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Abstract

New solutions for non—inertial barotropic flow in the North Atlantic/Caribbean are presented using realistic
bathymetry and using a technique that enables relaxation to solution at much smaller values of friction
than have previously been presented. The technique consists of exploiting the dynamical significance, in the
barotropic case, of contours of h/f, where h is the depth of the ocean and f is the Coriolis parameter. A
triangulation of the entire domain based upon points which lic on a small finite number of these contours is
constructed. The result is a hybrid advection-diffusion, upwind—finite-element scheme, in which the advective
upwinding part is substantially less numerically diffusive than standard advective upwinding methods for
finite-element schemes. In particular, in the absence of closed contours of h/f and with no explicit diffusion,
the scheme would be exactly hyperbolic, in that the solutions on neighbouring contours of h/f would be

independent of each other.

Introduction

In a Boussinesq fluid, density and potential vor-
ticity are both conserved on fluid particles, in the
absence of forcing and dissipation. It follows that,
if we postulate a functional relationship between
density and potential at some initial instant, that
functional relationship will hold for all time. In
a recent paper, Salmon (1994) has shown how to
make use of this fact to derive a class of mod-
els suitable for modelling large-scale ocean cir-
culation. The crucial step is to use the “plane-
tary geostrophic” or “thermocline” equations, for
which the potential vorticity ¢ is given by
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where f is the Coriolis parameter and 6 is the
buoyancy. The ansatz
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To ensure static stability of the ocean, G(:) is

taken to be a monotonic function of its argument.
The dependent variable S is then related via an
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invertible function to the surface temperature. If
G(-) is chosen to vary rapidly in the neighbour-
hood of zero, to simulate a thermocline, fS may
be then be interpreted as the thermocline depth.

The simplest choice of G(-) is G = 0. This
corresponds to the case of a homogeneous ocean.
The equation to be solved is then

J (w, %) = k.V x (%) -V. (%w}) 4)

where h is the ocean depth, ¢ is the transport
streamfunction, 7 is the wind stress, and € is
a Rayleigh friction introduced in the horizontal
momentum equation. The equation (4) is an
advection-diffusion equation for i, in which the
advection takes place along lines of constant f /h.

If the domain consists of only open contours
of f/h, which connect the eastern and western
boundaries of the domain at the equator, the sign
of the diffusion is such that boundary layers, in
which advection and diffusion balance, may ex-
ist at the western boundary but not at the east-
ern one. However, realistic bathymetry requires
that we be able to cope with closed contours of
f/h, such as are encountered in the North At-
lantic in the neighbourhood of the Azores, and in
the Caribbean basins.

The numerical model

A numerical model was designed and constructed
to solve (4) in an arbitrary geometry. We re-
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quired that the model should not diffuse ¢ across 4. Obtain the trial functions N; for each ver-
f/h-lines, except at a rate proportional to € — in tex, such that N; is one at vertex 7, 0 at
other words, the discretization of the advective neighbouring vertices, and linearly interpo-
term should introduce no numerical diffusion in lated between.

the cross-(f/h) direction.

This was achieved by using a hybrid scheme, in
which the advective term is discretized using third-

5. Solve (4) as follows:

order upwinding alon, h lines, and the diffusive 2 H
term ispdiscretifed usignJ;/a finite element method. ZJ: 13 <¢, ?) j / Nilly
The discretization proceeds as follows: r
/h2k.V x (E) N, +
1. Contour the domain of interest at prescribed
values of h/f. > wihye / (2N;VN;.V N + N;VN;.VN;)
2. Adjust the node distribution along the con- g —0 foralli (5)

tours such that the local distance between
adjacent nodes on the contour is approxi-

mately equal to the local distance between where J(, h/ f); is sum of weighted values of 1) at

node j and other nodes on the same h/f contour

contours. . . .
corresponding to an upwind-difference representa-
3. Obtain a Delaunay triangulation of the do- tion of J(v,h/f) at node j.
main based on the nodes obtained from step Equation (5) is solved by simultaneous relax-
2 (see, for example, Weatherill, 1992, for a ation. The relaxation method employed consists
description of the algorithm). of sweeping along successive h/f contours. Thus,

Figure 1. Contours show the f/h contours used in the calculation. There are 30 contour levels, giving 189
contours.
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in the limit of small ¢, a good approximation to
1 is obtained, at least for open contours of h/f,
after a single iteration.

Results

The North-Atlantic/Caribbean basin was dis-
cretized using contours are 30 levels of A/f. The
contours are shown in Figure 1. Using the node-
spacing algorithm described above, the Delaunay
triangulation shown in Figure 2 was obtained.
Taking the forcing from annual-averaged Heller-
man & Rosenstein (1983) winds, solutions were
obtained at 3 values of €: 0.001, 0.0033 and 0.01.

The solution obtained for ¢ = 0.001 is shown
in Figure 3. Two features suggest that this value
of ¢ may be too small to be appropriate for the
barotropic model.

Firstly, the transport in the sub-tropical gyre is
found to be 42 Sverdrups. This is slightly larger
than the 30-35 Sverdrups suggested by Schmitz
& McCartney (1993). A larger value of friction
would be expected to reduce the transport.

Secondly, there is almost no significant sub-
polar gyre. This suggests that the influence of f/h
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contours is too strong, particularly in shallow re-
gions. To appreciate this, consider first the case of
a flat-bottomed ocean. In the flat-bottomed case,
the value of 9 is obtained by integrating the wind
stress curl from east to west. At latitudes where
the wind stress curl is positive, which are typically
in sub-polar regions, corresponding to a cyclonic
subpolar gyre, the cyclonic gyre builds up imme-
diately as one integrates westward along a line of
constant latitude. On the other hand, integrating
along lines of constant f/h, we see that nearly all
the f/h—contours in the region of cyclonic wind
stress curl originate in the southeast corner of the
domain, and pass through a region of substan-
tial anticyclonic wind stress curl (see Hellerman &
Rosenstein, op. cit.). Greater diffusion will cause
“memory loss” in an otherwise-hyperbolic system,
and so a larger value of ¢ could be expected to re-
store the sub-polar gyre which would be obtained
in a flat-bottomed ocean.

There is a third significant difference between
the solution shown in Figure 3 and the circulation
in the North Atlantic: there is almost no flow be-
tween the Atlantic and Caribbean basins. Partic-
ularly, the Gulf Stream through the Florida straits
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Figure 2. The triangulation based on the contours of f/h shown in figure 1. There are a total of 71582 vertices,
141407 triangles and 212991 edges shown in the figure.






