissipated at the boundaries.

To consider the effect of the shape and slope of an
initial condition on the steepening process we let four
simple initial shapes evolve under the KdV equation.
Each of the shapes shown in Figure 3 was chosen to
have the same vertical and horizontal length scales and
the same area, but the front face of each shape has a
different slope. The steepening time scale for each shape
can then be defined as Ts = 1/(αSo), where So is the
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Figure 3. The evolution of four simple initial conditions
under the KdV equation. The second column of panels rep-
resent the waves at t = TS, where Ts has been calculated
for each initial condition from (4).
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Figure 4. The maximum slope of the front face at any
time t of each of the initial conditions in Figure 3 . Time
is nondimensionalized by the steepening time scale given by
(4) and the slope is nondimensionalized by the maximum
possible slope given by (6).

maximum slope of the front face. Figure 3 shows that
at t = Ts each of the shapes has evolved into the same
steep-fronted wave.

Figure 4 plots the maximum slope of the front face
of each of the waves as they steepen. Each shape steep-
ens in a similar way, achieving approximately the same
slope at t = Ts and asymptotically approaching the
same maximum slope. It is this similar steepening that
is important in the development of a solitary wave clo-
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sure scheme. Although the steepening time scale is a
useful parameter in determining when solitary waves
will emerge, it requires some knowledge of the initial
shape at t = 0 (specifically the initial slope So); in-
formation that is not available when implementing a
closure scheme. However, since all of the shapes evolve
to a common form with a similar frontal slope at t = Ts

it is possible to define the time and place at which soli-
tary waves will emerge in terms of some critical slope,
Sc. So what determines this critical slope?

Critical wave slope

Using the inverse scattering transform to solve the
initial-value problem for the KdV equation, it is pos-
sible to determine the number and amplitude of the
solitons that will emerge from some simple initial condi-
tions (Drazin and Johnson, 1989). Horn et al. (1999b)
used this method to investigate the solitons emerging
from an idealised depression of the thermocline in a
lake which they modelled as the triangular initial con-
dition C shown in Figure 3. Figure 5 plots a series of
curves representing the amplitudes of each of the soli-
tons that emerge as a function of the size and shape of
the initial triangle. It can be seen that the scaled ampli-
tude parameter K/

√
um of the leading soliton (given by

the first curve) very quickly approaches a value of unity.
Here K2 represents an eigenvalue of the scattering prob-
lem and is related to the solitary wave amplitude and
um = a0/h1 is the scaled amplitude of the initial condi-
tion. When the scaling is removed it can be shown that
if K/

√
um ∼ 1, the soliton amplitude is given by

a = 2K2h1 ∼ 2a0 (5)

Since KdV solitary waves are one parameter waves de-
scribed by (2), the amplitude of the leading soliton de-
termines its shape and maximum interfacial slope

Sm =
4
√
2

9

(
a3
0

α

β

)1/2

(6)

This is the maximum slope that any initial condition
can reach through nonlinear steepening in the presence
of dispersion. The wave-slopes plotted in Figure 4 have
been non-dimensionalized by this maximum slope, Sm,
and the figure shows that at t = Ts the front wave-
slope is approximately −0.5Sm. We define the critical
slope as Sc = −0.5Sm. If any wave steepens beyond
this critical slope it will evolve into a packet of soli-
tons. Any solitary wave closure scheme would be im-
plemented when a slope exceeding Sc was detected in
the model.

The appearance of the amplitude, a0, of the initial
condition in the right hand side of (6) raises a number
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Figure 5. Curves representing the scaled amplitude of the
solitons emerging from a triangular initial condition similar
to C in Figure 3. zo is a geometric parameter representing
the area and shape of the triangle (from Horn et al., 1999b).

of issues. Firstly, if the implementation of the closure
scheme requires the detection of waves with some crit-
ical slope, Sc, this implies some measure of the ampli-
tude of the initial condition. We have already acknowl-
edged that any practical closure scheme will have no
such knowledge of the initial conditions, even if these
initial conditions could be defined in a developing sys-
tem. The process of nonlinear steepening does not in-
crease the amplitude of the initial condition until after
the emergence of solitons at t = Ts. Therefore, the ini-
tial amplitude, a0, can be assumed to be the amplitude
of the wave at t = Ts, the time at which it will reach its
critical slope. However, the calculation of the critical
slope still requires knowledge of the initial amplitude of
the wave. Any closure scheme must first define some
characteristic amplitude for a feature and then use this
amplitude to calculate the critical slope. If the front
face of the feature exceeds the critical slope, then the
closure scheme would be invoked.

The dependence of Sc on a0 is not initially obvi-
ous. Equation (4) confirms that the steepening time
scale depends only on the initial slope of the wave and
is independent of the initial amplitude. However, (6)
shows that the steepness of the front at t = Ts is de-
pendent on the initial amplitude of the wave and is in-
dependent of the initial slope. The consistancy of these
statements can be confirmed by recalling that for KdV
solitary waves the wavelength is inversely proportional
to the square-root of the amplitude; large amplitude
solitons are narrower and steeper than small amplitude
solitons. Therefore, a small amplitude initial condition
will evolve into small amplitude solitary waves that will
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Figure 6. The evolution of four cosine initial conditions
under the KdV equation. The second column of panels
represent the waves at t = TS, where Ts has been calcu-
lated for each initial condition from (4). The critical slope,
Sc = −0.5 Sm is marked on each wave (where Sm is cal-
culated from (6)). The third column of panels show the
evolving packet of solitons at t = 2Ts. The dashed line in
these panels represents the predicted amplitude a = 2ao.

have relatively small slopes.
Figure 6 shows the evolution of four cosine initial

conditions with different amplitudes and initial slopes.
The figure confirms that at t = Ts (where Ts is calcu-
lated for each initial condition) the wave has evolved
into a steep front with a slope given by Sc (where Sc is
calculated for each initial condition). Sc appears to be
a good indicator of the time and place of the emergence
of solitons.

Energy propagation

In most stratified lakes the thermocline is above mid-
depth so any solitary waves are waves of depression.
Although an initial disturbance can consist of both a
depression and elevation of the thermocline (as in the
case of a basin-scale internal seiche), it is the volume of
the depression of the thermocline that determines the
energy that is transferred from the initial condition to
the emerging solitary waves (Horn et al., 1999b). As
a first approximation, all of the energy in that part of
an initial condition that is comprised of a depression of
the isopycnals will be transferred to the solitary waves.
Assuming that there is an equipartition of potential and
kinetic energy in the initial steep-fronted wave, the to-
tal energy per unit width of the initial wave can be
estimated by

Eo = ∆ρg

∫ x2

x1

η2
0(x) dx (7)

where ηo is the interface displacement at the time when
the wave-slope first exceeds Sc (where Sc > 0 for a wave
of depression), and ηo < 0 over [x1, x2] (for the case of
a thin upper layer).

Given, from (5), the amplitude of the leading soliton
that will emerge from the steep-fronted inital condition,
and its shape from (2), we can determine the energy per
unit width (to O(a/H))

E =
4
3
∆ρga2λ (8)

and its propagation speed

c = co +
aα

3
(9)

We have now built up a reasonably detailed picture
of the formation of solitons from some simple initial con-
ditions. We know when and where solitons will emerge
from an initial conditions, we know the energy that will
be transferred from the inital condition to the solitons,
and we know the amplitude, shape, energy and speed of
the leading soliton. Let us now consider a simple energy
propagation model.

The motivation for developing a solitary wave clo-
sure scheme is to ensure that energy that is incorrectly
dissipated in the interior of a lake by hydrostatic mod-
els is dissipated at the boundaries. This requires that,
once invoked by the detection of a wave with a slope
exceeding the critical slope, the closure scheme must
(i) prevent any incorrect mixing in the interior of the
lake, (ii) propagate the energy of the initial wave to the
boundary at the correct speed, and (iii) dissipate the
energy at the boundary, with the correct distribution
between turbulent dissipation, mixing (and possibly re-
flection).

To prevent any further mixing in the interior, the clo-
sure scheme must effectively and rapidly reduce the dif-
fusion caused by the steep front. The simplest method
would be to remove the initial steep-fronted wave from
the domain as quickly as possible. This could be
achieved by directly resorting the vertical density pro-
file over the extent of the wave, previously identified
as the domain [x1, x2]. Alternatively, the initial wave
could be rapidly damped with a locally enhanced vir-
tual viscosity, provided that this enhanced viscosity was
not associated with any diffusion of density. The rapid
removal of the initial wave from the model ensures that
the total energy of the system is conserved, since the
energy of the initial wave has by then been transferred
to the closure scheme for propagation to the boundary.

The propagation of the energy to the boundary can
be achieved by advecting the energy of the solitary wave
packet through the domain as a parameter. In the KdV
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model the packet of solitary waves gradually disperses,
with the front of the packet propagating with the speed
of the leading wave, c, given by (9), and the rear of the
packet propagating at the long-wave speed, co. How-
ever, it unlikely that the length of the solitary wave
packet will spread beyond two or three grid cells (1–2
km) in most models before encountering a boundary.
The energy of the solitary wave packet can therefore
be parameterized by a single value that is propagated
through the domain at the speed of the leading soliton.

From a series of laboratory experiments investigat-
ing mixing due to internal solitary waves breaking on
a slope, Michallet and Ivey (1999) determined the mix-
ing efficiency and reflection coefficient as functions of
the beach slope and the wave-slope. We have already
determined a estimate of the wave-slope, Sm, for the
leading wave. Although the wave-slopes of solitons to-
wards the rear of the packet may not be as steep, Sm

provides a reasonable approximation of a characteris-
tic wave-slope for the packet that could then be used
to estimate the mixing efficiency and reflection coeffi-
cient when the solitary wave packet encounters a sloping
boundary.

The discussion so far has assumed that all of the en-
ergy transferred to the solitary waves is propagated to
the boundary without loss. However, in a lake there a
number of mechanisms that might lead to some internal
dissipation and mixing as the solitary waves propagate.
These include bottom boundary layer losses (Leone et
al., 1982), shear induced decay (Bogucki and Garrett,
1993) and wave–wave interactions. The first two of
these are well understood and could be included in any
solitary wave closure scheme by allowing the parameter-
ized amplitude and energy to decay as they propagate
through the lake.

Conclusions

Laboratory experiments and field observations sug-
gest that the generation of internal solitary waves may
be an important mechanism for the transfer of energy
from basin-scale internal waves, energized by the wind,
to turbulence in the benthic boundary layer in lakes.
However, hydrostatic models, which are widely used
to model the hydrodynamics of lakes, cannot simulate
this important process because they neglect the ver-
tical accelerations that are necessary to generate soli-
tary waves. Furthermore, for many engineering models
of lakes, internal solitary waves will not be resolved at
practical grid-scales. If these models are to be used to
simulate the spatial and temporal variablility of mixing
events in lakes, it will be necessary to parameterize the
effects of the evolution, propagation and dissipation of
internal solitary waves. By considering the evolution of

some simple initial conditions in a KdV model, we have
suggested the first steps that could lead to the develop-
ment of such a solitary wave closure scheme.

If such a solitary wave closure scheme is to be feasi-
ble, it must include some method of determining where
and when in the model domain solitary waves will
evolve. We have defined a critical wave slope, Sc, at
which solitary waves emerge from an initial condition.
This critical slope is dependent on the amplitude of the
initial condition and on the background stratification.
The proposed method would search the domain for a
wave-front, the amplitude of the wave would be deter-
mined and the critical slope calculated. If the maximum
slope of the wave-front exceeded the critical slope the
closure scheme would be invoked.

Once invoked, the closure scheme must calculate the
energy contained in the portion of the initial condition
that contributes to solitary wave generation (that part
of the wave in which isopycnals are below their equi-
librium position for most cases) using (7). This energy
would then be advected through the model as a pa-
rameter. The amplitude of the initial condition that
invoked the closure scheme would be used to determine
the amplitude of the leading soliton in the packet (5),
and hence the speed at which the parameterized energy
should be advected (9) and the reflection coefficient and
mixing efficiency applied when the packet encountered
a sloping boundary. The closure scheme could include
the gradual decay of the solitons due to boundary layer
losses and shear.

Although the principles of the proposed closure
model have been applied to simple initial conditions
propagating along an interface, the challenge is to ap-
ply these ideas to more complex initial conditions in
a continuously stratified, three-dimensional model with
complex topography.
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