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ABSTRACT

Frequency shifts in Rossby wave propagation due to nonlinear interactions in
geostrophic (beta-plane) turbulence are studied by direct numerical simulations
and a statistical closure theory. The shifts are of systematic sign and can be quite
large as compared with the linear Rossby frequency. Under certain conditions, the
closure equations yield a simple approximation for the shifts. An explanation of the
shifts is given by a model that includes oscillating random sweeping and strain of

large eddies.

INTRODUCTION

The beta-plane model is one of the simplest turbulence models that takes into
account planetary gradient of Coriolis effect, obeying

9¢ | 9(6) _ 20 _
Bt 3(z,y) - ﬂg; = VV2<3 (1)

where 1) is the stream function related to the fluid velocity as u = (O Dy, —0 [ 0z),
¢ = —V?24 is the vorticity, and v the viscosity. The S term represents Coriolis
effect. In the absence of the nonlinear Jacobian term, Eq.(1) exhibits just the
Rossby wave propagation, while in the absence of the B term, Eq.(1) is the two-
dimensional Navier-Stokes equation. Thus the model provides a simple prototype

of wave/turbulence system.
We consider in this paper the frequency shifts of the the Eulerian two-time

correlation function in homogeneous and quasi-stationary beta-plane turbulence.
Under periodic boundasy conditions, in the Fourier space given by

u(x,t) = Z u(k, t)exp( ik - x),

k
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the Eulerian correlation spectrum U defined by

Uk, r,t) =<u(k,7) u(-k,t) >, (2)
obeys
0 5 .
[5; + vk + iwe(k)U(k, 7,t) = T(k,7,t) = — < J(k, 7 )¢ (-k,t) >, (3)
where wy(k) = —fk./k? is the linear frequency, and J is the Fourier transform of

the Jacobian term in Eq.(1).
The real part of T represents the energy transfer due to nonlinear interactions;

[% + 20kU(k,t) = 2ReT(k, t),

where U(k,t) = U(k,t,t) and T(k,t) = T(k,,t), while the imaginary part normal-
ized by the energy spectrum U gives

Im T'(k, )

) = Aw(k) = Re[@(k)] + wo(k), (4a)

where

wk) = /wU(k,w)dw//U(k,w)dw, (40)

Ulk,t +7,t)= /U(k,w)exp(iwr)dw.

Here and hereafter, we assume quasi-stationarity of turbulence such that the £—
dependence of U(k,? + 7,t) is negligible compared with its 7-dependence, and omit
the argument ¢ at will. In the absence of the nonlinear interactions, Aw is zero, and
Aw is therefore a measure of the frequency shifts due to nonlinear interactions.

Direct numerical simulations (DNS) of beta-plane turbulence in planar and
spherical geometries so far have suggested that the shifts are westward and nearly
proportional to k, (see the review by Holloway, 1986). There have been theoretical
studies on renormalized frequencies that take into account the nonlinear interactions
(Legras, 1980; Carnevale and Martin, 1982). However, the reason for the observed
shifts remained unknown.

The primary purpose of this paper is to study the frequency shifts by DNS and
a two-point closure theory, and to understand the reason. As for the closure theory,
we use the Lagrangian renormalized approximation (LRA; Kaneda, 1981), which is
derived by systematic Lagrangian renormalized expansions.
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STATISTICAL APPROXIMATION (LRA)

In a wide class of two-point closure theories of turbulence, the transfer function
T for homogeneous turbulence in a quasi-stationary state is given by an cquation
of the form

X 2
T(k) = Z lpxal q' (-k,p,q)

x[(p? — ¢)*U(P)U(Q) - 2(p* - ¢*)(k* —= AU K)U(q)],  (5)

where Zf,, q denotes the sum over p, q satisfying p+q = k. The principal difference
between various closure theories comes from the difference of the triple relaxation

factors 6.
The application of the LRA to the §-plane model equation (1) yields Eq.(5)
with

6(~k, p,q) = / ~ 6(=k, 7)G(p, r)G(q, T)dr, (6)

where G is an appropriately defined Lagrangian response function obeying

d
57

A
: 3 lpxal* [T
+ uk? 4+ we(k)|G(k, ) = =2 Eq: iy /0 G(-q,s)dsU(-q)G(k,7), (7)

G(k,0) =1,

(Kaneda, 1981; Kaneda and Gotoh, 1988).
In terms of ¢ defined by

G(ks T) = exP[_qS(k’ T)]a

Eq.(7) may be written as

382 Z Il/:2 2q|2 exp[—¢(—q,7)]U(a), (8)

where

o(k,0)=0, ¢.(k,0) = vk® + iwy(k),
and we have used U(q) = U(—q). For small 7, ¢ may therefore be expanded as

ok, 7) = [vkiT + @7’2 + ...] + tfwo(k)T + @T?’ + ..., (9a)
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where
Ak) =2 [k x4l*—-U(a), (95)
P p
2 Y kzqz
B(k)=-28) |k x4l* - U(a), (9¢)

P:q

k = k/k, and we have used px q=k xqfork=p+q.

In the following section, we need an estimation for the imaginary part of the
triple relaxation factor 8(—k,p,q) with k > ¢. If ¢(p) ~ ¢(k) for p = k — q and
k ~ p > q, then Eq.(6) gives

6(_ka pyq) ~ 9(—k,k,Q) = /OOO exp[_2¢R(ka T) - ¢R(qa T) - Z¢I(q) T)]d7—> (10)

for k 3> ¢, where ¢ and ¢ are the real and imaginary parts of ¢, respectively,
and we have used ¢r(k) = ¢r(—k), and the term ¢;(k) has disappeared because
¢1(k) + ¢1(=k) = 0.

In order to get a rough estimate of the imaginary part, we assume that the terms
of higher order in 7 may be neglected when Eq.(9a) is substituted into Eq.(10), i.e.,
we may substitute

dr(k) ~ vk’ + A(k)T?, é1(k) ~ wo(k)T + B(k)7>, (11)

into Eq.(10). This substitution does not imply that the value of ¢ itself is assumed
to be well approximated by Eq.(11) in the entire range of 7. It is clear that Eq.(11)
may be a poor approximation for large 7, although it may be good for small 7. The
substitution implies that we assume the magnitude of the integrand in Eq.(10) to
be sufficiently small for large 7 (where Eq.(11) may be wrong), and the error caused
by the substitution to be not serious.

For the sake of simplicity, we further assume that the anisotropy of the energy
spectrum may be negligible, or we may discard the anisotropic part of U, for example
by the smallness of 3. Then A(k) is a function of only the magnitude k and, Eq.(9c)
may be reduced to

B(k) = wo(k)C(k),

where C is a function of only k.
The substitution of Eq.(11) into Eq.(10) then gives

6(-k,p,q) ~ /000 exp{—v[2k* + ¢*|T — [24(k) + A(Q))m? = iwo(q)T[1 + C(q)r*)}dr,
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where we have put A(k) = A(k). If the viscous term is negligible, and

2A(k) > A(g),  24(k) > [Clg)l,  [2AE)]' > |wo(a)l, (12a,b,¢)
this gives
Imf(-k,p,q) ~ —y(k)wo(q), (13a)
where
v(k) = /0 T exp[—2A(k)T?]dr. (13b)

Although it is not easy to estimate A and C under general conditions, sim-
ple estimations are possible under certain idealized conditions and assumptions as
follows. Let E and Z be the total energy and enstrophy defined by

E=Y Uq), Z =) ¢U(q),
q q

respectively, and let us assume that most energy and enstrophy are from wavenum-
bers near kg and kz, respectively, so that F and Z may be approximated as

E~ ) Ud, Z~ ) ¢U() (14a,b)

¢<Kg g<Kz

where Kg and Kz are of the same order with kg and kz, respectively. If £ > kz,
and the dominant contributions to A(k) and B(k) in Egs.(9b) and (9¢) come from
the domain ¢ < Kz, then it is shown after some algebra that Eqs.(9b,c) and (14b)
give

1
A(k) ~ Z-z, k) ~ 32, (154, b)

while the dimensional consideration based on Egs.(9b,c) and (14a) gives
Alq) = O(kgE), C(q) = O(kEE),

for ¢ ~ kg < k, provided that the dominant contributions to A(¢g) and C(q) are

from the energy containing range.
The conditions (12a) and (12b) are then well satisfied if

Z > kLE. (16)

The numerical factor 2 in front of A(k) in Eq.(12) is insignificant in the estimation
of the order of magnitude of the terms, but may be significant numerically in real
DNS of limited resolution, where the strong inequalities in Egs.(12) and (16) may
hold only in a weak sense, i.e., the strong inequality ”>>” is to be changed to the
weaker ”>".
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SIMPLIFIED APPROXIMATION

Let T<(k|K) be the contribution from the interactions among the modes (k, p, q)
in Eq.(5) with p or ¢ < K. The contribution can be estimated in the same way as
Kraichnan (1966). Since

(P* = ¢)(P* - *)U(P) = (k? = ¢")U(K)] ~ —k*(q - Vi)[F*U (K],

fork =p+qand k ~p> q, we have for k > K,

A
T<(k|K)~ =Y 8(-k,p,a)lk x a*U(q)(a- Vi)[k*U(k)], (17)
g<K

where E?g{ denotes the sum over q satisfying k = p+ q and ¢ < K.

In order to get a simplified approximation for the frequency shift Aw(k) for large
wavenumber k, we introduce here the following three assumptions.
(I): The dominant contributions to Im T'(k) for k£ 3> Kz come from nonlocal inter-
actions with low wavenumbers, so that

ImT(k) ~ Im T<(k|K »).

(II): 8 is not very large so that the anisotropy of the energy spectrum U is weak
and we may therefore neglect its anisotropic part, i.e., we may put

U(q) ~U(g).

(I11): The imaginary part of the triple relaxation for k& 3> Kz may be approximated
by Eq.(13) in the estimation Im T<(k|K z).
Under the assumption (III), Eq.(17) yields

Im T<(k|Kz) ~v(k) Y wo(q)lk x &*U(q)(q - Vi)[F*U(k)], (18)
g<Kz

and under the isotropic assumption (II) this may be further reduced to

Im T(k| K 7) ~ —‘”“’”TW“) ) v 2V E] (19)

q<Kz ak

A rough estimate of v(k) may be obtained by substituting Eq.(15a) into Eq.(13b),
which results in

1(E) = 2z (20)
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If we further assume Eq.(14a), then the assumption (I) and Eq.(19) give

Bk, E O[k*U (k)]
mTk) ~ 57 25
and therefore . \
_ImT(k) _ BkE O[k*U(k)]
Aolk) = —7a5" = "Tazom) - ok (21)
If U(k) ~ k=™, then Eq.(21) yields for k >» kz,
_ (m -2)BE

The comparison of Eq.(22) with the linear frequency yields

Awk)  (m=2)k?
wo(k) 12 kY

while the comparison with the random sweeping frequency, yields

Aw(k) (m—Z)Eéﬁ
wk 6 kL Kk’

where kz = ('/u’ is a representative wavelength for a flow with an rms velocity
u' = EY? and an rms vorticity ¢! = Z'/2 and kr = (8/2u’)'/? is a representa-
tive wavelength obtained by comparing representative wave speed with u' (Rhincs,
1975).

Equations (21) and (22) suggest that the frequency shifts are independent of
the amplitude of the turbulent flow. However, it is to be remembered that Eq.(21)
is based on the assumption (III) or Eq.(13), and in the derivation of Eq.(13) we
have assumed Eq.(12) and that the viscosity is negligible. In the limit of weak
nonlinearity, Eq.(13) does not hold, but

wo(q)
(2vk? + vq?)? + wi(q)’

Imé(-k,p,q) ~ —

This can be justified by noting that neglecting the right-hand side of Eq.(8) yields
o(k,7) = vk*ir + iwy(k)T.
Retracing the derivation of Eq.(21) then gives for k > kz,

BhE_ Ok*U(K)

Awlk) =~ TRy ok
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instead of Eq.(21), provided that the assumptions (I) and (II) are still valid in this
limit, and vk? > |w,(q)| for k£ > Kz > q.

It is also to be noted here that if m < 2 then the integration of Eq.(18) or Eq.(19)
over q does converge at low ¢. This implies that the dominant contributions come
from local or high wavenumbers, and this is incompatible with the assumption (I).
Hence m must satisfy m > 2 unless the form U(k) ~ £~™ is assumed to be valid
only in a local sense.

The approximation (22) has the advantage of simplicity, as compared with
Eq.(5), but is based on several assumptions. It is therefore interesting to compare
the simplified approximation (22) with the estimate obtained from Eq.(5) without
using the assumptions. In the next section, we try such a comparison as well as the
comparison of the theory with DNS.

DNS AND NUMERICAL SOLUTION OF THE LRA

Fields satisfying Eq.(1) under periodic boundary conditions were generated by
alias-free spectral method with wavenumber increment Ak = 1 in each of k, and
ky directions, and retained wavevector domain k£ < K,,,, where K., is about
85. The initial values of the Fourier components u(k) were chosen to be normally
distributed with given initial isotropic spectrum U(k,¢ = 0). In the runs reported
here, we used v = 0.004 and E(k) = nkU(k,t = 0) = Ckexp(—2k/ko), where k¢ is
a constant, and the constant C is so normalized that £ = 1 in each realization. In a
series of run (Series B), ko was fixed at kg = 5.0 and 8 was changed as 8 = 2.5, 5.0
and 10.0. These runs are called here as B25, B5 and B10, respectively. In another
series (Series K), 3 was fixed at § = 5.0 and ko was changed as k¢ = 2.5,5.0 and
10.0. These runs are called as K25, K5 and K10, respectively.

In order to avoid the initial rapidly changing phase, we started to take time
averages after ¢ = 0.8. The averages here are time averages from ¢ = 0.8 to ¢t = 1.0.
In all the runs, the time averaged spectrum k*U(k) was observed to be nearly
isotropic, and the slope of U was steeper than k~* at high k. The representative
wavenumbers kz = ('/u’ = 1/Z/E and the total enstrophy in the runs were as
follows:

B5/K5  B25 B10 K25 K10
kz 4.64 4.64 4.64 2.95 6.55
Z 17.5 17.5 17.6 8.13 25.4

Thus kz and Z are larger for larger k¢ in Series K, as would be expected.
If we take the characteristic eddy-damping time scale as 7p ~ /4/3Z, which
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is suggested from Eqs.(11) and (15a), and the eddy turn over time as 77 ~ 27 /(’,
then, for example, for K5/B25 they are given by 7p ~ 0.28, and 77 ~ 1.5. Thus
the time interval of the averages is comparable to or shorter than the damping and
eddy turn over times. (The time interval is limited in our DNS, because in order
to avoid extra complexity caused by the introduction of external driving force, we
are considering here only freely decaying turbulence in which the statistics cannot
be stationary in a strict sense. Better statistics could be obtained by increasing
the number of realizations. However, a preliminary test of taking averages over 6
realizations suggested that the results are qualitatively not significantly different
from those by one realization.)

The LRA approximation Eq.(5) for T'(k) with Eq.(6) was also estimated by
numerical computation. The sums over p, q in Egs.(5) and (8) were computed by
an alias free spectral method based on the use of Fast Fourier Transform (FFT) as in
a previous study, (Gotoh and Kaneda, 1991). In order to avoid large fluctuations in
the simulated energy spectrum, we substituted to U(k) the isotropic band-averaged
as well as time- averaged spectrum. The wavenumber increment in the computation
is Ak = 1 as in DNS, and the retained wavevector domain was k < K4, ~ 85.
As a preliminary check, we computed Aw by two ways; one is by using the single-
precision FFT and the other by double-precision FFT. Although the value of Aw(k)
at high wavenumbers was found to be very sensitive to the precision, no significant
difference was observed at k less than about 40. We therefore present results only
for k, < 40, in the followings. The sensitivity at high k is presumably because U (k)
is there very small and Aw has the denominator U(k) as in Eq.(4a).

Figures 1,2 and 3 show the frequency shifts by DNS and the LRA in Series B,
while Figs. 1,4 and 5 show the shifts in Series K. In the figures, the values by the
simplified approximation (22) are also plotted, where the value m = 7, which was
guessed from the energy spectrum at k£ ~ 20 or so, is used. The energy spectrum
is not rigorously of power low form in the DNS, and this exponent should not be
taken too seriously.

Although it is difficult to make detailed quantitative comparisons due to rela-
tively large fluctuations in the simulated values of Aw taken from short time interval
as noted above, the figures show that the slope Aw/k; increases with § in Series
B, and decreases with kg, i.e., with the total enstrophy in Series K. The DNS re-
sults suggest that the shifts are nearly proportional to k;, the slopes in the figures
are positive (i.e.,Aw/k; > 0) and Aw exhibits only weak dependence on k,. The
positivity of the slopes means that the shifts are in the direction of westward phase
propagation. These results are in agreement with previous studies, (cf. Holloway,
1986). The results of the LRA as well as the simplified approximation (22) are seen
to agree qualitatively with DNS.
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Figure 1. Frequency shift Aw by LRA, DNS and simplified approximation (22) with m=7 for Case
BS/KS (ky=5, B=5) at ky=0,10,20,and 30.

Figure 2. Same as Figure 1, but for Case B25 (ky=5, B=2.5) at ky=0 and 20.




