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Estimating the population parameters r, q and K based on surplus production model 

 

 

 

ABSTRACT 

A theoretical catch curve similar to the Schnute's method was derived from the 

Schaefer’s surplus production model.  Theoretically, it shows the relationships between the 

index of the relative biomass a and the parameters of the intrinsic growth rate r and 

catchability q.  If the environmental conditions are comparatively stable, then the minimum 

CV of the index of relative biomass might be considered as the most possible case of the 

constant environmental conditions.  Hence, the carrying capacity K can be estimated by the 

initial biomass B0 dividing by the index of the relative biomass a as K=Bo/a.  As a numerical 

example, for the case of the South Pacific albacore stocks, they are r=1.90056, q=9.2925E-09, 

and K=161,786 mt. 
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Estimating the population parameters r, q and K 

based on surplus production model 

by 

Wang, Chien-Hsiung 

 

INTRODUCTION 

Schaefer’s surplus production model was extensively used to assess the fish stocks due to 

simple, convenient, easy of this model and requiring the catch and effort data only.  

Generally, the assumption of whether or not catch at equilibrium was necessary.  At 

equilibrium, MSY (maximum sustainable yield) was estimated without the estimations of the 

intrinsic growth rate r, catchability q and carrying capacity K.  At non-equilibrium, they often 

obtained the negative parameters.  This is biologically impossible (Hilborn and Walters, 

1992).  

This paper tries to derive a theoretical catch curve similar to the Schnute's method 

(Schnute, 1977).  Next, to show that theoretically this curve shows the relationships between 

the index of the relative biomass and the parameters of r and  q, only.  Third, to suggest a 

possible method for estimating K.  Forth, to evaluate the population parameters of the South 

Pacific albacore as a numerical example.   

 

MATERIALS 

Long terms of catch and effort data of Taiwanese tuna longline fishery operating in the 
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South Pacific Ocean were used to estimate the effective fishing effort by Honma’s method 

(Honma 1974).  The effective catch per unit of fishing effort, ECPUE, was evaluated.  

Overall of the effective fishing efforts were estimated as follows. 

      (Total effective efforts) =(total catch) /(ECPUE) 

Total and Taiwanese tuna longline catches of the South Pacific albacore stocks were 

adopted directly from the Table 64, p118~119 of “Tuna Fishery Yearbook, 2000” published 

by SPC (South Pacific Commission).  The logbooks of Taiwanese tuna longliners were 

provided by OFDC of Taiwan.  

METHODS 

Under exploitation, Schaefer’s surplus production model expressed as follows (Schaefer 

1954). 

   tt
t

t
t BF

K
B

rB
dt

dB
−−= )1(     (1) 

Here, Ft= instantaneous fishing mortality rate, Bt= biomass, r= intrinsic growth rate, K= 

carrying capacity, t= time. 

    Set tFr −=α  and Kr /=β  and F=constant during the unit time interval t~t+1, then  

        )/1( 2
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Integrated equation (2) implied the biomass as follows. 
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Expressing by the initial biomass, then equation (4) can be obtained. 
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Here, Bo= initial biomass. 

    On the other hand, the annual catch Yt can be defined as follows. 
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for F=constant during the unit time interval. 

Following catch curve can be obtained by integrating equation (5) and substituting 

tt XYU / t=  in it. 
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Here, q= catchability, X= fishing efforts, U=E CPUE by catch per effort, and t=time. 

    This is similar to the Schnute's method (1977).  It is a linear function, an index of the 

change of the relative abundance.  The differential equation model of Walters and Hilborn 

(1976) is analogous to the estimation procedure derived by Schnute.  Equation (6) seems 

useful for estimating the parameters of K, q, and r by the method of the least squares.  

However, equation (6) implied follows. 
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Set tt BqU =/  and KBa tt /=  then  
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It shows the relationships between the index of the relative biomass ta  and the parameters of 
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the intrinsic growth rate r and the catchability q, only.  K becomes an implicit factor in 

KBa tt /= .  Theoretically, K can not be estimated directly from equation (7). 

    Equation (8) shows that it is depending on the fishing intensty Xt and the biomass at 

starting Bt and ending Bt+1 of this year.   If environmental conditions are stable, or the initial 

biomass of each year is the same, i.e., 1+= tt BB , then it implies that rXqa tt / 1−= .  That 

is the index of the relative biomass decreases from 1 and depending on the fishing intensity Xt, 

only.  If X0=0, i.e., without fishing, then 1=ta .  This means that 1/ == KBa tt  or 

KBt = only if in constant environmental conditions and excluding the influence of the fishery.  

Generally, 1≠ta , hence it implies that K can not be obtained directly from equation (7).  

    As shown in Figure 1, catch curve is theoretically depending on the initial biomass Bo and 

the constant environmental conditions.  As pointed out by Hilborn and Walters (1992), if all 

of data are available right from the start of the fishery, then it may be reasonable to assume 

that Bo =K.  Such data are generally unavilable.  Environmental conditions included the 

changes of biotic and abiotic conditions, historic exploitation of this fishery, and other type of 

fishery.  Generally, they are not stable. 

    Assuming that the constant environmental conditions are available, then 0BBt =  

implies aa t =  due to the definition of KBa tt /= .  Therefore, it need to estimate 0B  and 

a  before evaluating aBK /0= .  As shown in Figure 2, a numerical example of the South 

Pacific albacore stocks, they fluctuated year by year.  Here, the most possible of constant 

environmental conditions could be considered as follows.   

     If the fluctuation of biomass in nature can express as tm
tt eBB =+1 , then under fishing it 
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becomes equation (9). 

       tt Fm
tt eBB −

+ =1       (9) 

Here, tm =instantaneous net production rate.  Under fishing, biomass is increasing if 

tt Fm > .  tt Fm <  implies the decreasing of biomass under fishing.  tt Fm =  means the 

catch at equilibrium. 

    Substituting equation (9) in (8), equation (10) can be obtained. 

        
r

m
a t

t −= 1       (10) 

It reveales that 0≥> tmr  if and only if 10 ≤< ta  due to the definition of KBa tt /= .  

Theoretically, 0=tB  implies 0=ta  and then rmt = . 

     If tm  is an index of the population changes corresponding to the goodness of the 

environmental conditions, then ta  might be another well defined index.  However, they 

have a little difference, ta  including the fishing as shown in equation (6), but tm  excluding 

the fishing as defined above.  

     From equation (10), constant ta  implies constant tm , i.e., constant environmental 

conditions, and vice sersa.  Constant ta  are generally unavailable, but approxmately 

constant ta  could be obtained by the average of ta  with the minimum coefficient of 

variances.  

    On the other hand, the initial biomass 0B  could be evaluated as follows.  

      )exp(/ 11 ststo FYB −=         (11) 

Here, stY1 = annual cath of the first year fitting to the equation (6), stF1  = fishing mortality of 
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the first year fitting to the equation (6), qXF = . 

     As stated above, if catch and effort data are available, then the estimation of r and q, and 

then K, becomes possible.  

 

NUMERICAL EXAMPLE  

The South Pacific albacore stocks were mainly exploited by tuna longline fishery, 

especially by Taiwan (Wang 1984, 1988; Wang et al. 1988).  Total catch was about 33353mt 

in 1999 (Table 1).  Numerous studies tried to assess the stocks (Skillman 1975; Wetherall et 

al. 1979; Wetherall and Yong 1984, 1987; Wang 1988; Yeh and Wang 1996).  However, 

catchability (q), intrinsic growth rate (r) and carrying capacity (K) of this stock are still 

unknown.  

     Table 1 listed the total catch, effective fishing effort ( tX ) and catch per unit effective 

fishing effort ( tU ) of the South Pacific albacore stocks.  tU  represents the abundance index 

of the average biomass at t-year.  2/)( 1
'

ttt UUU += −  and 2/)( 1
'

1 ++ += ttt UUU  represent 

the abundance index at the beginning and ending of that year, respectively.  Replacing  

)/ln( 1+tt BB  )/ln( '
1

'
+tt UU  and fitting tt XU   ,  and )/ln( '

1
'

+tt UU  to the equation (6), the 

parameters, qandr     can be obtained as 0951829.9 −= Eq , 89080.1=r . 

     In order to estimate K, all of ta  were evaluated by equation (8).  As shown in Figure 

2, ta  varied year by year.  It revealed the fluctuations of the relative biomass year by year.  

Before 1974, they showed a clear decreasing trend.  All of them are larger than 1/2.  It is the 

general case of early development of the fishery.  After 1974, ta  varied around 1/2.  
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     As stated above, the most possible of the stable environmental conditions implies the 

average of ta  with the minimum CV.  It was found by comparing all of CV which was 

calculated by deleting first some ta  from the start of the fishery.  As shown in Figure 3a 

and 3b, minimum CV was obtained by deleting all of ta  before 1974.  The average of ta  

during 1974~1999 is about 0.4116.  This is 4116.0=a . 

     On the other hand, 4988.01967 == qXF  implies mtFYB   66390)exp(/1967 =−= .  

This is the initial biomass.   Therefore, K can be evaluated as mtaBK   161293/ == .  

Based on the population parameters, the current status of the fish stocks under explo itation can 

be detected as follows.  

     From equation (10), tm  was evaluated by )1( tt arm −= .  As shown in Figure 4 and 

5, the difference between tm  and tF  provides us the current status of the fish stocks under 

exploitation.  Figure 4 revealed that fishing mortality depends on the net production rate, i.e., 

fishery reflecting the current status sufficiently.  Generally, this is the case of sufficiently 

developed fishery.  Figure 5 revealed that before 1974 the fishing mortality was always 

larger than the net production rate.  It is often at the early development of fishery.  ta  was 

still larger than 1/2.  After 1974, the difference varied around zero, i.e., near the catch at 

equilibrium. 

    Rising the efficiency of the fishery management, it is possible to make the difference near 

zero, i.e., catch at equilibrium.  Due to the difficulty for predicting the environmental 

conditions and handling the changes of the biomass, generally it is impossible to make the 

difference just to be zero.  However, to make the difference as small as possible is one of the 
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goal of fishery management.  Therefore, the difference of theses two indices might be an 

index of the efficiency of the fishery management.  

    Under fishing, tttt BBFm /)exp( 1+=−  varied in the ranges of 0.7387~1.2654 with the 

mean 0.9764, lower but near to 1.  It implies that the harvest of the South Pacific albacore 

stocks was closing to catch at equilibrium. 

 

DISCUSSIONS 

    Based on Schaefer’s surplus production model, a theoretical catch curve can be obtained.   

However, it can estimate the r, q and the relative biomass only.  Generally, it can not estimate 

K, directly.  As stated above, estimation of K becomes possible if the information of the 

initial biomass the most possible of the constant environmental conditions are available.  

However, some points should be noticed. 

1. Minimum CV of ta  could be found by choosing a particular time interval.  However, 

long time tendency and the recent status as suggested in this paper might be more 

appreciable.  

2. K could be the largest one of ttt aBK /= , t=1…n, or average of them, or the initial 

biomass of 1974.  However, it is difficult to exclude the influence of the fishery.  The 

initial biomass as suggested in this paper might be having the least disturbance caused by 

fishery. 

3. Constant fishing mortality during the unit time interval, constant catchability and stable 

environmental conditions are the minimum requirements for theoretical development.  

4. During 1967~1999, the fluctuations of the biomass, ttt BBm /)exp( 1+= , varied in the 
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ranges of 1.35~5.82.  The ratio of max/min is about 4.206 times.  Observed ECPUE 

varied in the ranges of 17.38~75.12 kg per 100 hooks.  The ratio of the max/min is about 

4.322 times.  Correspondingly, r=1.90, i.e., 69.6)89.1exp( =  seems reasonable. 

5. Under fishing, tttt BBFm /)exp( 1+=−  varied in the ranges of 0.7387~1.2654 with the 

mean 0.9764, lower but closing 1.  It is consistent with the comparatively stable of the 

fishery.   

 

SUMMARY  

1. Theoretical catch curve derived from Schaefer’s surplus production model can estimate the 

relative biomass ta  and the parameters, r and q only.   

2. The estimation of K is possible if the information of the initial biomass and the stable 

environmental conditions are available. 

3. In order to evaluate K, a new index tm  of the net production rate in nature was introduced.  

4. The assumption of the constant environmental conditions implies the constant tm , and 

hence constant ta .  The constant ta  was estimated by the average of ta  with the 

minimum CV. 

5. Initial biomass was estimated by the biomass at start of the fishery. 

6. The population parameters of the South Pacific albacore stocks were estimated as 

r=1.90056, q=9.2925E-09, K=161293 mt, respectively. 

7. The difference between the index of ta  and tm  is useful for detecting the current status 

under fishing.  Zero means the catch at equilibrium. 
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8. To make the difference of ta  and tm  as small as possible is one of the goal of fishery 

management. 
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Table 1. Catch, effort and effective CPUE of the South  
             Pacific albacore stocks, 1967-1999.  
     

  total catch effective efforts ECPUE Ut '= 
Year  (metric tons) (million hooks) Ut=kg/100H (Ut+Ut+1)/2 
1967 40318 5.367 75.118  - 
1968 29051 4.627 62.788 68.953 
1969 24360 4.168 58.452 60.620 
1970 32590 5.229 62.325 60.389 
1971 34708 8.117 42.760 52.543 
1972 33842 7.900 42.836 42.798 
1973 37649 10.634 35.405 39.121 
1974 30985 13.840 22.388 28.897 
1975 26131 11.366 22.990 22.689 
1976 24106 7.952 30.314 26.652 
1977 34849 11.199 31.118 30.716 
1978 34858 11.241 31.011 31.065 
1979 28739 11.833 24.288 27.650 
1980 31027 12.040 25.771 25.030 
1981 32632 17.436 18.715 22.243 
1982 28339 13.444 21.079 19.897 
1983 24303 10.089 24.088 22.584 
1984 20340 11.160 18.225 21.157 
1985 27138 12.526 21.665 19.945 
1986 32641 11.330 28.810 25.238 
1987 26877 11.544 23.282 26.046 
1988 31530 13.378 23.569 23.426 
1989 22237 12.795 17.380 20.475 
1990 23045 10.302 22.369 19.875 
1991 24963 11.735 21.273 21.821 
1992 30316 11.351 26.707 23.990 
1993 30589 13.239 23.105 24.906 
1994 34187 16.774 20.381 21.743 
1995 26450 8.046 32.872 26.627 
1996 24487 9.458 25.889 29.381 
1997 33014 12.456 26.504 26.197 
1998 39239 15.712 24.974 25.739 
1999 39666 15.381 25.789 25.382 
mean 30158 11.020 30.735 30.118 
max 40318 17.436 75.118 68.953 
min 20340 4.168 17.380 19.875 

note: Taiwan and total  LL catches adopted from Table 64, p118~119,  
         Tuna Fishery Yearbook, 2000, SPC  
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Figure 1. Theoretical catch curve based on the relationships among  

         the net production, biomass and fishing mortality. 

Figure 2. Fluctuations of the index of relative biomass, ta . 

Figure 3a. Minimum coefficient of variance, ta , (by small scale). 

Figure 3b. Minimum coefficient of variance, ta , (by large scale). 

Figure 4. Comparisons of the net production rate, tm , and  

        fishing mortality rate, tF . 

Figure 5. Comparisons of the differences: ttt Fmd −= . 
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