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Abstract. This is a tutorial on algorithmic tools for computing with path integrals
and related Ité-type stochastic differential equations, with emphasis on non-

Gaussian integrals based on Lévy a-stable flights. Examples from fluid mechanics,
solid state physics and mathematical finance leading to such non-Gaussian processes
are reviewed. Several numerical Euler-type schemes for stochastic differential

equations driven by the Brownian motion are reviewed. Attention is given to “smart”
schemes to deal numerically with Lévy flights, including a particle approximation

for nonlinear partial differential equations with anomalous diffusion.

1. Introduction

This is a tutorial on algorithmic tools for comput-
ing with path integrals and related It6-type stochastic
differential equations

dS, = alt, Sy) dt + b(t, S;) dLy, 1.1)

with emphasis on non-Gaussian integrals based on Lévy
a-stable flights L;, 0 < a < 2. For the sake of sim-
plicity the processes considered in this paper are real-
valued but an adjustment for vector-valued processes
. and matrix-valued coefficients is possible. Examples
from fluid mechanics, solid state physics, and mathe-
matical finance leading to such non-Gaussian processes
are reviewed. Several numerical Euler-type schemes for
stochastic differential equations driven by the Brown-
ian motion are reviewed. Attention is given to “smart”
schemes to deal numerically with Lévy flights, including
a particle approximation for nonlinear partial differen-
tial equations with anomalous diffusion.

In view of irregular sample paths of the stochastic
processes involved, the differential dL; is not well de-
fined in the classical sense and the equation (1.1) is
understood as an integral equation

t t
St = So +/ a(t,St)dt-l—/ b(t,S;) dLy, (1.2)
0 0
where the Itd stochastic integral
/ FodLe~ S F(t)[L(tien) — L(t)]

is well defined for any non-anticipating process F(t)
such that [|Fy|*dt < oo with probablity 1 (see, e.g.
Rosinski and Woyczynski, 1986; Kwapien and Woy-
czynski, 1992).

Within the class of symmetrically distributed, time-

homogeneous processes with independent increments,
the Lévy flights are exactly those that are self-similar
(renormalization group invariant), i.e., such that for any
t,¢ > 0 there exists a constant C' = C(c) such that
Lict) £ C(c) L(t) (1.3)
where < means the equality of distributions. Indeed,
if the condition (1.3) is satisfied then there exists an
exponent , 0 < o < 2, such that C(c) = /2, ie.,

Lict) £ e L(t). (1.4)

In other words, in this case self-similarity implies frac-
tality! (see, e.g., Zolotarev, 1986; Samorodnitsky and
Taqqu, 1994).

For a = 2 the Lévy 2-stable flight is just the Brow-
nian motion with the familiar density and “slim” tail
probabilities

P[L(1) > z] < const - e‘zz/z/w. (1.5)

The densities for Lévy a-stable flights for o < 2 are
unknown except for a couple of particular cases such as
the Cauchy density (o = 1) which describes distribution
of the ratio of two independent Gaussian random vari-

" ables, and the Lévy density (o« = 1/2) which describes
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(symmetrization of) the distribution of the inverse of
the square of a Gaussian random variable. However, it
is known that they have “fat” tail probabilities, i.e., for
large z,

const - 7%,

~
~

PIL*(1) > ] (1.6)
As a consequence, the a-stable random variable has fi-
nite absolute moments only of order v < a. Moments
of order v > «, the variance in particular, are infinite.
By contrast, their characteristic functions (Fourier
transforms) have an elegant explicit form
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O(w,t) = Fexp{iwly} = exp{—ctlw|*}
et du
= exp {—clt/o (cos(ww) — I)W}

which, for ¢ = 2, gives the usual form of the Fourier
transform of the Gaussian density. Thus in the loglog
vs. log coordinate plot the Fourier transform of an a-
stable density is a straight line with slope .

The second line in the formula (1.7), obtained by a
simple calculation from the first line, gives an inter-
esting insight into the structure of Lévy a-stable ran-
dom variables. Indeed, they turn out to be continuous
mixtures of independent centered Poissonian random

variables, with jump sizes « appearing with the weight
du/uctt,

(1.7)

Figure 1.1. The graphs of several a-stable densities for
1 < o € 2. The most peaked and “fat” tailed density cor-
responds to a = 1, and the lowest peaked and “slim” tailed
density corresponds to the Gaussian case o = 2. The plots
were obtained by inverting numerically the Fourier trans-
form (1.7).

2. Lévy Flights in Fluids, on Interfaces,
and the Stock Market

There is no need to motivate use of Gaussian distribu-
tions in the physical sciences. However, the case for the
appearance of a-stable densities based on experimental
data is more recent. In this section we provide three
such examples; more on the subject can be found in the

Proceedings of the Nice Workshop edited by Shlesinger
et al. (1995).

2.1. Flight Time of Particles Trapped in
Vortices

An experiment in a rotating annular tank filled with
a mixture of water and glycerol has been conducted by

Weeks et al. (1995). The setup is described in Figure
2.1.
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Figure 2.1. The annulus rotates at 1.5 Hz. Flow is pro-
duced by pumping fluid in through the inner ring of holes
(marked I) and out through the outer ring (marked O). The
rotation guarantees that the flow is essentially two dimen-
sional. A plexiglass ring sits above the inner ring of holes.
The flow is observed through a video camera that rotates
overhead. The conical bottom models the beta-plane effect
(from Weeks et al., 1995).

In some flow regimes chaotic advection is present and
the typical pattern is that of a chain of several vortices
enclosed between azimuthal jets. The passive tracer
particles are then caught in vortices for an irregular
period of time (trapping event) before being ejected
into the jets where they travel at high velocity (a flight
event) only to be be trapped into another vortex after
a random time period The typical trajectory of a tracer
particle is shown in Figure 2.2.

The angular position of the particle as a function of
time is shown in Figure 2.3. The flat oscillating portions
correspond to trapping events and the steep parts reflect
the flight events.

Weeks and his collaborators measured then the prob-
ability distribution of the duration of flight events and
the trapping events, and in two flow regimes found
that the former follow the power law with exponents
1+ a = 2.3 and 2.6, which indicated the Lévy a-stable
behavior with @ = 1.3 and 1.6, respectively, correspond-
ing to the second line of formula (1.7) (see Figure 2.4).

The picture for the pdf of the trapping events, which
should be exponential, was, however, less conclusive,
partly due to imperfections of the experimental setup;
the flow was not perfectly planar and it was hard to keep
track of the tracer particles for long periods of time.

Whatever the shortcomings of the above experiments,
the results provide the first direct experimental indica-
tion of the existence of Lévy flights in the fluid mechan-

. ics context.
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There is also evidence (see, e.g., Osborne et al., 1995;
Fradkin and Osborne, 1997) that the trajectories of
satellite drifters, which are assumed to represent fluid

. parcel motions in large and meso-scale oceanic flows,
behave like fractal self-similar random walks produc-
ing intermittent “island-in-the-sea” pictures of stream-
function contours shown in Fig. 2.5.

Y -Xilomelers

Figure 2.2. A typical trajectory of the passive tracer par-
ticle in a chaotic regime. Trapping in one of the vortices is
followed by a fast flight in the azimuthal jet (from Weeks et

al., 1995).
: X -kilometers
2 Figure 2.5. The intermittent momentary stream-function
~ b contours are from Fradkin and Osborne (1997). These
g = should be compared with the sample path of a 2-D Lévy
~ flight from Figure 3.5.
o 0
S | | | | © 2.2, Growth of Interfaces in the Presence of
0 200 400 600 800 Surface Trapping and the Fractal KPZ-Burgers
Model
t(s) : : - .
A surface is grown via a ballistic deposition process

Figure 2.3. The azimu.thal coordinate 8(t) 1.s shown' for (such as some chemical vapor deposition processes in
the trajectory shown in Flgufe 22 The Ste.ep filagonal lines crystal growth or some sedimentation processes) which
are flight events, and the oscillations are sticking eYents. In is schematically shown in Figure 2.6. The only con-
the time interval between 500 s and 700 s the particle hops straint is that the new particles are added in the direc-

between four vortices (from Weeks et al., 1995). | tion perpendicular to the existing surface.
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Figure 2.4. The measurements of the probability distri- Figure 2.6. Schematic picture of an interface growth via
. bution of the duration of flight events clearly indicate the the ballistic deposition process. Function h(z,t) describes
power law behavior (from Weeks et al., 1995). the evolution of the interface elevation.
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With the function h(z,t) describing evolution of the

interface elevation, the normal vector

~V,h,1) / V1+ (Voh),

50 that the elevation increment

1
V= - Ot & (v
V(14 (Vzh)?

where v stands for the velocity of particles being de-
posited. Taking the limit §¢ — 0, transforming to a co-
moving coordinate frame, and taking into account the
classical Brownian surface height diffusion (say, due to
surface tension), one arrives at the nonlinear partial dif-
ferential equation for interface elevation

g:% (Vh)? =vV2h

(2.1)

Sh = g(vmhf) 5t, (2.2)

where A and v arc constants, which after the substi-
tution v = Vh, gives the following equation for the
velocity u of the interfacial growth

ou

ot

where (.,.) denotes the scalar product and which tradi-
tionally is called the Burgers(-KPZ) equation (see Kar-
dar et al. (1986) for the derivation of the Burgers equa-
tion in this context and Woyczynski (1997) as a general
source on random solutions of Burgers equation).

In the zero viscosity limit v — 0, weak limits of
the cquation’s solution u(x, t) assume a sawtooth shape
with propagating shock fronts (shown in Figure 2.7(a)),
which explains the grained morphology of ballistically
grown interfaces (Figure 2.7(b)).

+ Ay, Va) = vV2u, (2.3)

In some situations the usual Brownian surface diffu-
sion accounted for in the Burgers-KPZ equation (2.3) is,
however, supplemented by trapping effects and anoma-
lous surface transport which, as argued by several au-
thors (see, e.g., Zaslavsky and Abdullaev (1995)), dis-
plays scaling and properties akin to the Lévy flights.
In this context, we propose to replace the usual Burg-
ers equation (2.3) by what we call the fractal Burgers
equation (see also Biler et al., 1997)

ou

E_’_)\

0 < a £ 2, perhaps augmented by the usual diffusion
term. The fractal Burgers equation is however quite
difficult to handle both theoretically and numerically as
the fractional Laplacian —(V?2)%/2 (defined most conve-
niently via the Fourier transform, see, e.g., Saichev and
Woyczynski, ms in preparation) is a nonlocal singular
operator.

The remedy is provided by approximation of solu-
tions of the fractal Burgers equation by a Lévy flight-
based Monte Carlo method which is an analogue of the

(u, Vu) = —pu(—V2)*/ 2y, (2.4)
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Figure 2.7.
Burgers-KI’Z equation’s u(z,t) solution assumes a charac-
teristic sawtooth shape with propagating shock fronts. (b)
The corresponding interface profile h(z, t) shows the familiar
grained morphology.

(a) In the zero viscosity limit v — 0, the

well known “random vortex” method for solutions of the
planar Navier-Stokes equation. The algorithm can be
described as follows (for details, see, Funaki and Woy-
czynski, 1997):

e Simulate IV independent Lévy a-stable flights

18(0),..., LG (1)

(following, e.g., algorithms provided in Section 3);

¢ Find the solutions S;(t) = S;N () of the system of
N regularized Lévy flight-driven stochastic differential
equations

dSi(t) = dLi (1) + 5 25 — 8;(2),

J#z

7 ., N,, with the smooth kernel J.(z)
exp{—1x%/2¢}/\/2me (following, e.g., the Euler’s method
described in Section 4).

e Calculate the “empirical distributions” (on states
z)
L S s(ser) (25)
N~ ‘ '

It turns out that the above “empirical distributions”
approximate, for large N, the distribution with the den-
sity u¢(t, z) which solves the regularized fractal Burgers
equation

ous
ot

18

_ vZa/fl e,
t 55, (=V)* u

- ((6c x uf) - uf) =
where * is the convolution operator. In that sense the
fractal Burgers equation can be viewed as a fractal and
nonlinear Fokker-Planck equation.
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2.3. Stock and Option Prices

The notion that various quantities in economics fol-
low a non-Gaussian Lévy a-stable distribution with
a < 2 was suggested in the pioneering applied work
of Mandelbrot (1960) (perhaps the first systematic ef-
fort to find Lévy flights in real world applications since
Holtsmark (1919) proposed its use in the study of the
gravitation field of stars).

More recently, Janicki et al. (1997), considered the
problem of pricing options in a market where the under-
lying process is assumed to be driven by a Lévy a-stable
process. In that model price changes were represented
by the following stochastic differential equation

dS(t) = uS(t)dt + o S(t) dL(2), (2.6)
and bounds were founds for option prices under stochas-
tic dominance type restrictions.

One has to bear in mind that the real distributions of
stock price changes do not follow precisely Lévy laws.
As a matter of fact one observes the fitted sclfsimilarity
exponent « seems to depend on the time increments
over which the price changes are observed; the longer
the increment, the closer the exponent is to 2 , that
is to a Gaussian distribution. The typical situation is
pictured in Figure 2.8.
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Figure 2.8. Empirical probability density function

(circles) of the l-minute changes in the Standard &
Poor 500 Index (measured over the period January ’84-
December ’89) plotted against the Lévy density f(z) =
(1/m) fooo exp(—vyw®) cos(wz) dw with exponent a = 1.4 and
scaling coefficient v = 0.000375 (solid line); from Mantegna
and Stanley (1995).

Although the empirical density is well approximated
by the Lévy density for small price changes, it decays
much faster than a power law for larger values of price
changes.
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This is somewhat similar to the situation encountered
in turbulent phenomena although one has to acknowl-
edge the principal quantitative difference: price changes
in S&P 500 are essentially uncorrelated whereas the ve-
locity changes in 3-D turbulence are anticorrelated (see
Gashghaie et al. (1996)).

3. Sample Paths Properties

Sample paths of the Lévy flight with o = 2 (Brown-
ian motion) are continuous although not smooth (non-
differentiable). However, for o < 2, sample paths of the
Lévy flights become discontinuous, with large jumps be-
coming morc likely as the exponent o decreases. This is
quite clear from the formula (1.7) which represents Lévy
flights as mixtures of Poissonian “pure jump” processes
with jumps of different sizes, with jump size s “density”
equal to 1/s'**, s > 0. The situation is illustrated in
Figures 3.1-3.4 which were borrowed from Janicki and
Weron (1994).
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Figure 3.1. Sample paths of the 1-D Brownian motion

Actually, the same formula (1.7) indicates that in
each finite time interval, the Lévy flight jumps infinitely
many times; in computer simulations this fact is obvi-
ously suppressed by the finite resolution.

In the two-dimensional (and higher) case, Lévy flights
clearly display their intermittent properties, and the
clusters where “trapping” occurs exhibit fractal prop-
erties that have been extensively studied in the math-
ematical and physical literature. A typical trajectory
of a 2-D Lévy a-stable flight with o = 1.5 is shown in
Figure 3.5. The Mandelbrot’s fractal “islands-in-the-
sea” are here clearly recognizable (compare, also, with
Figure 2.5).
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Figure 3.2. Sample paths of the 1-D Lévy a-stable ﬂlght
with o = 1.7.
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Figure 3.3. Sample paths of the 1-D Lévy a-stable flight
with a = 1.2.
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Figure 3.4. Sample paths of the 1-D Lévy a-stable flight
with o = 0.8.

Figure 3.5. A sample path of the 2-D Lévy a-stable flight.
The clearly recognizable Mandlbrot’s fractal “islands-in-the-
sea” should be compared with those on Figure 2.5.

4. FEuler-type Schemes for Numerical
Solution of Brownian Stochastic
Differential Equations

4.1. The “Naive” Euler Scheme of Order 1/2

The numerical methods for stochastic differential
equations driven by the Brownian motion (« = 2) are
relatively well developed and are based on the Ité calcu-
lus for Brownian path integrals (see, e.g., Kloeden and
Platen (1992) for details on the algorithms discussed in
this section, and much more). The “naive”, although
often advisable (see, Talay (1995)), Euler discretization
scheme borrowed from the deterministic ordinary differ-
ential equations “universe” and applied to the stochas-
tic differential equation (1.1) gives the following recur-
sive algorithm: for a fixed time step ¢ > 0,

8% (tig1) = S(ts) + a(S°(t:)) Aty + b(S(£:)) AL(t:),

(4.1)
where
S(to) = s0,  Ati=tiy1 —t; =6,
and
AL(t;) = L(tiy1) — L(t:), i=0,1,2,..., (4.2

arc independent Gaussian random variables with vari-
ance «x At;, simulated either via a discrete random walk
approximation or via the usual inverse of the Gaussian
cumulative distribution function superposed on inde-
pendent random variables uniformly distributed on the
interval [0, 1].
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It turns out that under the Lipschitz conditions on
the coefficient functions a(s) and b(s) the above Euler
scheme provides the approximation S$°(t) to the true
solution S(t) of the stochastic differential equation (1.1)
which is, on the average, of the order 1/2 in the time
step J in any finite time interval [0,T]. More precisely,

E (1tn<aTx |S(t) — S‘S(t)l) < const - §'/2, (4.3
where E stands for the expectation (average over the

whole Gaussian ensemble), and const is independent of
the time step 6.

4.2. Higher-Order Euler Schemes Based on
It6-Taylor Expansion

The stochastic It6 calculus permits improvements on
the above “naive” Euler scheme. The basic tool here
is the Ito6-Taylor expansion of a function f(s) evaluated
along the sample paths of the solution S(t) of (1.1) with
a=2:

t

F(Se) = F(Sio)+ 1 (i) [ ds+ea(Sig) / dL,

to tg

t £
+63(St0)/ / dLs, dLg, + ...
tg Jig

where the coefficients ¢;,cg,cs3,..., are calculated ac-
cording to the following stochastic calculus rules:

(4.4)

a(s) = al9)f () + b)) S (5),
als) = bs)f(s)
cals) = Bbls)f"(5) + () (5)]

Since, by the It6 formula,

tnt1 sz
/ / dLs, dL,,
tn tn

one obtains the following recursive algorithm which con-
tains an additional term if compared with (4.1):

(1) = S(t) + a(S* (1)) At + b(S*(8)) AL(L:),

% (AL, —At]  (45)

FUS @ (S5 (w) (AL~ At]. (46)

This discretization, known as the Milstein scheme, pro-
vides the approximation S%(t) to the true solution S(¢)
of the stochastic differential equation (1.1) which is, on
the average, of the order I in the time step J in any
finite time interval {0, 7. More precisely,

E (rtngaTxm(t) — sé(t)[) < const - 6, (4.7)
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Taking further terms in the It6-Taylor expansion
(4.4) one can obtain approximating schemes of the order
3/2, 2, ete.

5. Discretization of Path Integrals
Driven by Lévy Flights

5.1. Lattice Approximations

Lattice (random walk) approximation of the Gaus-
sian distribution is based on the Ceniral Limit Theo-
rem which asserts that for any independent, zero-mean
random variables X;, Xo, ..., with common cumulative
distribution function P[X; < z] = F(z) and variance o,
the cumulative distribution function of the renormalized
random walk converges to the standard Gaussian dis-
tribution function ®(z) = (2m)~1/2 [ _ e=s’/2ds, ie.,
Xi+...+X,

F.(r)=P 7

<z| — Bz) (5.1)

as n — oo, which, for random variables with finite abso-
lute third moment p3 = E|X;|® < 0o is accompanied by
a powerful universal Berry-Esseen error estimate (see,
e.g., Chung (1974))

33

|Pa(@) = ®(2)] < n-1/2.

sup

K3
3
—ooLz o0 g

(5.2)
The situation is more complex and subtle in the case
of Lévy a-stable distributions. For 0 < o < 2, the
convergence (as n — oo) of distributions of the renor-
malized random walk Z; + ... + Z, (Z; independent
and symmetric) to the Lévy a-stable distribution @, (x)
with Fourier transform exp{—|w|*} takes place, ie.,

i+ ...+ 2,

P nl/a

<z| - Bu(x), (5.3)

if and only if the distribution tails of Z;’s are exactly
matched to those of ®,(z), that is

zP[|Z)] > 21%] — cq (5.4)

as ¥ — 0o, with the constant ¢, = (f;” (sinz/2*) dz)~
(see, e.g., Samorodnitsky and Taqqu, 1994). Thus the
steps Z; of the approximating random walk have to be
unbounded with distribution tails (1.6} that prevent a
finite lattice approximation.

The remedy is to consider an array of random walks







