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1. INTRODUCTION

The useful information in a signal is usually carried by both its frequency content and its
time evolution. If we consider only the time representation, we do not know the spectrum,
whereas the Fourier spectral representation does not give information on the time of
occurrence of each frequency. A more appropriate representation should combine these
two complementary descriptions. This is true in particular for turbulent signals, especially
those presenting bursts or some intermittent, quasi-singular behaviours. The uncertainty
principle precludes analysis of the signal from both sides of the Fourier transform at the
same time because of the condition Ar-Av = 1 (normalized information cell). Therefore it is
always a compromise: either good time resolution Az but loss of spectral resolution Av,
which is the case when we sample a signal by convolving it with a Dirac comb (Fig. 1a), or
good spectral resolution Av but loss of time resolution Az, which is the case with the
Fourier transform (Fig. 1b). These two transforms are the most commonly used in practice
because they allow construction of orthogonal bases onto which the signal can be
projected for analysis and eventual computation.

In order to improve time resolution while using the Fourier transform, Gabor (1946) has
proposed the windowed Fourier transform, which consists of convolving the signal with a
set of Fourier modes localized in a Gaussian envelope of constant width a, (Fig. 1c). This
transform allows then a time-frequency decomposition of the signal at a given scale ay,
which is kept fixed. But unfortunately, as shown by Balian (1981), the bases constructed
with such windowed Fourier modes cannot be orthogonal. More recently, Grossmann and
Morlet (1984, 1985) have devised a new transform, the so-called wavelet transform,
which consists of convolving the signal with a set of affine functions all presenting the
same frequency V,; the family of analysing wavelets vy, , is obtained by dilation and
translation of a given function  presenting at least one oscillation. The wavelet transform
allows therefore a time-scale decomposition of the signal at a given frequency v, which is
kept fixed. Actually the wavelet transform realizes the best compromise of the uncertainty
principle, because it adapts the time-frequency resolution Ar-Av to each scale a. In fact it
gives a good spectral resolution Av with a limited time resolution Af in the large scales,
but also gives a good time localization Az with a limited spectral resolution Av in the small

scales (Fig. 1d). The continuous wavelet transform has been extended to n dimensions by
Murenzi (1989).
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WAVELET ANALYSIS 133

In 1985 Meyer, while trying to prove the impossibility of constructing orthogonal bases,
as Balian had earlier done for the case of the windowed Fourier transform, was surprised
to discover an orthogonal wavelet basis built with spline functions, now called the Meyer-
Lemarié wavelets (Lemarié and Meyer, 1986). In fact the Haar orthogonal basis, which
had been proposed in 1909, is now recognized as the first orthogonal wavelet basis
known, but the functions it uses are not regular, which drastically limits its application. In
practice one likes to build orthogonal wavelet bases using functions having a prescribed
regularity to provide enough spectral decay depending on the application. In particular,
following Meyer's work, Daubechies (1988) has proposed new orthogonal wavelet bases
built with compactly supported functions of prescribed regularity defined by discrete
quadratic mirror filters (QMF) of different lengths, the longer the filter, the more regular
the associated functions. Mallat (1989) has devised a fast algorithm to compute the
orthogonal wavelet transform using wavelets defined by QMF; it has been used in
particular to devise more efficient techniques for numerical analysis (Beylkin, Coifman,
and Rokhlin, 1992). Then, more recently, Malvar (1990), Coifman and Meyer (1991)
found a new kind of window of variable width, which allows the construction of
orthogonal adaptative local cosine bases. The elementary functions of such bases are then
parametrized by their position b, their scale a (width of the window), and their
wavenumber k& (proportional to the number of oscillations inside each window). In the
same spirit, Coifman et al. (1990), Wickerhauser (1990), and Coifman, Meyer, and
Wickerhauser (1992) have proposed the so called wavelet packets which, similarly to
compactly supported wavelets, are wavepackets of prescribed regularity defined by
discrete QMF, from which one can construct orthogonal bases. A review of the different
types of wavelet transforms and their applications to analysis and computation of turbulent
flows in 2D and 3D is given in Farge (1992a,b).

2. THE CONTINUOUS WAVELET TRANSFORM

The only condition a function w(x) € I’(R), real or complex-valued, should satisfy to be
called a wavelet is the admissibility condition:

C(t?/)=27rji}w<k)|2%< - M)

with
=] flxe™dx. )

If y is integrable, this condition implies that the wavelet has a zero mean :

j_: w(x)dx=0or y=0. 3)
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In practice one also wishes the wavelet to be as localized as possible on both sides in
Fourier transform, namely that

L @)

w(x)|<
I+{x

and

k)| < - (5)

b
1+ |k -k,
with k, being the frequency of the wavelet and » as large as possible.

Figure 2 shows examples of the most commonly used wavelets: the Marr wavelet (Fig.
2a), also called the Mexican hat, a real-valued function used for the isotropic continuous
wavelet transform, the Morlet wavelet (Fig. 2b), a complex-valued function used for the
non-isotropic continuous wavelet transform, the Meyer-Lemari¢ wavelet (Fig. 2¢), and the
Daubechies wavelet (Figs. 2d,2e), real-valued functions used to build orthogonal bases.

For several applications, in particular to study fractals, one also wishes the wavelet to have
a good regularity, namely that (k) decays rapidly near zero or, equivalently, that the
wavelet has enough cancellations such as

[ woxdx=0 (6)
with # as large as possible.

Then, after having chosen the so-called ‘mother wavelet’ y, one generates the family of
wavelets ‘P'p 4(x), by continuously translating the ‘mother wavelet’ y along the signal &
and continuously dilating it to all accessible scales a, which gives

1 -b
W, . (x) = Yo W(XT) @)

with N(a) a normalization coefficient equal, either to a2 if one wishes the squared
modulus of the wavelet coefficients to correspond to an energy density (L2 norm), or to a
if one uses the wavelet coefficients to analyze the local regularity of the signal (L' norm).

The continuous wavelet analysis of the function f(x) e I*(R) is then the inner product
between f{x) and the set of all translated and dilated wavelets ‘¥'p 4(x), such as

fo.ay=[ fo¥, dx ®)

where * indicates the complex conjugate.
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Figure 2. Most commonly used wavelets: (left) the functions and (right) their Fourier transforms.
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The wavelet transform therefore projects the L%(X) space of finite energy functions into
the L2(RxR™T) space of wavelet coeflicients having a measure da db/a?, which is the Haar
measure associated to the affine group. Figure 3 shows five examples of wavelet analysis
of academic signals: a Dirac spike (Fig. 3a), the superposition of two cosine functions
having different frequencies (Fig. 3b), the superposition of two cosine functions of very
different amplitudes (Fig. 3c), a tchirp (Fig. 3d), a Gaussian white noise (Fig. 3e), and
finally a tchirp in the presence of a strong noise (Fig. 3f).

From the wavelet coefficients f(b,a), one is able to reconstruct the function f{x) using the
inverse wavelet transform, defined as

dadb
f(x)=mj J, Pyt == ©)

with

C(y) =

a finite valued coefficient given by the admissibility condition (1).

One verifies that the wavelet transform conserves energy (as the Plancherel identity for the
Fourier transform), namely that

r dadb (10)
.

[ lreofar=—
- C() -
If the function f{x) belongs to the functional space L2(R), and if the wavelet is regular

enough and therefore well localized in Fourier space (5), the wavelet analysis may be
interpreted as a pass-band filter with dk/k being constant (Fig. 1d) :

Fb,a)= [~ FU0¥ @be™dk. (1)

2N()

The extension of the continuous wavelet transform to analyze signals in # dimensions has
been done by Murenzi (1989), considering in this case the Euclidean group with dilations.
The generation of the wavelet family ‘P, , (x) is obtained by translation (vector b),
dilation (parameter a) and rotation (corresponding to the operator r defined in RD), such
as

¥ (¥ =N@ yla'r (G-b)). (12)
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Figure 3. Wavelet transforms of several academic signals using a Morlet wavelet (continued next page).
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Figure 3. (continued) Wavelet transforms of several academic signals using a Morlet wavelet. [We have
used the code TecLet 1D (copyright Science & Tec.)]
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For R2, r is the rotation matrix:

cos@ —sin
r=| . (13)
sinf cosB
with 0 the rotation angle.
In n dimensions the admissibility condition becomes
(14)
The analysis and synthesis are then
Farby=[_ [ f@¥, Hdx (15)
dadr d"b
= —_— 16
f@= C( AR ¥, 50 (16)
The energy conservation still holds:
e 2 2 dadr d"b
[l C( ol L e b = (17

Holschneider (1988) has shown that one can reconstruct the function f{x) from its wavelet
coefficients f(b,a) by using any other function ¢(x), which verifies a modified
admissibility condition such as

[ &f‘(k)]‘—’—kf| <o (18)

This, for instance, allows us to reconstruct f{x) by a simple summation of all wavelet
coefficients along the verticals & = constant. This in fact corresponds to using a Dirac
function as the function ¢(x) to reconstruct the signal, which gives

(19)

f)= e
with
ci=v2r[ ﬁ/(k)% <o,
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3. PROPERTIES OF THE CONTINUOUS WAVELET TRANSFORM
3.1 Covariance by Translation and Dilation

One property of the continuous wavelet transform, which is lost in the case of the
orthogonal wavelet transform, is its covariance, by both translation, i.e., shift by x,

W[f(x-x)]= fb=xy,a) (20)

with /¥ the continuous wavelet transform operator, and dilation, i.e., under scale changes
by a factor A
x 1~(b-b a
Wl f(=) == L — | 21

The continuous wavelet transform is a linear transform; therefore we have the following
superposition principle:

3.2 Linearity

W, (x)+ B, (x)] = o, (b, @)+ B, (b,a) (22)
with a and b two arbitrary constants.
3.3 Locality in Both Space and Scale

The localization of wavelets by both position b and scale a yields both values from the
wavelet coefficients. This is not the case with the Fourier coefficients because the basis
functions are nonlocal: a given Fourier coefficient therefore depends on the behaviour of
the whole signal. On the contrary a given wavelet coefficient f (b,,a,) does not depend on
the value of the signal outside the so called ‘influence cone’ localized in b, + Ab/ a, with
Ab depending on the support of the wavelet (Fig. 4a). Likewise the wavelet coefficients at
a given scale a, depend only on the spectral behaviour of the signal in the bandwidth
[Amin/@sFmax/do] With ki and &y, given by the support of  (Fig. 4b). The support of
¥ is defined as the region where v is larger than a given value, because wavelet \ has at
least an exponential decay.

3.4 Characterization of the Local Regularity of a Function
One of the most useful properties of the wavelet transform in analyzing turbulent flows is

the fact that the local scaling of the wavelet coefficients computed in L! norm, i.e., with
the normalization N(a)=a in (7), allows us to characterize the regularity of the signal



