Superprocesses and Plankton Dynamics

Robert Adler

Faculty of Industrial Engineering and Management, Technion, Haifa, Israel
Department of Statistics, University of North Carolina, Chapel Hill, North Carolina

Abstract. This paper is a first introduction to superprocesses for non-probabilists.
They are presented so as to suggest natural models for the growth and motion of
large plankton populations in either stable or flowing ocean environments.

Introduction

For the sake of academic honesty, I should start
this paper with a disclaimer: Although the title con-
tains both the keywords “superprocesses” and “plank-
ton dynamics”, and I do know something about the
former, my knowledge of the latter, and of biological
oceanography in general, starts and stops at the level
of the elementary textbook Lalli and Parsons (1993).
This would not generally be considered a level of ex-
pertise that would allow an author to start writing on
a topic. Nevertheless, it does seem to me that there is
a natural connection between the two topics, and that
both are likely to benefit from interdisciplinary cross-
fertilisation. This point was emphasised, for me, by
a number of talks at the Aha Huliko‘a meeting, and
I shall return to this and some general philosophy on
stochastic modelling in the closing, and what may be
the most relevant, section of the paper.

Since cross-fertilisation must start somewhere,
you should think of this paper as a mathematical o
in search of its matching oceanographic @, and forgive
what may seem at first like an oversimplistic view of
plankton dynamics.

The paper is structured as follows: In Section
1 we describe what are generally known as the “par-
ticle pictures” preceding and motivating most work
in superprocesses. The particle pictures will, for us,
descibe the reproduction and temporal-spatial spread
of plankton communities. In Section 2 we look at
what happens when the number of plankton genera-
tions, and the size of each generation, tend to infinity.
Thus we shall define superprocesses, which will be the
infinite limit of the particle pictures, and require the
language of stochastic partial differential equations to
be properly described.

In Section 3 we shall describe some basic geo-
metric properties of superprocesses, and in Section 4
how all of this might relate to plankton dynamics.
As one might expect, a theory developed by abstract
probabilists is going to have to undergo a little work
before it can be tailored to applications.

In the Section 5 we shall describe some variations
on the basic model, including the way interactions
between plankton can be modelled and, more impor-
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tantly, how to place the entire superprocess structure
within a randomly moving frame of reference such as
an oceanographic flow. The final Section 6 has the
promised general comments on stochastic modelling,
motivated by the superprocess models of the remain-
der of the paper.

It does not seem to make too much sense in an
introductory paper of this kind to worry too much
about assigning detailed credits for the structures
and results that will be described. Since the inter-
ested reader will have to go elsewhere for missing
details, (s)he can search for references at the same
time. Without doubt, the best place to start is with
the Saint Flour lectures of Dawson (1993), which has
a properly credit-assigned and almost encyclopaedic
treatment of superprocess accurate up to the time of
its writing.

1. Particle pictures

We shall start by describing a model for generic
particles, which, for the remainder of this paper, we
shall think of as plankton, moving in the Euclidean
space R4, d > 1. The most interesting case for ap-
plications is obviously the three dimensional space
d = 3, but it costs us nothing to work in wider gener-
ality. While moving, our plankton will also reproduce
(asexually) and die. The birth-death process will be
such that the overall plankton population will remain
of a more or less stable size, although overall linear
death and growth rates will be permissable.

Thus, suppose that at time ¢ = 0 we have
K > 1 plankton, distributed over space according
to a Poisson point process with control measure m,
so that K is a Poisson random variable with mean
Im| = m(R?), and the numbers of plankton in disjoint
regions Ay, ..., A; are independent Poisson variables
with means m(A;),...,m(Ag). A special case that
we shall use for the simulations shown below will be
when m is a measure with all its mass concentrated
at one point. In this case, we start with KX plankton
all at one point.

(It is important to note that this initial setup

can be changed quite radically, without having much
of an affect on the overall structure that we are de-
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scribing. However, in order to make this exposition
simple and short, we shall work throughout with spe-
cific, simplifying assumptions. We shall have more to
say about these generalities in Section 5.)

Each of these K plankton follows the path of
independent copies of a Markov process B, until time
t=p/p.

At time p/p each plankton, independently of the
others, either dies or splits into two, with probability
% for each event. The individual plankton in the new
population then follow independent copies of B, start-
ing at their place of birth, in the interval [p/y, 2p/u),
and the pattern of alternating critical branching and
spatial spreading continues until there are no plank-
ton left alive. (This happens with probability one,
since the process which simply counts the total num-
ber of plankton alive is a critical branching process,
which ultimately dies out.)

The process of interest to us is the measure val-
ued Markov process
_ {Number of plankton in A at time t}

XP(4) = ;

where A € B% = Borel sets in ®¢. Note that, for fixed
t and g, X/ is an atomic measure. Note also that if
p = oo there is no branching occurring.

Now suppose we set K = p and p = 1, and
send p — oo. Fixing p is simply a matter of scaling
time. Sending K — oo involves a high density limit,
in which the number of plankton is high. Sending p —
oo means that X' measures the spatial dispersion of
plankton after a large number () of generations.

It is now well known that under very mild condi-
tions on the motion process B the sequence {X*#},>1
converges (weakly, on an appropriate Skorohod space)
to a measure valued process which is called the su-
perprocess for B. Before we look at this limit process,
and attempt to characterise it, let us look at some
simulations.

Figure 1 shows what happens to K = 1,000
plankton that begin life together at the center of a
square and slowly spread out according to a Brown-
ian motion. (Actually, since this is on a computer,
the “Brownian motion” in this case must be discrete,
so that it is really a random walk. However, we shall
ignore this fact in the following.) There is no branch-
ing in this example, so that the spread, shown after
each plankton has taken 50, 100 and 250 steps, is in
the spherical fashion usually associated with random
walks. The left hand graphs are the contour lines for
the particle density plots in the right hand graphs.

‘In Figure 2 we have added the birth/death pro-
cess that leads to the superprocess. That is, in-
termingled with the steps of the random walk are

) (1)
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birth/death events, at which particles either split into
two or die, as described above. The three sets of di-
agrams show the extent of the plankton spread after
the same number of random walk steps as in the cor-
responding diagrams of Figure 1. Note however, that
the spread is no longer purely spherical. Furthermore,
note how disjoint, small “communities” of plankton
develop, a phenomenon that we shall discuss in more

_detail later.

(More examples of the above kind are available,
either as photographic stills, an interactive computer
program, or a video movie, in Adler (1994a-c).)

Three dimensional versions of Figures 1 and 2
are easy to generate, and exhibit similar phenomena,
but are are little less easy to appreciate on the two
dimensional, uncoloured, page.

2. The superprocess

We now look a little more carefully at what hap-
pens in the high density, multiple generation situa-
tion, when the parameters K and p of the particle
picture tend to infinity together.

To make the notation easier, we shall restrict
interest for the moment to the case in which B is
a d-dimensional Brownian motion, and return to the
more general case in Section 5. Here, then, is one way
to describe the limiting process:

Suppose that the limiting measure X; = lim X}

has a density f(z,t), z € ®¢ ¢ > 0. Then f would
solve the stochastic partial differential equation

of(zx,
Tt = L VI
Af(e,t) + /T DE, ),

where £ is a space-time Gaussian white noise.

d

0*f(=,1)

(2)

In fact, this description does make sense in one
dimension, but not when d > 2, for then the limiting
superprocess does not have a density. However, an
integrated version of (2) does make sense. So take a
nice test function ¢ and with the notation

/ $(0)f(2,1) dz = / 6(2) X:(dz) = Xi(6)

rewrite (2) as

Xi(4) = /0 "X,(Ad)ds + fo t A p@)2(dz, dt), (3

where Z is a martingale measure with Zo = 0 and
quadratic variation given by

@)= | X(6Y) ds, @
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Figure 1. Random Walks

all of which is a way of writing (2) when the density f
does not exist. Below we shall write (3) in shorthand
as

Xt = AXt + Zt. (5)

This equation is, in part, familiar to all of us.
If the birth/death branching phenomenon was not
present in our plankton story, then the martingale
term Z; in (5) would disappear, and so the equation
would “degenerate” to the standard heat equation.
This, of course, is what is to be expected from the
strong law normalisation in (1), which, in the limit,
yields the measure describing where any one of our
plankton can be expected to be at time ¢.

Details of how to properly formulate all the
weak convergences used above can be found in Walsh
(1986), where one can also find a precise formulation
of the stochastic PDE’s. The original result is due
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Figure 2. Superprocesses

to Watanabe (1968), and a good general reference on
related subjects is Ethier and Kurtz (1986). However,
as mentioned in the Introduction, Dawson (1993) is
an all-inclusive reference.

3. Geometry of superprocesses

What has made superprocesses interesting to
probabilists has, in part, been their interesting and
delicate geometric properties. We shall describe only
the most basic of these here, which relate to the sets
shown in the left hand columns of Figures 1 and 2.

Since, for each ¢t > 0, X;(*) is a random measure,
it is carried by a random support set S;: roughly
speaking, S; is defined as the smallest closed set for
which ‘

Xt(St) = ;Il;lgg Xt(A),







