Focusing of Internal Waves and the Absence of Eigenmodes
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Abstract The spatial structure of inviscid, monochromatic, internal waves in a uniformly stratified fluid is governed by the
wave equation in spatial coordinates. Following Magaard (1962), solutions for this equation can be constructed by means
of a recursive mapping. Solutions for a closed domain with supercritical side walls suggest that internal waves getA focused
to a fixed limiting trajectory, irrespective of the location where energy is introduced. As the focusing is accompanied by
amplitude growth, this thus offers a mechanism by which ‘mixing at a distance’, along certain very special ray paths, may
be accomplished. The location of the attracting trajectory is a fractal function of the frequency of the monochromatic wavé.

Solutions exist for any frequency of the wave field and thus no specific spatial patterns, ‘etgenmodes’, prevail.

Introduction

It is a well-known feature of plane internal waves,
propagating through a uniformly-stratified fluid, that
they retain their angle with respect to the horizon-
tal upon reflection from a sloping bottom (Phillips,
1977). For a wave entering a subcritically sloping
wedge (having a slope which is less than that of the
energy flux vector) the reflecting wave, bouncing back
and forth between bottom and surface, propagates
into the wedge, see Figure 1. Upon each reflection
from the bottom the amplitude and wavenumber in-
crease and will eventually become so large that they
will give rise to nonlinear and / or viscous effects.
This implies that the energy, which the incoming wave
field carries, will be deposited there and will locally
contribute to mixing (Wunsch, 1968, 1969). If the
basin, however, has a supercritical side-wall, incoming
internal waves will be reflected back into the deep-sea
region. It seems legitimate to wonder what happens
if the (2D) basin consists of two opposing supercrit-
ical side-walls. Because, in that case, neither of the
two corner regions will ‘attract’ the incoming internal
wave, one might anticipate that the internal wave will
be engaged in some complex process of criss-crossing
of the basin. What exactly its ray path will be, how-
ever, is not immediately obvious.

When one looks for a stationary internal wave pat-
tern of a particular frequency in an enclosed basin its
streamfunction is determined by a hyperbolic equa-
tion in spatial coordinates that vanishes at the bound-
ary. Cushman-Roisin et al. (1989) and Minnich
(1993) each developed numerical algorithms that com-
pute the structure of these patterns. The results seem
to be partly at variance with analytical results that
are discussed here and, more extensively, in Maas and
Lam (1995; ML hereafter), due to the discretization
of the bottom Magaard (1962, 1968) showed that the
partial differential equation can, remarkably, also be
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solved by an implicit map, which relates the new po-
sition at which a wave ray reflects from the surface to
its previous position. By supplying a streamfunction-
related ‘field variable’ (carried invariantly along the
ray) in a unique interval the streamfunction field is
determined completely. Magaard applied this heuris-
tically to a subcritical domain. It turns out that
the map can be obtained explicitly for some simple
bottom shapes, of which only the parabola will be
considered here. With some modification this map
can also be used for a basin with supercritical side-
walls, which enables us to address the question, raised
above, quantitatively.

Bi-modal map

Consider a uniformly-stratified fluid in a parabolic
basin with depth

H(z)=71(l-2%, z€[-1,1] (1)

and rigid lid at z = 0. The spatial structure of the
streamfunction of a monochromatic wave of frequency
w is determined, in dimensionless form, by the canon-
ical hyperbolic equation (see e.g. ML)

Py P _
or? 922 0, (2a)
where
Yv=0 at z=0,—H(z). (2b, ¢)

The only non-dimensional quantity still appearing in
this problem, Eq. (1), is the ‘virtual’ depth,
ND
TS e )
which is the product of the aspect ratio (where D
and L are the depth and half-width of the basin re-
spectively) and the ratio of the buoyancy N and wave
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Figure 1. Sketch of a wave ray, propagating to the right
in a parabolic basin given by (1) with 7 =0.4.

frequency w. This can, alternatively, be interpreted
as a scaled period of the wave. Magaard (1962, 1968)
shows that a solution of (2a), that also vanishes at
the surface, is given by

Wz, 2) = flz —z) = f(z + 2), (4)

for arbitrary function f(z). Physically f(z) is (except
for a phase factor) related to the surface pressure, and
its derivative to the horizontal velocity at the surface.
Note that by adopting this kind of scaling the wave
rays (along the directions of the characteristics z =
+ x+const.) always make an angle of 45° with respect
to the horizontal, regardless of frequency. This scaling
has as its disadvantage that rays can be plotted for
just one frequency at a time, but makes it easier to
assess the ray diagrams. In particular, from Figure
1, 1t 1s obvious that successive surface reflections of
a wave ray (denoted by z,, n=.,-1,0,1,2,.) are
related by

Tntl — Ln

2

where Z = (zn + Tn41)/2 and sign s = +1,—1 de-
termines the two modes of the map for rightward
and leftward moving characteristics respectively. The
boundary condition at the bottom, z = —H (z), then
implies

= sH (), (5)

flz + H(z)) = f(z — H(z)). (6)

Applied at Z, Eq.6 and Figure 1 show that this implies
that f is carried invariantly along the characteristic:
f(zny1) = f(zn). From this Figure it is obvious that
once we specify f(z) for z-values in between two suc-
cessive surface reflections of any arbitrary ray, then
this function is determined over the whole interval
z € (—1,1). The parabolic bottom in (1) has max-
imum slope at its corners where it is £27. In the
example of Figure 1 the topography is everywhere
subcritical (27 < 1) and successive z, approach the
right (s = +1) or left (s = —1) corner respectively.
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Figure 2. The bi-modal map for a) subcritical (7 = 0.4)
and b) supercritical (v = 0.7) values of the map pa-
rameter. Successive surface intersections are given by
rn, n =0,1,2,... Special points are indicated as z; and
T, see Figure 3.

The corners act as attractors. This is also evident in
a graph of the map that we obtain explicitly from (5)
for H(z) given by (1) as

1 iz 1
X(g) =~z - -+ /= +4+ 3 (7)

Here the ‘rightward map’ (s = +1) is considered and
the successor of z is denoted by X (z). The successor
of z with a leftward map leads to —X (—z).

For subcritical topographies 7 < 1/2 the rightward
and leftward map are decoupled (Figure 2a), when




FOCUSING OF INTERNAL WAVES 75

T > 1/2, however, the corners are no longer attract-
ing and the rightward and leftward map get coupled
(Figure2b). Also, once & > z, — where z; 1s the
point whose rightward map brings it directly into the
right-hand corner — the ray reflects downwards and
its image 1s given by ML as

2 e X, (8)

Y(z) =
At the same time, once this happens, the horizon-
tal direction in which the ray propagates should be
reversed and one should shift to the leftward map
(lower curves in Figures 2a,b). A similar thing hap-
pens when the ray reflects from the leftward side of
the basin, and again s — —s. Figure 3 gives a geo-
metrical construction of Y (z) once the direct image
of &, i.e. X, lies outside the physical domain. Also
given in this diagram are

2
=--3 9
Zs - (9a)
and the point where the critical characteristic reflects
from the surface
3
Te= oo T (90)
These two ‘points’ play a special role in the subse-
quent part of this paper.

Figure 3. Construction of successive surface intersec-
tions of characteristics for a super-critically reflecting bot-
tom. The critical characteristic (surface intersection &)
and characteristic going through the right-hand corner (in-
tersecting at «,) are given by dashed lines. Note that X
and Y are always each other’s images for the rightward map.

Focusing of internal waves

With the bi-modal map given, the ultimate fate
of a wave-ray can be obtained by iterating it both
“forward’ (initially to the right) and ‘backward’ (ini-
tially to the left). In this way it can be observed

Figure 4. Bi-modal map (curved lines) and trajectories of
a ray (rectangular lines) starting at zo for 7 = 0.9. Solid
(dashed) lines indicate the ray that initially ‘moves’ to the
right (left).

that the rays approach a limit cycle regardless of the
direction which they start out with. In the exam-
ple of Figure 4 this is a limit cycle characterized by
two reflections from the surface (a period-2 attrac-
tor). For even-period attractors this attractor is al-
ways unique, for odd-period attractors each attractor
also has a mirror-image, but the particular attractor
favored asymptotically, i.e. for n large, depends both
on the initial location and direction which the wave
ray follows (see ML; this explains why in Figure 6
below, the odd-period attractors are asymmetric: the
mirrored attractor also exists, but is not reached with
the initial conditions used). The approach of the at-
tractor can, of course, also be viewed in the physical
domain, which is shown, for this value of 7, in Figure
5. Independent of the direction in which the rays leave
zo initially, the attractor is asymptotically traversed
in the same sense.

The shape of the attractor is a function of the di-
mensionless parameter 7, the scaled period of the in-
ternal wave. A nice way of presenting this is by plot-
ting just the surface reflections of the attractor, that is
of the asymptotic state of a wave ray (n large). In Fig-
ure 6 this has been presented for values of 7 € (1/2,1).
The lower boundary of this interval is determined
by the requirement that the bottom be supercriti-
cal. The upper bound is arbitrarily chosen so as to
guarantee that there is always at least one ray that
is reflected simply forward (this is the corner point,
¢ = —1, for 7 = 1). A similar pattern exists, however,
in the next band 7 € (1,3/2) (ML). It is observed
that there exist regions where the ‘qualitative charac-







