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ABSTRACT

Nonlinear Fourier analysis is discussed as it arises from the exact spectral solution to
large classes of nonlinear wave equations which are integrable by the inverse scattering
transform (IST). The approach may be viewed as a generalization of the ordinary, linear
Fourier transform or Fourier series. Numerical methods are discussed which allow for
implementation of the approach as a tool for the time series analysis of oceanic wave
data. I specifically consider the case for shallow water, where integrable nonlinear wave
motion is governed by the Korteweg-de Vries equation with periodic/quasi-periodic
boundary conditions. Numerical procedures given herein allow the computation of a
nonlinear Fourier series for a measured time series. The nonlinear oscillation modes of
KdV obey a linear superposition law, just as do the sine waves of a linear Fourier series.
However, the KdV basis functions themselves are highly nonlinear, undergo nonlinear
interactions with each other and are distinctly non sinusoidal. I analyze surface wave data
from the Adriatic Sea and apply the concept of nonlinear filtering to enhance
understanding of nonlinear interactions.

INTRODUCTION

This paper summarizes a new numerical approach for the nonlinear Fourier analysis
of space and time series of complex, nonlinear wave trains. The method, based upon the
(periodic/quasi-periodic) inverse scattering transform (IST), is a kind of nonlinear
generalization of the ordinary, linear Fourier transform. I focus on nonlinear wave motion
for shallow-water waves as governed by the Korteweg-deVries (KdV) equation. IST may
be exploited to determine the numerical inverse scattering transform (N IST) spectrum of
a measured or computed wave train which is assumed to be periodic (or quasi-periodic) in
space or in time. The approach may also be applied to numerically construct complex
solutions to the KAV equation. T build on previous successes in the application of the
periodic scattering transform to the analysis of computer generated or experimentally
measured data [Bishop et al., 1986; Osborne and Bergamasco, 1985, 1986; Osborne and
Segre, 1990; Terrones et al., 1990: Flesch et al., 1991; Osborne et al., 1991; Osborne,
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1991a, 1991b; McLaughlin and Schober, 1992; Osborne, 1993]. In particular I analyze
measured wave data obtained in the Adriatic Sea on a fixed offshore platform in 16.5 m
of water, about 10 km from Venice, Italy. This paper describes some of the recent work
done in collaboration with L. Cavaleri [Osborne et al., 1991; Osborne and Cavaleri,
1993]. It is hoped that the results of this paper will complement other recent work in the
propagation of nonlinear shallow water waves [Elgar and Guza, 1986].

THE KdV EQUATION AND PERIODIC INVERSE SCATTERING THEORY

The Kortweg-deVries equation describes (among many other physical applications)
the motion of small, finite-amplitude nonlinear wave trains in shallow water. KdV was
the first of many nonlinear wave equations to be completely integrated by what is now
called the inverse scattering transform [Zakharov et al., 1980; Ablowitz and Segur, 1981;
Dodd et al., 1982; Newell, 1985; Degasperis, 1991].

The dimensional form for the (space-like) KdV equation is given by [Whitham, 1974;
Miles, 1980]:

N +c,n, +ann, +pn, =0 (1)

where 7)(x,?) is the wave amplitude as a function of space x and time ¢. For shallow
water wave motion the constant coefficients of KdV are given by ¢, = (gh)"?,
o =3c,/2h and 8 =c,h* /6. Eq. (1) has the linearized dispersion relation
o = ¢,k — Bk*; g is the acceleration of gravity, c, is the linear phase speed, and 4 is the
water depth. Subscripts with respect to x and ¢ refer to partial derivatives. KdV solves the
Cauchy problem: given the spatial behavior of the wave train at ¢ =0, 17(x,0), (1)
determines the motion for all space and time thereafter, 7(x,¢). Here we use periodic
boundary conditions so that 1(x,t) = n(x + L,t), for L the spatial period of the wave
train.

The most common experimental situation is to record data as a function of time at a
single spatial location. The reasons are often economical, e.g., the measurement of time
series requires a single wave staff or pressure recorder; the measurement of space series

requires remote sensing capability. These considerations motivate the need to determine
the scattering transform of a time series, 11(0,t). To this end one may apply the time-like

KdV equation (TKdV) [Karpman, 1974; Ablowitz and Segur, 1981]:
n,+c' n+o 7777;+ﬁ' N =0 (2)

where ¢,'= 1/co, &' =~/ ¢,” and B'=—f/c,; (2) has the linearized dispersion relation
k=w/c,+(B/c,*)w®. TKAV solves a boundary value problem: given the temporal
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evolution 77(0,7) at a fixed spatial location x =0, (2) determines the wave motion over all
space as a function of time, 1(x,?). Periodic boundary conditions (7(x,#) = 1(x,t+T))
are assumed herein in order to be consistent with linear Fourier algorithms (discrete and
fast Fourier transforms). Due to recent advances in numerical methods TKdV may now
be routinely applied to the time series analysis of experimental data [Osborne, 1991a;
Osborne et al., 1991; Osborne and Segre, 1990].

All solutions of (1) may be easily converted to all solutions of (2) by simple
transformations given elsewhere [Osborne, 1983; Osborne, 1993]. Hence the scattering
transform of (2) may be easily expressed in terms of the scattering transform of (1). For
present purposes it is only necessary to note that given the IST for (1), the IST for (2)
may be easily determined. Therefore, I give herein only the mathematical development of
IST for (1).

According to the periodic inverse scattering transform the solution to the periodic
KdV equation (1) may be written as a linear superposition of nonlinearly interacting,
nonlinear waves called hyperelliptic functions, u;(x;x,,0):

N
ANQGeD =—E + 3 120, (6X,1) = By, = By 3)

=1

The constant parameter A = ¢/ 63. This is the first of the so-called trace formulae for the

KdV equation [Dubrovin and Novikov, 1974; Flaschka and McLaughlin, 1976] and may
be interpreted as a kind of nonlinear Fourier series. The constant parameters Ey;, Eo;

are eigenvalues of the “main spectrum” of periodic theory as discussed in the next
section; x,, is an arbitrary base point in the interval 0 < x < L. The u; are the nonlinear

oscillation modes of periodic KdV, i.e., they are analogous to the sine waves of linear
Fourier analysis. The u; spatially evolve according to the following system of coupled,

nonlinear, ordinary differential equations:

du; 2io,R"*(u,

i (4)
T —u
Py
where
2N+1
Rup=T] w;-E. (5)

The o; = *1 are the signs of the square root of R(¢;). The y; dynamically evolve on
two-sheeted Riemann surfaces; the branch points connecting the surfaces are referred to
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as “band edges” and are denoted by the E; and Ey;, . The spatially and temporally
varying y; evolve inside an “open band,” e.g., in the interval E,; Su; S E,j,,, and
oscillate between these limits as a function of x and ¢, as will be demonstrated graphically
below. When a 1; reaches a band edge (either Ey; or Ey;,,) the sign o; changes and the
motion leaps to the other Riemann sheet. This fact, together with the strong nonlinear
coupling occurring among the u; presented considerable difficulties for Osborne and
Segre [1990] in numerical integrations of (4). These difficulties have been largely
circumvented by the methods given herein for the time series analysis of nonlinear wave

trains.
The temporal evolution of the ; is given by the following differential equations:

dy; duy;
=200 00n =201 ©6)

where An(x,?) is given by (3). The space (4) and time (6) ODEs evolve the u;(x,t) (the
nonlinear oscillation modes of KdV) and the nonlinear Fourier series (3) allows one to
construct general solutions to the KdV equation. In what follows I describe methods for
numerically computing the oscillation modes p;(x,0) at a particular instant of time, # = 0.
The requisite numerical methods are then christened nonlinear Fourier analysis
procedures for space or time series [Osborne, 1991a].

Generally speaking I refer to the numerical determination of the main spectrum
(E;; 1 €i<2N+1) and the auxiliary spectrum (1;(0,0),0, = £1;1 < j < N) as the direct
scattering transform (see details in the Section below). The computation of the
hyperelliptic functions 4;(x,t) as solutions of the nonlinear ODEs (4)-(6) and the
construction of solutions of the KdV equation by the trace formula (3) constitutes the
inverse scattering transform. Herein 1 (a) discuss new numerical procedures for obtaining
the direct scattering transform and (b) show that the inverse scattering transform as
obtained by numerical integration of (4)-(6) (e.g. as considered by Osborne and Segre
[1990]) can be replaced by a much simpler, more precise and faster algorithm.

THE PERIODIC INVERSE SCATTERING TRANSFORM

The spectral problem (the direct scattering transform) for KdV (1) is the Schroedinger
eigenvalue problem of quantum mechanics:

Vo +[AN)+ KW =0 (k2 =E) (7)
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where 1(x)= 1n(x,0) is the solution to the KdV equation (1) at an arbitrary time 1 =0; &
is the spectral wavenumber. Periodic boundary conditions are assumed so that we take
n(x,t)=n(x+ L,t) for L the period.

Details of the inverse scattering theory will not be given here, but may be found
elsewhere [Dubrovin and Novikov, 1974; Dubrovin, Matveev and Novikov 1976;
Flaschka and McLaughlin, 1976; McKean and Trubowitz, 1976]. For numerical purposes
it is appropriate to consider a basis of solutions (c, s) of (7) such that

clx,) c(x,) 1 0

= . &)
s(x,) §(x,) 0 1
The wronskian W(c, s) = 1 so that (¢, §) is a basis set of (1). The matrix « carries the
solution of (1) from the pointx to x + L:
cx+L) c(x+L) a, o Y elx) ¢ (x)
= ©)

s(x+L) s(x+L) oy O As(x) s (x)

a is often referred to as the monodromy matrix. This is the fundamental matrix of
periodic spectral theory for KdV; « contains all spectral information about KdV in the

wavenumber domain.
The so called main spectrum of KdV consists of eigenvalues E; that correspond to the

Bloch eigenfunctions of the Schroedinger equation (7) for a particular period L. The
auxiliary spectrum is defined as the eigenvalues for which the eigenfunctions s(x) have
the fixed boundary conditions s(xg+L) = s(xp) = 0. To this end one has these specific
spectral definitions:

main spectrum {E; 1 <i<2N+1}: %(0&,l +o )(E)=%1
auxiliary spectrum {,uj;l <j< N}: ay(u)=0 (10)
{0‘,} = {sgn[a“(E)— a22(E)]E=#j; 1<j< N}.

The eigenvalues {E‘-; M 0,-} constitute the direct scattering transform of a wave train of

N degrees of freedom, 1 £i <2N+1; 1 £j < N. The inverse scattering transform, (3)-(6),
then allows for the construction of complex wave train solutions of the KdV equation.
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THE NUMERICAL ALGORITHM

The numerical search for the scattering eigenvalues {Ei; Hjs O'j} suggests the need for
computing the derivatives of the matrix o; with respect to the energy E. This is because
one normally uses a Newtonian numerical root-finding algorithm to determine the

eigenvalues. To achieve this goal, a matrix method for obtaining the evolution of the
eigenfunction Y as a function of x and E for a particular wave train 7)(x,0) has been

developed. The key to this approach is the analytical estimation of derivatives of the
matrix elements with respect to E.
To this end the spectral equations are

Vu=—qVY
(1D
Ve =—qWe =V

where the subscripts refer to differentiation with respect to x and E; g(x) = An(x)+E.
Writing (11) in four-vector notation and using a Taylor series expansion for the solution
to the scattering equations (11) one obtains

v(x+ Ax) v(x)
Vix+ A0 || y) 12
W (x + Ax) ve(x)
Ve (x + Ax) Ve(x)
where
H= T o 13
_(TE X a3)

Each element of H is a two-by-two matrix. The matrix 0 has zero for all its elements and
the other matrices are given by:

sin(kKAx)
T=| COStKA) —— (14)

—-K‘si_n(KAx) cos(KAx)

and
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3 Ax sin( kAx) Ax cos(KkAx) 3 sin( KAx)
T, =90 _ 2K 2k? 2 (15)
JE | Axcos(xAx) N sin( KAx) _Axsin(KAx)
2 2K 2K

for k= (g)"* =(An(x)+ E)"*. While kx may be either real or imaginary, the matrix Ty is
always real with determinant 1. This property is exploited in the numerical algorithm

below.
As in previous numerical problems of this type I assume the wave train 7(x) has the

form of a piece wise constant function with 2M partitions on the periodic interval (0, L),
where the discretization interval is Ax = L /2M [Osborne, 1991a]. Each partition has
wave amplitude 1,(1 <n <2M) which is associated with a discrete value of the spatial

variable x, = nAx. The four-by-four scattering matrix M can then be defined:

-M
M= [TH,.Ax) (16)

n=M-1

The initial conditions of the basis (c, s) at the base point x¢ are given by

c(x,) 1 5(x,) 0
c'(x,) 3 0 s(x,) 1
e | T1o| | sex) |Tlof an
Cg(x,) 0 s e (X,) 0

From the definition of the matrix ¢ one has

cx+L) ¢(x+L)Yex) ¢ Y
{ay}= . (18)
s(x+L) sSx+D)NA\s(x) sx)

Thus at x, one finds
1 1
5(0511 +0522)=5(M11 +My,) (19)

o =M, (20)
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while the derivatives are given by

d

a_E‘%(an'*'azz):%(Msl‘*‘Maz) (21)
0
2= My, 22)

Implementation of the Numerical Algorithm

Because & = (A1 (x,0)+k%)""* can be either real or imaginary, but not complex, the
matrix H is always real. This result allows implementation of an algorithm which is
entirely real. The following relations have been used in the computer code:

cos(k' Ax) if k220
T,=Ty= , e (23)
cosh(k' Ax) if k* <0
SN AY) ¢ 42 >
T, =9 (24)
——Smh(’f Ax) if k2 <0
p
—K’ sin(x Ax) if k* 20
2= . e (25)
K sinh(K Ax) if ¥* <0
where
K =AIAn + k2 = VI (26)

and analogously for the matrix 7.

The reconstruction of complex solutions of the KdV equation by (3) (as well as
nonlinear filtering) are carried out by computing the auxiliary spectra i;(x, = x,) for the
2M different base points x,= X_p...X], X9, ... X311 The approach is formally called base
point iteration and is carried out by computing 2M different monodromy matrices (16)
which differ from each other by a horizontal shift Ax in the wave train 7),. This
procedure arises from the following similarity transformation which is easily seen from

(16):

M(x,,1,E) = H(n,, EYM (x,, EYH(1,, E)™ 27)
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The latter expression relates the matrix M(x,41, E) at a base point Xpj 0 the previously
computed matrix M(x,, E) at the base point x, for a particular value of E = k2. Values of
the auxiliary spectra {u;(x,)} for each x, are computed from the matrices M(x,, E).
Knowledge of the auxiliary spectra at every point x, allows reconstruction of the wave
train 7)(x,) via a discrete version of (3):

N
AN(x,) = =+ D 120,(x,) = Ey; = Eyjui) (28)

j=1

for n=-M...1,2,..M-1. This is a finite-term nonlinear generalization of a Fourier series
for the discrete wave train 7(x,). As indicated by the notation, each nonlinear oscillation
mode {¢;} implicitly depends upon the associated wavenumber ; of the mode. The ; are
theoretically given by the simple relation &, = jAk,Ak =27/ L; surprisingly these are
exactly the same as for the linear Fourier transform, provided that periodicity is assumed.
The IST spectrum then consists of the widths of the open bands of the Floquet
discriminant, a; = (E,;,; — E,;)/ 21, graphed as a function of k; (or fj for a time series).

EXAMPLE OF NONLINEAR FOURIER ANALYSIS

To illustrate the numerical inverse scattering transform in the analysis of nonlinear
wave trains, in Figure 11 give the numerical construction of a three degree-of-freedom
wave train. In panel (a) are the hyperelliptic functions y;,j =6, 9, 11; in the present case
the y; are constructed from a rather arbitrary selection of the eigenvalues Ey;, Ey;yq. The
linear superposition of the three oscillation modes gives the solution to KdV as shown in
the upper part of panel (a). Note that the hyperelliptic oscillation modes are highly non-
sinusoidal in appearance due to nonlinear effects. In panel (b) are shown the amplitudes
of the linear Fourier modes (solid line) and of the three hyperelliptic modes (vertical
lines). Comparing these results one concludes that only three nonlinear oscillation modes
(three u,(x)) are required to describe the motion, while instead the number of linear

Fourier modes is quite large (~ 50) for this example.
ANALYSIS OF MEASURED ADRIATIC SEA WAVETRAINS

I extend results recently discussed by Osborne et al. [1991] and Osborne and Cavalerni
[1993] with regard to the analysis of nonlinear wave data obtained in a measurement
program in the Adriatic Sea about 10 km from Venice, Italy. The data were recorded in
16.5 m of water on the offshore research platform of the Italian National Research
Council (Consiglio Nazionale delle Ricerche) in a region where the bottom slope is rather
small, e.g., ~ 1/1000. A typical measured wave train, a 500 point time series with
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Figure 1. Synthesis of a wave train solution to the KdV equation. In (a) three hyperelliptic function
oscillation modes are linearly superposed to give the solution to KdV. In (b) are graphed the linear Fourier
transform of the wave train (solid line) and the three nonlinear Fourier amplitudes (the aj, vertical lines).



