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INTRODUCTION

The spatial and temporal variability of Gulf Stream meanders has been studied by many
including Watts and Johns (1982), Halliwell and Mooers (1979 and 1983), Olson et al.
(1983), and Cornillon (1986). The majority of these studies use the northern edge or north
wall, determined from the largest spatial gradient in advanced very high resolution
radiometer (AVHRR) data, as the Gulf Stream path indicator. The advantages of using
AVHRR data for locating the Gulf Stream are (i) the large contemporaneous spatial
coverage, (ii) the measurements have been collected daily since 1978, and (iii) the frontal
locations are the strongest signal in the data. The chief disadvantages are the amount of
processing (geometric corrections, cloud-screening/compositing, and manual digitizing of
frontal positions from images) required and that the satellite sensor cannot see through the
clouds. Consequently, there are large spatial (2-6 degrees) and temporal (3-6 days) gaps in
the Gulf Stream north wall position (GSNWP) data set. Mariano (1988 and 1990) devised
a new approach, termed contour analysis, for melding of oceanic data and for space-time
interpolation of gappy frontal data sets. The key elements of contour analysis are feature
matching and averaging in a coordinate system determined from the contour positions. In
applying his approach to the GSNWP, Mariano assumed a dominant one-dimensional east-
west phase speed in his algorithm. This assumption restricted the application of this
algorithm to other frontal data sets, such as the Brazil-Malvinus confluence (Garzoli et al ,
1992) where the north-south phase speeds are also important, and led to poor estimates of
the GSNWP when the north-south phase speed was significant.

The primary goal of this study is to develop an improved algorithm for space-time
interpolation of gappy frontal data sets. The major improvements are the inclusions of (i)
two-dimensional phase speed, (ii) a more autonomous algorithm, (iii) a better feature
matching algorithm, and (iv) the inclusion of a temporal smoothness constraint. The
space-time interpolator is formulated in the framework of probabilistic (Bayesian)
estimation. This report first reviews such an estimation theoretic framework and, in
particular, a Kalman filter-based interpolation algorithm. Then, feature detection and
matching algorithms are discussed, followed by presentation and discussion of some
preliminary results.
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BACKGROUND

The approach described in this report is a two-step process: First, the locations of the sea
surface temperature (SST) “edges” (gradient maximums) are detected and digitized by
trained personnel at the University of Rhode Island (URI). Then, the longitude-latitude
coordinates of the digitized points are interpolated by an autonomous computer program.
This report describes this second step—a probabilistic approach to the development of a
space-time interpolation algorithm.

The space-time interpolation problem is formulated as a quadratic optimization problem.
Here, we review how the cost function can be optimized using a Bayesian estimation
framework (with additive white Gaussian noise models) and how the solution can be
obtained time-recursively using Kalman filters.

1. Space-only interpolation

We first discuss the problem of interpolating points digitized from a single frame of image,
as this is the first step of our space-time interpolation algorithm. Let (X,,y,).i=12,...,m
be the longitude-latitude coordinates of the digitized points. We assume, for the time
being, that the latitudes y of the GSNWP can be described by a function of the longitudes
x only, i.e., there exists a single-valued function y(x). This is a mathematically convenient
description used in the previous studies of Gulf Stream variability, but it is not always
appropriate for Gulf Stream meanders. The bi-variate formulation for multi-valued
features, such as “S” and “Q” shaped meanders, is discussed after analyzing the simpler
single-valued case.

The function y(x) is interpolated based on the measurements (¥,,¥,) by finding the function

that optimizes
2
jldx (D

where »; are the weights representing our confidence in the corresponding measurements.
The two integral terms, weighted by the parameters o, and a,, control continuity
(“tension”) and linearity (“smoothness”) of the interpolated curve, respectively. This
optimization approach finds applications in general geophysical interpolation and
variational problems (e.g., Inoue, 1986).
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2. Maximum likelihood estimation

To obtain a numerical solution of Eq. (1), the longitude is discretized as
x= jAx,j=12...,n.. The interval Ax is chosen small enough for the discrete domain to

include (within a reasonable quantization error) the measurements as {il} c {x( jAx)},
which implies m < n—the number of points to be estimated is usually three to four times

the number of data points. The corresponding latitudes are represented by an
n-dimensional column vector y whose elements are y(jAx), j €[1,n], while the

measurements of the latitudes are organized as an m-dimensional vector z whose elements
are y,i € [1, m] A discrete version of Eq. (1) is

mino |8,y [+ oo Sy [+ z-Hy @

z—Hy “; =(z— Hy)' M(z—-Hy).
(The superscript 7 denotes matrix transpose.) The matrixes S, and S, are the first and
second order difference operators, respectively, while M is a diagonal matrix whose
diagonal elements are the measurement weights v,,i €[1,m]. The m x n matrix H is the

where the vector-norms are weighted 2-norms, e.g,

data-estimate correspondence operator whose (7,j) element hy; is defined as

G)

i1

B 1 if x, = jAx
o if otherwise.

The process of determining the matrix H—the correspondence problem—is
straightforward in this case where the latitudes are treated as a function of the longitudes.
Some GSNWP features, such as an “S” shaped meander, can make the correspondence
problem quite complex. Mariano (1990) showed that detecting and matching such features
based on the sparse sets of data points are the key (and most difficult) components for a
successful interpolation scheme. Our solution to the correspondence problem is presented
in the next section.

The minimizing solution y of Eq. (2) is exactly the maximum likelihood estimate y based
on the observation equation

z H Vy
01=[S, [y+| v, “)
0 S, Vv,
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where the additive observation noise v, v,. and v, are mutually independent zero-mean
Gaussian random vectors with covariance M, ;'L and ¢;'I, respectively. The solution of
this probabilistic estimation problem requires minimization described in Eq. (2) (Lewis,
1986); thus, the maximum likelihood formulation based on Eq. (4) constitutes a
probabilistic interpretation of Eq. (2). An advantage of this probabilistic version is that the
estimation error covariance can be computed, along with the estimate itself, allowing us to
quantify confidence/uncertainty in the solution. For Eq. (4), the optimal estimate y and

estimation error covariance P are given by

y=L"H Mz )
P=L" (6)

where L= H'MH+ ¢ S'S, + ¢,S] S, is a sparse penta-diagonal matrix. Alternatively, the
minimization problem Eq. (2) can also be reformulated as a Bayesian estimation problem
in which the first two terms in Eq. (2) are interpreted as the prior statistics for the
unknown y (Szeliski, 1989). Both the Bayesian and maximum likelihood formulations are
equivalent when Gaussian noise models are used, as they yield the same solution.

In terms of selecting the parameters for the interpolation problem, the probabilistic
formulation must be specified slightly more precisely than its variational counterpart: In
Eq. (2) the weights o, 0, and M are only required to be specified up to a multiplicative
constant—only the ratios among the weights need to be controlled. The same parameters
in the probabilistic formulation Eq. (4) play the roles of noise covariances whose values
(not just the ratios among them) must exactly be given. This extra bit of precision is
necessary for the computed P to be interpreted meaningfully as the estimation error
covariance.

3. Time-extension and Kalman filtering

Equation (1) can be extended temporally to perform space-time interpolation for y(x,7)
using an additional continuity constraint over time:

2
+a,

2

dxdt  (7)
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where the time variable is discretized as ¢ = kAt,k =1,2,..., K and the variables associated
with the measurements are indexed by k. In the GSNWP estimation problem, At is two
days. The parameter §,; controls the strength of the temporal constraint.
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A discrete and probabilistic interpretation of Eq. (7) can be obtained by supplementing Eq.
(2) with an evolution equation (8) representing the time-continuity constraint. The result is
a stochastic dynamic system indexed by the time variable &:

y(k)=y(k—1)+w(k) 3
z(k)] [Hk) vy (k)

0 (=] S, |yk)+|v,(k) 9)
0 S, v, (k)

where w(k) is a zero-mean Gaussian random vector with covariance f;'I. Representing
the space-time interpolation problem as a dynamic system is attractive because the Kalman
filtering algorithm (Gelb, 1974) allows computational efficiency (time-recursive
computation) and flexibility (filtered, predicted, and smoothed estimates). Numerical
solution of the space-time interpolation Eq. (7) is given by the smoothed estimate, which
can be computed as a linear combination of forward and backward filtered estimates based
on the system Eqs.(8,9): Let (ff (k), P, (k)) be the estimate-covariance pair (the forward
estimate) produced by the Kalman filter based on the system equations. Then, Eq. (8) is
replaced by a backward dynamic equation y(k) = y(k+ 1)+ w(k+1) to compute the
backward filtered estimates and covariances (¥, (k), P, (k)). The smoothed estimate-
covariance pair (y(k),P(k)) is given by

§(k) =P (K)y, (6 + B by, (k) HT ()Mz(k)}, (10)

P(k) = { P/ (k) + P} (k) - HT (k)MH(k) - ,STS, - 0,878, } . 1)

Detailed derivations can be found in textbooks such as Lewis (1986) and Anderson and
Moore (1979).

Figure 1a illustrates that the formulation Eq. (7) performs adequate interpolation for a
simple ideal case in which y is in fact a function of x. Here, for each integer value of

x€[1,100] and ¢ [1,10],y, is computed as
-2t ) (x—St)
T |exp
100

X
=(1+u) sin
y=(1+u) ( 50

where u € [0,0. 2] is a uniformly distributed random number. The “measurements” are

made by selecting 25 points along the curve for each ¢ (Fig. 1a). All measurements over
the 10 time-frames are shown in Figure 1b by superposition. The interpolated curve (the
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Figure 1. (a) An example of space-time interpolation using the formulation Eq. (7) is shown as the solid
curve. The dotted curve is the “truth” while the circles are the “measurements” made in this particular
time-frame. The dashed curve is a result obtained by adding the “temporal linearity” term (cf. Eq. (15))
into the formulation. (b) All the “measurements” superimposed over time.
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solid line in Fig. 1a) estimated the crests of the waveform reasonably well. The parameters
used were M =1, o, = 0.01, o, =1, and B, = 0.1.

FORMULATIONS
1. Bi-variate unknown

Problems with uni-variate formulation (i.e., assuming that y is a function of x) include
inability of representing certain frequently occurring shapes of meanders (e.g., large “S”
and “Q” shapes) and inability to model uncertainty in the measurements of the longitudes
x. The spatial domain of interpolation must be dynamic, rather than fixed, to correctly
assimilate measurements in time under temporal movements of the GSNWP. A dynamic
reference frame is crucial to GSNWP interpolation as smoothing over a fixed spatial grid
will smear out meanders and other important shape features along the contours, as
described by Mariano (1990) in a more general context of data melding. It is an adaptive
(“object-oriented”) reference frame similar in spirit to the Lagrangian frame. Unlike typical
Lagrangian formulations, in which physical motion models are available, our problem must
deal with phenomenologically characterized motions of the GSNWP contours, making the
formulation challenging because of lack of accurate mathematical models.

We will convert Eq. (7) to a bi-variate formulation. Let p(s,t) = [x(s,2),y(s,1)]" be the
true contour location, where the spatial domain s is the arclength along the contour at a
given . We denote the points digitized from the kth SST image as p. (k),i € [1,m(k)]. The
bi-variate version of Eq. (7) is

min Y’ Y v, (K], () ~ pls. (k). ko)

k=1 i=l ) ( 1 2)
+J'0T _[C [al jldsdt.

This minimization is more complex than Eq. (7) because s,(k), the spatial coordinates (in
terms of arclength) of the digitized points, are unknown. Specifically, the origin of the
spatial index s is difficult to define, since there is no guarantee (even though it is a
reasonable assumption for the Gulf Stream) that all contours pass through a given point
(i.e., the origin) on the x-y plane. Also, s,(k) must be determined concurrently as the
contours are interpolated. The arclength, in fact, cannot be specified exactly without
knowing the contour p(k) itself! A Kalman filter-based solution for Eq. (12) becomes an
adaptive filtering/smoothing problem:

&

2 2
+o,|[=5p| +8
2 asz 1

J
os p

o

p(k) =plk—D+w(k) (13)
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q(k) | | H(p(k),k) vy (k)
0 |= S, plk)+| v, (k) (14)
0 S, v, (k)

where the components of the vector q(k) are p,(k),i € [1,m(k)]. Note that the data-
estimate correspondence matrix H(p(k),k) is now dependent on the state p(k).

Clearly, Eq. (12) must be optimized adaptively: For each £, either of 5,(k) and p(k) is
estimated alternately using the best guess for the other, and this process is iterated for a
fixed number of times or until an agreement between the two estimates is obtained within
an accuracy parameter. Because of the gaps in the measurements, the estimates at the
previous frame (i.e., p(k—1)) are often the best estimates of the general shape of the
contour at the current time. Thus, the problem of establishing correspondence can be
approached by incrementally matching the best available estimate of the current contour
based on the previous contour and that based on the spatially sparse measurements. This
important feature matching problem will be addressed in the next section.

2. Imposing linearity over time

Once the data-estimate correspondence is established, it is straightforward to expand the
dynamic system formulation Eqs.(13,14) to incorporate various structural models for the
GSNWP contours. For example, we can impose a linearity constraint over time by

inserting an additional integrand term
2

&

B’ 2P (15)

to Eq. (12). The corresponding change in the dynamic system is augmentation of the state
vector; the dynamic equation is changed to

e g S o &
pk+1)| |T -21]| p(k) w, (k)

where w, (k) and w,(k) are zero-mean Gaussian random vectors with covariance

B;'1and B;'1, respectively. Equation (16) can be written in a more attractive form which
includes the local displacement d(k) = p(k+1) — p(k) as the extra component of the state
vector. The estimates of the local displacement field are of interest in their own right for

statistical characterization of Gulf Stream dynamics. The resulting reformulation consists
of a modified dynamic equation and an additional row in the observation equation:
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A s I
diky| o 1{{dx-1] [w, (k)
0=d(k)+v, (k) (18)

where v, (k) = —w, (k+1). By replacing Eq. (13) with Eq. (17) and adding Eq. (18) to Eq.
(14), we can jointly estimate the GSNWP p(k) and the local displacement d(k). This
formulation is the same in spirit as the approach used by Mariano (1990), except that the
formulation presented here uses two-dimensional (bi-variate) displacement vectors, instead
of one-dimensional in the previous approach, and that the presented formulation is optimal
in the least square sense.

The formulation based on Eqs.(17,18) is applied to the uni-variate example in the previous
section, i.e., a temporal linearity constraint (i.e., Eq. (15) imposed on y instead of p) is
added to Eq. (7). The dashed line in Figure 1a shows one of the resulting interpolated
curves. The figure shows that the curve has gained more “stiffness” and the crests of the
waves are estimated more accurately with this extra constraint (dashed line) than without
it (solid line). The parameter used for the constraint was §,=0.1.

FEATURE MATCHING

This section describes an approach to establish the data-estimate correspondence. For
conciseness in discussion we discuss the filtering problem based on the dynamic system
Eqs.(13,14). As mentioned before, we adopt an adaptive filtering approach where best
predictions of the GSNWP contour at a given time-frame k are used to estimate the
positions, i.e., arc-length indexes s,(k), of the measurements along the contour.
Specifically, two rudimentary contours, one predicted ahead in time based on the
estimated contour at &-1 and the other interpolated only over space based on the
measurements at k, are “matched” for correspondence, allowing incorporation of the
measurements to update the predicted GSNWP estimate. In another words, the matrix
H(p(k),k) in Eq. (14) is evaluated as H(p, (k—1),k) in the forward filter and as

H(p, (k+1),k) in the backward filter, where p, (k) and p, (k) represent the forward and

backward filtered estimates, respectively. The two contours are matched hierarchically—
using larger-scale “features” first and then smaller, more local, inflections of the curves.

1. Feature detection

Large bends, especially those at the apexes of the meanders, are the major features along
the GSNWP contours. Although these features are always associated with relatively large
values of curvature (second-order derivative along the arc), such local attributes alone are
not necessarily useful in isolating large meanders among a variety of contour inflections
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with much smaller magnitudes. In fact, the magnitudes of the inflections themselves can be
used to identify the meander features more directly. These magnitudes are computed as
the deviations from a progressively fine-scaled, piece-wise linear approximation of the
contour shape. Specifically, consider a segment of the curve between two arbitrary points
p(s,) and p(s,). Let the deviation {(s,s,,s,) be the (perpendicular) distance from the point
p(s) along the segment (s € [s,,s,]) to the line connecting points p(s,) and p(s,), as shown
in Figure 2. The points along the curve where large deviations occur are used to segment
the curve into a piece-wise linear “skeleton”, exemplified in Figure 3. Those points
associated with large deviations are the nodes of the skeleton of the curve. The following
is an iterative algorithm to compute the set of nodes, or node set, given the tolerance
parameter € for the deviations:

1. Initialize the node set with the two end-points of the curve.

2. Let the number of nodes in the set be L. Let the indexes of the nodes be s, so that
8, < Sy for£=1,2,...,(L-1).

3. Find the maximum deviation d* over the entire curve, i.e., for £ =1,2,...,(L-1),

d* = max max £(5,5,,54.,,)
4 s

Let s* be the spatial index for the point where the maximum deviation occurs.
4. Ifd*>e€, include s* into the node set; then, go back to step 2 and repeat. Otherwise

(d*<e€), stop.

The internal node points, p(s,), p(s;), . . ., p(s;.,), after the final iteration are referred to as
the feature points.

2. Feature matching

Let us consider matching feature points from two curves. Each feature point is at the apex
of a corner on the skeleton of a curve. A cost is assigned to each of possible matching
pairs of feature points as a sum of the costs associated with the distance, angle, and
direction of the corner. Let p(a) and p(b) be feature points from each of the two curves.
Each feature point, say p(a), is a junction of two line segments of the skeleton; let the two
unit vectors pointing along these line segments and originating in the feature point p(a) be
u,, and u,,. Let u,, and u,, be similarly defined unit vectors around the feature point p(b).
Also, we measure the direction of a vector v as the angle Z(v) in radians (in the
longitude-latitude coordinate system). The costs are defined as
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A
Figure 2. C (s,s,, Or 5, ) equals the length of the line segment —S_C where points A, B, and S correspond
to p(s), p(s,),and (s, ), respectively.

S
1

Figure 3. The contour is segmented by the set of nodes {8,,5,,...}. The dashed line represents a skeleton
for this contour.






