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ABSTRACT

This study investigates the moisture and wave feedbacks in the Madden–Julian oscillation (MJO) dynamics
by applying the general three-way interaction theoretical model. The three-way interaction model can re-
produce observed large-scale characteristics of the MJO in terms of horizontal quadrupole-vortex structure,
vertically tilted structure led by planetary boundary layer (PBL) convergence, slow eastward propagation
with a period of 30–90 days, and planetary-scale circulation. The moisture feedback effects can be identified in
this model by using diagnostic thermodynamic and momentum equations, and the wave feedback effects are
investigated by using a diagnostic moisture equation. The moisture feedback is found to be responsible for
producing the MJO dispersive modes when the convective adjustment process is slow. The moisture feedback
mainly acts to reduce the frequency and growth rate of the short waves, while leaving the planetary waves less
affected, so neglecting the moisture feedback is a good approximation for the wavenumber-1 MJO. The wave
feedback is shown to slow down the eastward propagation and increase the growth rate of the planetary
waves. The wave feedback becomes weak when the convective adjustment time increases, so neglecting the
wave feedback is a good approximation for the MJO dynamics during a slow adjustment process. Sensitivities
of these two feedbacks to other parameters are also discussed. These theoretical findings suggest that the two
feedback processes, and thus the behaviors of the simulated MJO mode, should be sensitive to the parameters
used in cumulus parameterizations.

1. Introduction

The Madden–Julian oscillation (MJO), as a significant
driver of global circulation with a period of 30–90 days,
is characterized by a zonal planetary scale and slow
eastward propagation (5 m s21) over the tropical Indian
and western Pacific Oceans (Zhang 2005). The MJO has
different spectral characteristics from the moist Kelvin
waves, since its frequency is nearly independent of
wavelength, whereas the frequency of the moist Kelvin
waves increases with wavenumber linearly (Wheeler
and Kiladis 1999).

To understand the observed features of the MJO,
many theories have been presented in the past 30 years
(Wang et al. 2016), including the following. 1) Frictional
Kelvin–Rossby dynamics: This theory is rooted in the

idea that the upward Ekman pumping in the planetary
boundary layer (PBL) can couple the Kelvin and Rossby
waves, and moisten the lower troposphere at the front of
the convective center (Wang 1988; Wang and Rui 1990).
2) Moisture mode dynamics: In popular treatments of
the moisture mode framework (Sobel and Maloney
2012, 2013; Adames and Kim 2016), the only prognostic
variable is moisture, and circulation is assumed to have
a balanced Gill response; in other words, circulation
evolves in accordance to the evolution of precipitation.
In another group of the moisture mode, circulation is
also prognostic, and the cloud–radiation interaction and
wind-induced surface heat exchange (WISHE) are the
foci (Fuchs and Raymond 2005; Raymond and Fuchs
2007; Fuchs and Raymond 2017). 3) Multiscale in-
teraction dynamics: The MJO is considered as a multi-
scale envelope. The high-frequency waves embedded in
the MJO skeleton are assumed to be the instabilityCorresponding author: Dr. Fei Liu, liuf@nuist.edu.cn
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source for the MJO (Nakazawa 1988; Majda and Biello
2004; Majda et al. 2007; Majda and Stechmann 2009;
Wang and Liu 2011; Liu et al. 2012; Liu and Wang 2012b,
2013b). 4) The gravity wave interference model: The
MJO is thought as a large envelope of small-scale gravity
waves triggered by individual convective cells (Yang
and Ingersoll 2013, 2014).

In the convectively coupled Kelvin–Rossby wave
theory, the change of moisture anomaly is neglected,
and precipitation is parameterized by the assumption
that it responds to the moisture convergence in both
the lower troposphere and the PBL instantly (Wang
and Rui 1990). In the idealized MJO model based on
the moisture mode theory (Sobel and Maloney 2012,
2013), on the other hand, the momentum and geo-
potential height anomalies are diagnostic in accor-
dance to precipitation evolution and the Gill response
is used. Although the MJO shows a Gill pattern–like
structure in the observation when its convective center
is located over the Maritime Continent, its structure is
different from the Gill pattern. The ratio of the maxi-
mum low-level westerly speed versus the maximum
easterly speed in the Gill pattern is much larger than
that for the MJO: the ratio is 2.2 for the Gill pattern,
whereas it is only 1.3 for the observed MJO (Wang
et al. 2016). This result means that the change of
anomalous momentum and geopotential height may be
important for the MJO dynamics. Thus, we define
‘‘wave feedback’’ as the change of anomalous mo-
mentum and geopotential height; that is, wave feed-
back is identified when the anomalous circulation is
prognostic rather than diagnostic through a Gill re-
sponse. Actually, the circulation always changes in
association with the MJO convection whether it is
prognostic or diagnostic. The wave feedback also exists
when the circulation is diagnostic (Sobel and Maloney
2012, 2013; Adames and Kim 2016). Because of the
important role of the change of anomalous circulation
(Wang et al. 2016), we study this kind of wave feedback
that represents the change of anomalous circulation in
this work.

The ‘‘moisture feedback’’ is defined as the change of
anomalous moisture, and the moisture feedback is
identified when anomalous moisture is prognostic
rather than neglected. The wave feedback and the
moisture feedback are found to be important for ex-
plaining the MJO dynamics as individual feedbacks,
although their relative roles were never discussed in
these previous studies.

In the recently developed three-way interaction
model, also known as the trio interaction model (Liu and
Wang 2017; Wang and Chen 2017; Wang et al. 2016),
both the moisture and wave feedbacks are included.

Although it lacks the horizontal moisture advection
process that can cause the eastward propagation of the
MJO (Adames and Kim 2016; Liu and Wang 2016), a
frictionally coupled dynamics moisture (FCDM) mode,
coming from the interaction of diabatic heating, fric-
tional wave dynamics and moisture dynamics, can also
reproduce the planetary-scale characteristics of the
MJO. In the three-way interaction model (Liu and
Wang 2017; Wang and Chen 2017; Wang et al. 2016), the
wave or circulation-induced PBL convergence is found
to be an instability source for the MJO and to select the
eastward propagation of the MJO. The moisture feed-
back, however, acts to delay the deep convection and
slow down the eastward propagation of the coupled
system. Since both the wave and moisture feedbacks are
present simultaneously in the three-way interaction
model, it remains unclear what roles these two types of
feedbacks actually play in the MJO dynamics. Since
most parameters were fixed in the previous studies, it
remains unclear how sensitive these two feedbacks are
to different parameter ranges.

In this paper, we will explore the relative roles of these
two types of feedbacks in a single model, the general
three-way interaction model. We will illustrate the pa-
rameter ranges over which the approximation of
neglecting one of these two types of feedbacks is valid.
To cause the eastward propagation of the MJO, there
are some key processes such as the horizontal moisture
advection by anomalous wind (Adames and Kim 2016;
Liu and Wang 2016), the PBL moisture convergence
(Liu and Wang 2012a), the WISHE (Fuchs and
Raymond 2005), and the stratiform heating–induced
zonal asymmetry (Wang et al. 2017). In this study, we
only include the PBL effect.

Section 2 introduces the three-way interaction model
and defines the wave and moisture feedbacks. The
roles of moisture and wave feedbacks on the Kelvin
wave are discussed in section 3. In section 4, the sim-
ulated FCDM mode with a coupled Rossby–Kelvin
wave in the three-way interaction model is presented,
and some sensitivity experiments are discussed. The
relative roles of moisture and wave feedbacks on the
MJO-like FCDM mode are discussed in sections 5 and
6, respectively. In section 7, we compare the theoretical
results with observations. In section 8, we present a
discussion and our conclusions.

2. The general three-way interaction model

a. Model framework

The theoretical model used here is the general three-
way interaction model framework for the MJO (Liu and
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Wang 2017; Wang and Chen 2017). This model extends
the Matsuno–Gill (Matsuno 1966; Gill 1980) model by
parameterizing precipitation through a simple Betts–
Miller scheme (Betts 1986; Betts and Miller 1986;
Frierson et al. 2004) and by including a combined in-
teraction of diabatic heating, moisture dynamics, and
frictional wave dynamics. This three-way interaction
model, involving coupling of frictional wave dynamics
and moisture mode dynamics, presents an MJO-like
FCDM mode. This FCDM mode can capture significant
planetary-scale characteristics of the MJO, including
slow eastward propagation, planetary-scale selection,
wavenumber-independent dispersion relationship, and
vertically tilted structure caused by the PBL conver-
gence (Liu and Wang 2017). By using the gravity
wave velocity C 5 50 m s21 as the reference speed, the
temporal and spatial scale can be represented by�����������

1/Cb
p

5 8:5 h and
��������
C/b

p
5 1500 km, respectively, where

b 5 2.3 3 10211 m21 s21 is the equatorial curvature ef-
fect of Earth to the first order. The nondimensional
equations for the model are expressed as follows:

rwut 2 yy 5 2fx 2 «u,

rwyt 1 yu 5 2fy 2 «y,

rwft 1 (ux 1 yy) 2 wb 5 2pr 2 «f,

rqqt 1 Q(ux 1 yy) 2 Qbwb 5 2pr,

pr 5
1
t

(q 1 af),

wb 5 d(d1fxx 1 d2fx 1 d1fyy 1 d3fy) , (1)

where u and y are the low-level horizontal wind anom-
alies in the zonal and meridional directions, re-
spectively; f is low-level geopotential anomaly; q is the
column-integrated moisture anomaly; pr is precipitation
anomaly associated with convective heating; and wb is
vertical velocity anomaly caused by the PBL conver-
gence. In addition, the subscripts t, x, and y denote the
partial differentials of the variables in time t and space x
and y, respectively. Also, « 5 0.04 is the nondimensional
damping coefficient for momentum and temperature,
set to 10 days in this study, and Q 5 0:9 and Qb 5 1:8 are
the nondimensional background moisture gradients
(downward) in the low-level atmosphere and the PBL
over a warm sea surface temperature (SST) of 29.58C,
respectively. The SST is the warmest in the tropics,
which becomes colder poleward, and its e-folding
damping scale is 308 (Kang et al. 2013). Thus, Q and Qb
also have an e-folding damping scale of 308. The variable
t is the convective adjustment time originally used to
measure how long the convection releases convective
available potential energy (CAPE); t is also used to

represent the moisture relaxation time scale, and a
convective adjustment time of 2.4 days has been used in
the moisture mode theory (Sobel and Maloney 2012)
and of a range of 0.5–1.0 days in the updated moisture
mode theory with moisture advection (Adames and
Kim 2016). Following the observation based on the
precipitation-moisture curve (Adames and Kim 2016),
a convective adjustment time of 13.7 h is used here, which
has a nondimensional value of t 5 1.7. Also, a 5 0.1 is a
coefficient representing the role of environmental
buoyancy on CAPE, and d 5 0.25 is the nondimensional
PBL depth of 100 hPa; and d1 5 e/(e2 1 y2), d2 5 2(e2 2
y2)/(e2 1 y2)2, and d3 5 22ey/(e2 1 y2)2, where e 5 1.1 is
the PBL friction of 8 h, and y is the nondimensional
meridional distance away from the equator. More de-
tails of this three-way interaction model can be found in
Wang and Chen (2017) and in Liu and Wang (2017).

The variables rw and rq are the tracers with a value of 1
or 0 to switch on and off the wave feedback and moisture
feedback, respectively. A value of rw 5 0 reduces the
model to a model for the frictionally coupled moisture
(FCM) mode, in which the wave feedback is turned off
and the circulation will respond to moisture process in-
stantly, as it does in the moisture mode theory. A value
of rq 5 0 changes the three-way interaction model to a
model for the frictionally coupled dynamic (FCD)
mode, in which the moisture feedback is turned off and
precipitation responds to moisture convergence in-
stantly, as it does in the frictional wave dynamics. Oth-
erwise, these two coefficients are set to 1, resulting in the
full model for the FCDM mode.

The convective adjustment time t, the wave damping
coefficient «, and the PBL depth d are three important
parameters. Sensitivity experiments on these parame-
ters are discussed in the following sections.

b. Eigenvalue problem

Following Liu and Wang (2017), this linear three-way
interaction model of Eq. (1) can be calculated through
solving the eigenvalue problem. For the zonally propa-
gating equatorial waves, their structure can be specified
to have a form of exp[i(kx 2 st)], where s is frequency,
and k is wavenumber. The phase speed and growth rate
of these equatorial waves can be represented by Re(s)/k
and Im(s), respectively. The energy propagation speed
is represented by Re(›s/›k). After projecting the linear
model onto the frequency–wavenumber space, a linear
matrix for these five predicted variables in Eq. (1) is
obtained, and the eigenvalue and eigenvector can be
solved by the matrix inversion method. The meridional
structure is expanded by using the parabolic cylinder
functions. In this calculation, only the first three me-
ridional modes of the parabolic cylinder functions are
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used to represent the lowest meridional modes of the
equatorial Rossby and Kelvin waves.

3. Different simple modes for Kelvin wave

a. The FCDM-mode Kelvin wave

Before calculating the three-way interaction model,
let us consider an even simpler case of flow above the
equator (i.e., the Kelvin wave). In this case, y is set to
zero. For simplicity, the role of environmental buoy-
ancy on CAPE is neglected (a 5 0). Sensitivity ex-
periments show that neglecting this term does not
change the results qualitatively. The formula for this

three-way interaction model on the equator can be
written as follows:

rwut 5 2fx 2 «u,

rwft 1 ux 2 wb 5 2pr 2 «f,

rqqt 1 Qux 2 Qbwb 5 2pr,

pr 5
1
t

q,

wb 5 dd1fxx 1 dd2fx 2 dd1u , (2)

whose dispersion equation can be derived as

rqrw
2ts3 1 [rq(idd1tk2 1 dd2tk 1 2i«t) 1 irw]rws2

1 [rwdd1(Qb 2 1)k2 2 rqt(«dd1 1 1)k2 1 irqd(«d2 1 d1)tk 2 irwdd2(Qb 2 1)k 2 rq«2t 2 2rw«]s

1 «dd1(Qb 2 1)ik2 1 (Q 2 1)ik2 1 («d2 1 d1)(Qb 2 1)dk 2 i«2 5 0. (3)

Details on how this dispersion equation is obtained can
be found in the appendix.

For each positive wavenumber k, the damped
westward-propagating solutions with negative real and
imaginary parts of the frequency are not discussed.
Figure 1a shows the simulated dispersion relationship of
Kelvin waves for the FCDM, FCD, and FCM modes.
The frequency of the FCDM mode, corresponding to
the period of 10–30 days, weakly depends on wave-
length, and the short waves have lower frequencies than
the long waves. The FCD mode has a moist Kelvin wave–
like dispersion relationship, demonstrated by frequency
increasing with wavenumber. The FCM mode has higher
frequency for the long waves than for the short waves,
and its frequency of the planetary waves is also higher
than that of the FCDM mode. Thus, the moisture feed-
back, represented by the difference between the FCDM
and FCD modes, acts to slow down the eastward propa-
gation of the short waves. The wave feedback repre-
sented by the difference between the FCDM and FCM
modes, however, acts to slow down the planetary waves.

Figure 1b show the growth rates of these three modes.
The FCDM and the FCM modes have a scale selection
feature, and their planetary waves have stronger growth
rate than the short waves. For the long waves, the FCM
mode has a little larger growth rate than the FCDM
mode, which means that the wave feedback tends to
suppress planetary waves. The growth rate of the FCD
mode, however, increases quickly with wavenumber.
This difference between the FCDM and FCD modes
means that the moisture feedback will damp the short
waves quickly.

b. The FCD-mode Kelvin wave

The moisture feedback can be removed by setting
rq 5 0. If we plug the Betts–Miller scheme into the
moisture equation of Eq. (1), this moisture tendency term
can also be removed in the special case of setting t 5 0.
This means the removal of the moisture feedback is a
special case in which there is no buildup of CAPE, and the
waves will ‘‘discharge’’ CAPE instantaneously. At this
limit, the Kuo-type parameterization scheme is obtained
(Wang and Chen 2017), in which precipitation is param-
eterized by both the tropospheric and PBL moisture
convergence. When neglecting the tropospheric damping
and the moisture feedback and using the longwave ap-
proximation in the PBL, Eq. (3) can be reduced to

s2 5 iQbdd1k 1 (1 2 Q)k2 , (4)

which is identical to the frictional moist Kelvin wave.
Since Qbdd1k is positive, the real part and imaginary
part of the frequency should have the same sign. For the
unstable solution with positive growth rate, the phase
speed should be eastward, and the growth rate increases
with wavenumber. Since (1 2 Q) is always positive for
the intraseasonal time scale (Wang 1988), the instability
is caused by the PBL moisture convergence.

c. The FCM-mode Kelvin wave

The wave feedback can be removed by setting rw 5 0.
Since « 5 0.04 is very small for a standard tropospheric
damping of 10 days, «2 is negligible compared to k2.
Thus, Eq. (3) becomes

10278 J O U R N A L O F C L I M A T E VOLUME 30



s 5 2it21

 

1 2
b1Q

b2
1 1 b2

2k22

!

1 it21Qb

 

1 2
b1

b2
1 1 b2

2k22

!

1 t21(Qb 2 Q)
b2k

b2
1k2 1 b2

2
,

(5)

where b1 5 «dd1 1 1 and b2 5 «dd2 1 dd1. The phase
speed is t21(Qb 2 Q)b2/(b2

1k2 1 b2
2), and the eastward

propagation is mainly induced by the inclusion of
PBL dynamics. This means that PBL convergence can
induce the eastward propagation of the MJO, being
consistent with previous theoretical works (Liu and
Wang 2012a, 2017).

The growth rate coming from the PBL dynamics, that is,
it21Qb[1 2 b1/(b2

1 1 b2
2k22)], decreases with increasing

wavenumber, which means that the PBL dynamics prefers
the planetary scale in terms of instability. The reason
is that, in this nondimensional equation, the circula-
tion causing the PBL convergence is relatively weaker
compared to the precipitation for the short waves
than for the long waves. This relationship can be
represented by the ratio of geopotential height to

precipitation amplitude, that is, «2/(b2
1k4 1 b2

2k2), which
decreases with increasing wavenumber. In this three-
way interaction model, the diabatic heating associated
with precipitation of short waves is mostly balanced by
wind divergence.

4. Dynamics of FCDM mode in the three-way
interaction model

Because of the important coupling of Rossby and
Kelvin waves in the MJO, in this and following sec-
tions we further study the full three-way interaction
model, which couples both Rossby and Kelvin waves.
The eigenvalue and eigenvectors of Eq. (1) are then
calculated.

a. Solution of the linear FCDM mode

Figure 2 shows the simulated dispersion relationship
and instability of the FCDM mode in this three-way
interaction model. The simulated frequency, corre-
sponding to the period of 30–90 days, weakly depends
on wavelength. The wavenumber 1 has an eastward
propagation speed of 6.2 m s21, and wavenumber 2 has

FIG. 1. Different simple modes for the Kelvin waves. Shown are (a) the frequency (cycles per
day) and (b) growth rate (day21) as a function of wavenumber for the flow on the equator for
the FCDM mode (rw 5 1 and rq 5 1; black), FCM mode (rw 5 0 and rq 5 1; blue), and FCD
mode (rw 5 1 and rq 5 0; red).
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an eastward propagation speed of 6.3 m s21. This simu-
lated dispersion relationship agrees with the observed
one of the MJO very well, whose frequency is nearly
independent of wavelength (Wheeler and Kiladis 1999;
Kiladis et al. 2009). This dispersion relationship is dif-
ferent from that of the moist Kelvin waves, which has
high frequency for the short waves. Compared to the
simulated Kelvin waves with a period of 10–30 days in
the three-way interaction model (Fig. 1a), the FCDM
mode has a lower frequency. These results suggest that
compared to the Kelvin waves, the coupling of Rossby
waves will slow down the eastward propagation. Dif-
ferent from the moisture mode with a convective ad-
justment time in the range of 0.5–1.0 days, which
simulates the westward energy propagation for the
planetary waves (Adames and Kim 2016), the energy of
the planetary waves for the FCDM mode has an east-
ward propagation speed of 6.4 m s21, whereas that of the
short waves has a westward propagation speed
of 21.7 m s21. The simulated FCDM mode also has a
scale selection feature in terms of instability, and the
planetary waves have stronger growth rate than the
short waves (Fig. 2b). These results indicate that
the effect of the moisture feedback coupled to the PBL
dynamics plays a critical role in selecting planetary
waves for eastward propagation and growth.

Figure 3 shows the horizontal structure of the sim-
ulated FCDM mode. For this unstable eastward
propagating wavenumber 1, a Gill-like structure is
simulated. The upward Ekman pumping, which is
nearly in phase with the anomalous geopotential

height under the anomalous easterly wind, leads the con-
vective center to the east by a phase of 0.2p, which is in
agreement with the observations (Hendon and Liebmann
1994; Maloney and Hartmann 1998; Sperber 2003; Tian
et al. 2006; Hsu and Li 2012). Also consistent with the
observations (Chen and Wang 2017), the simulated
equatorial geopotential anomaly is nearly out of phase
with precipitation, and the precipitation center lags the
minimum geopotential anomaly by 0.2p, which means a
strong generation of eddy available potential energy
(EAPE) for the wavenumber-1 FCDM mode. The un-
stable wavenumber-2 mode has a stronger Rossby com-
ponent than the wavenumber-1 mode, and it shows a
quadrupole-vortex structure (Fig. 3b). The negative
equatorial geopotential anomaly center leads the convec-
tive center by a phase of 0.3p, which is larger than that of
wavenumber 1. This means the wavenumber-2 mode
should have smaller EAPE than the wavenumber-1 mode.

Figure 4 shows the EAPE generation for differ-
ent wavelengths of the FCDM mode. The simulated
EAPE is much larger for the long waves than for the
short waves. Since the Betts–Miller parameterization
introduces a strong damping effect in the moisture
equation, the weak positive EAPE cannot make the
short waves grow (Fig. 2b).

This new FCDM mode is similar to the moisture
mode presented by Fuchs and Raymond (Fuchs and
Raymond 2005; Fuchs and Raymond 2017). The FCDM
mode is destabilized by PBL moisture convergence,
while the moisture mode is by the cloud–radiation in-
teraction and the WISHE.

FIG. 2. Simulated FCDM mode: (a) frequency (cycles per day) and (b) growth rate (day21) as
a function of wavenumber for the FCDM mode.
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b. Sensitivities of the FCDM mode to model
parameters

The solution of this linear FCDM mode is parameter
dependent. Figure 5 shows the responses of frequency and
growth rate to different convective adjustment times, wave
damping times, and PBL depths. For a fast convective
adjustment process of 6 h, the short waves have higher
frequencies than the long waves (Fig. 5a). This is similar to
the frictional moist Kelvin waves (Liu and Wang 2017).
When the convective adjustment process slows down to
13.7h, the frequency is reduced to the realistic MJO ranges
for all wavenumbers, and the short waves are reduced
significantly. For a very slow convective adjustment pro-
cess of 48h, frequency of the short waves is further re-
duced, and the westward energy propagation can also be
simulated for the planetary waves, which has a speed
of 20.3ms21. The growth rate of the planetary waves is
increased when the convective adjustment time decreases,
whereas the short waves have the opposite results.

The tropospheric damping mainly affects the plane-
tary waves (Fig. 5b), and a strong damping will reduce
the frequency of all wavenumbers and weaken the in-
stability of the long waves. The PBL effect also changes
the FCDM mode significantly (Fig. 5c). When the PBL

effect becomes strong with a large PBL depth, the
frequency of wavenumber 1 is reduced, whereas that of
the short waves is increased. The growth rate for all
wavenumbers is increased when the PBL effect becomes

FIG. 4. Simulated EAPE for different wavenumbers of the
FCDM mode. Shown are EAPE 2prf for wavenumbers 1–7 of the
FCDM mode.

FIG. 3. Horizontal structures of the FCDM mode. Shown are horizontal structures of nor-
malized precipitation anomalies (shading), lower-tropospheric geopotential height anomalies
(black contours), lower-tropospheric velocity (vectors), and Ekman pumping (blue contours)
for eastward-propagating (a) wavenumber-1 and (b) wavenumber-2 FCDM modes. The solid
(dashed) contours denote positive (negative) anomalies. The contour interval is 0.2, and the
zero contour is not shown. The thick blue contour denotes upward Ekman pumping with an
amplitude of 0.7.
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strong, which means that the PBL effect acts as an in-
stability source for the unstable waves.

The model sensitivities to other parameters, such as
the vertical background moisture gradient Q and the
PBL friction e, are also examined. The sensitivity ex-
periments show that results similar to those in Fig. 2
can be obtained in a broad range for these two pa-
rameters, while a strong vertical background mois-
ture gradient will decrease the frequency and increase
the growth rate for all wavenumbers. They also show
that strong PBL friction tends to decrease both fre-
quency and growth rate for all wavenumbers (figure
not shown).

5. Roles of the moisture feedback

The roles of the moisture feedback can be represented
by the difference between the FCDM and FCD
modes. Figure 6 compares the simulated frequency
and growth rate for the FCDM and FCD modes. The
FCD mode only has a moist Kelvin wave–like dispersion
relationship, for which the frequency increases with

wavenumber. In general, the FCD mode has higher
frequency and a more unstable mode than the FCDM
mode, and the difference between the FCDM and FCD
modes is most significant for the short waves. The sim-
ulated moisture feedback tends to reduce the frequency
and growth rate of the short waves, while leaving the
planetary waves less affected. Compared to the FCD
mode that has increasing frequency with large wave-
number, the frequency is almost the same for all wave-
numbers in the FCDM mode with moisture feedback.
This moisture feedback is similar to that obtained from
the pure Kelvin waves without coupling with the Rossby
waves (Fig. 1).

Figure 7 exhibits the horizontal structure of the FCD
mode. A structure similar to that in the FCDM mode is
simulated for both wavenumbers 1 and 2, and the up-
ward Ekman pumping, in phase with negative geo-
potential anomaly, leads the convective center to the
east. The simulated Rossby component, however, is
weaker than that in the FCDM mode. Compared to the
FCDM mode (Fig. 3b), a Gill-like pattern rather than
the quadrupole-vortex structure is simulated for the

FIG. 5. Sensitivity experiments for the FCDM mode. (top) Simulated frequency (cycles per day) and (bottom) growth rate (day21) as
a function of wavenumber with respect to different (a) convective adjustment times, (b) wave damping, and (c) PBL depths in the
FCDM mode.
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wavenumber-2 FCD mode (Fig. 7b), which means that
the moisture feedback will enhance the Rossby com-
ponent in the coupled Kelvin–Rossby system.

The phase lag between the upward Ekman pumping
and convective center of the wavenumber-2 FCD
mode is only 0.2p, which is much smaller than 0.3p for
the wavenumber-2 FCDM mode. This means that the
inclusion of the moisture feedback simulates a larger
phase lag between the PBL convergence and pre-
cipitation compared to the pure wave dynamics. From
the moisture equation, the inclusion of the moisture
feedback means that the upward PBL Ekman pump-
ing acts to precondition the lower troposphere or to
enhance precipitation rather than to form precipita-
tion directly; this indicates that the moisture feedback
will delay the occurrence of precipitation and slow
down the eastward propagation.

The delayed precipitation caused by the moisture
feedback can be clearly seen in Fig. 8, which shows the
time difference between the centers of PBL upward
Ekman pumping, and precipitation in the FCDM and
FCD modes, respectively. In the FCD mode, the pre-
cipitation center lags the upward Ekman pumping by
less than 3 days for all wavenumbers except

wavenumber 1. In the FCDM mode, however, it takes a
long time, more than 5 days, for precipitation to occur
after the upward Ekman pumping in the PBL.

With the standard parameters, the moisture feedback
tends to reduce the frequency and growth rate of the short
waves. Figure 9 shows the sensitivities of the moisture
feedback to different parameters. This kind of moisture
feedback is stable for different convective adjustment times,
tropospheric damping times, and PBL depths, except that
its effect on reducing the frequency of the short waves be-
comes weak for a very quick convective adjustment process
of 6h (Fig. 9a) or for a large PBL depth (Fig. 9c). In a broad
range of parameters, the moisture feedback mainly affects
the short waves while wavenumber 1 is less affected, which
means neglecting the moisture feedback is a good approx-
imation for the wavenumber-1 MJO.

6. Roles of the wave feedback

In common treatments of the moisture mode frame-
work (Sobel and Maloney 2012, 2013; Adames and Kim
2016), moisture is the only prognostic variable, and the
other fields evolve according to the evolution of pre-
cipitation, which is coupled to moisture. Thus, the FCM

FIG. 6. As in Fig. 2, but for the simulated FCD mode (red). The frequency and growth rate in the
FCDM mode (black) are also shown for comparison.
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model, in which the circulation response is specified in
accordance to the evolution of precipitation, can be seen
as a variant of the moisture mode where the PBL dy-
namics is included, which induces eastward phase
propagation. The other processes that can also cause
eastward propagation (Fuchs and Raymond 2005;
Adames and Kim 2016; Liu and Wang 2016; Wang et al.
2017), however, are not considered.

The role of the wave feedback can be represented by
the difference between the FCDM and FCM modes.
Figure 10 shows the frequency and growth rate for these
two modes. The FCM mode has similar short waves as
the FCDM mode, whereas for the planetary waves the
simulated FCM mode presents much higher frequency
and lower growth rate than the simulated FCDM mode
does. This implies that the wave feedback has a large
role in slowing down the eastward propagation and in-
creasing the growth rate of the planetary waves. For the
pure Kelvin waves without coupling with the Rossby
waves, although the wave feedback can slow down the
eastward propagation (Fig. 1a), it tends to decrease the
growth rate of the planetary waves (Fig. 1b). This dif-
ference between the pure Kelvin wave and the coupled
Kelvin–Rossby wave systems means that the coupling of
Rossby and Kelvin waves is important for understanding
the wave feedback.

Figure 11 exhibits the horizontal structure of the
FCM mode, which has a similar structure to that of the
FCDM mode (Fig. 3). The Rossby component of
the FCM mode, however, is much stronger than that

of the FCDM mode; thus, the equatorial geopotential
anomalies of the former are much weaker than those
of the latter. Since the precipitation anomaly is
a maximum at the equator, which is caused by the
equatorially trapped background SST and associated
background moisture, the weakening of the equatorial
Kelvin waves of the FCM mode should decrease this
instability. As shown in Fig. 12, the EAPE of the FCM

FIG. 8. Delay of precipitation occurrence by the moisture feed-
back. Time difference between upward Ekman pumping and pre-
cipitation center as a function of wavenumber in the FCDM mode
(black) and in the FCD mode (red).

FIG. 7. As in Fig. 3, but for the horizontal structures of the FCD mode.
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mode is much smaller than that of the FCDM mode
(Fig. 4). In summary, the wave feedback will weaken
the Rossby component while enhancing the Kelvin
component of this coupled system; thus, it will enhance
the growth rate of the planetary waves.

The wave feedback is found to slow down the eastward
propagation and increase the growth rate of the plane-
tary waves (Fig. 10). Figure 13 shows how sensitive the
wave feedback is to different convective adjustment times,
wave damping times, and PBL depths. The role of the wave
feedback becomes weak when the convective adjustment
process becomes slow (Fig. 13a). This result means that
neglecting the wave feedback is reasonable if a slow con-
vective adjustment process is assumed. If we substitute the
Betts–Miller scheme into the thermodynamics equation,
we have the relationship ft ; q/t, which implies that
the wave feedback has the same time scale as the CAPE
discharge does in the Betts–Miller scheme. In the recent
observational study (Adames 2017), the convective ad-
justment time was found to vary in space and time; thus,
there are times when the wave feedback matters.

Associated with a weaker tropospheric damping
(Fig. 13b), the role of the wave feedback in slowing down
the eastward propagation becomes more dominant, and

its effect of increasing the instability becomes stronger. A
larger PBL depth will enhance the effect of the wave
feedback in slowing down the eastward propagation,
while weakening its role in increasing the instability of
wavenumber-1 MJO (Fig. 13c).

7. Comparison with observations

The moisture feedback and wave feedback, two impor-
tant processes for understanding the MJO dynamics,
are studied in a theoretical three-way interaction model
for the MJO with the presence of the PBL dynamics.
For reference, the observational wavenumber–frequency
power spectrum, eastward propagation, and horizontal
structure of the MJO are shown in Fig. 14. The daily mean
Advanced Very High Resolution Radiometer (AVHRR)
interpolated outgoing longwave radiation (OLR) data
from the National Oceanic and Atmospheric Administra-
tion (NOAA) satellites (Liebmann and Smith 1996) are
used as an indicator of convection activity, and the daily
mean winds from National Centers for Environmental
Prediction (NCEP)–National Center for Atmospheric
Research (NCAR) reanalysis project (Kalnay et al. 1996)
are used to study the MJO circulation.

FIG. 9. Sensitivity experiments for the moisture feedback. Difference of (top) simulated frequency (cycles per day) and (bottom) growth
rate (day21) between the FCDM and FCD modes as a function of wavenumber with respect to different (a) convective adjustment times,
(b) wave damping, and (c) PBL depths.
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The results show that for the adjustment time of 13.7 h,
an ‘‘MJO like’’ dispersion relationship can be simulated
for the FCDM mode when both the moisture and wave
feedbacks are included. The oscillation has a period of
30–90 days for the unstable wavenumbers 1 and 2, and the
frequency is nearly independent of wavelength (Fig. 2).
This dispersion relationship, different from that of the
moist Kelvin wave, agrees with that of the observed MJO
(Wheeler and Kiladis 1999; Zhang 2005; Kiladis et al.
2009), as shown in Fig. 14a. The simulated wavenumber 1,
having an eastward propagation speed of 6.2 ms21, is
consistent with the observed MJO over the Indo–western
Pacific region (Fig. 14b).

In the observations, the convective center of the MJO is
preceded by the PBL moisture convergence (Hendon and
Liebmann 1994; Maloney and Hartmann 1998; Sperber
2003; Tian et al. 2006; Hsu and Li 2012), as shown by the
850-hPa upward motion to the east of the convective
center in Fig. 14c. This vertical structure is also simulated
for the FCDM mode in the three-way interaction model
(Fig. 3). The instability, caused by additional moisture via
the Ekman pumping to the east of the precipitation, is the
strongest for the planetary waves (Fig. 4). Such PBL

dynamics do provide one mechanism for understating
why the MJO prefers the planetary scale.

For the MJO dynamics, the coupling of Rossby and
Kelvin waves plays an important role. The MJO usu-
ally shows a Gill-like structure in the lower troposphere
(Fig. 14c) and a quadrupole-vortex structure in the
upper troposphere (Fig. 14d). The quadrupole-vortex
feature of MJO has been documented in many previ-
ous studies (Rui and Wang 1990; Hendon and Salby
1994; Kiladis et al. 2005), which is mainly contributed
by the Rossby waves (Wang and Rui 1990; Majda and
Stechmann 2009). The simulated wavenumber-1 FCDM
mode exhibits a Gill-like structure (Fig. 3a), and the
quadrupole-vortex structure is also simulated for the
wavenumber-2 FCDM mode (Fig. 3b). Without coupling
with the Rossby waves, the wavelength-independent
frequency relationship can also be simulated for the
Kelvin waves when the PBL dynamics are present, while
the simulated frequency with a period of 10–30 days
is much higher than that when the Rossby waves are
coupled.

With a slow convective adjustment process, the
westward energy propagation and eastward phase

FIG. 10. As in Fig. 2, but for the simulated FCM mode (red). The frequency and growth rate in
the FCDM mode (black) are also shown for comparison.
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propagation can be simulated for the planetary waves in
the FCDM model (Fig. 5a), which agrees well with the
observation (Adames and Kim 2016). For a somewhat
quick convective time scale in the range of 0.5–1.0 days,
the westward energy propagation can be simulated for
the planetary waves for the moisture mode (Adames
and Kim 2016), whereas it only occurs for the short
waves and the planetary waves show eastward energy
propagation for the FCDM mode.

8. Discussion

Based on good MJO simulations in this three-way in-
teraction model or the FCDM model, we can study the
moisture and wave feedbacks explicitly. The moisture
feedback mainly works to reduce the frequency and
growth rate of the short waves and produce a dispersion
relationship in which the frequency is almost the same for
all wavenumbers (Figs. 6 and 9), which means that the
moisture feedback is critical for simulating the MJO-like
wavelength-independent dispersion relationship. The
moisture feedback is very weak in changing planetary
waves, thus neglecting the moisture feedback is a good
approximation for simulating the wavenumber-1 MJO.
The wave feedback mainly works to slow down the
eastward propagation and increase the growth rate of
the planetary waves (Fig. 10). Since the wave feedback is
found to be weak when the convective adjustment pro-
cess becomes slow (Fig. 13a), neglecting the wave
feedback is a good approximation for the MJO when
focusing on a slow convective adjustment process. In this

coupled Kelvin–Rossby system, the moisture feedback
tends to enhance the Rossby component (Figs. 3 and 7),
while the wave feedback will weaken the Rossby com-
ponent (Figs. 3 and 11).

The new findings in this work should improve our
understanding of the MJO dynamics. Some other pro-
cesses, such as the longwave radiation feedback (Chikira
2014; Kim et al. 2015), the multiscale interaction (Wang
and Liu 2011; Liu and Wang 2012b, 2013b), and the air–sea
interaction (Wang and Xie 1998; Liu and Wang 2013a), are

FIG. 12. As in Fig. 4, but for the simulated EAPE for different
wavenumbers of the FCM mode.

FIG. 11. As in Fig. 3, but for the horizontal structures of the FCM mode.
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found to destabilize the MJO. The moisture feedback and
wave feedback may have different effects on the simulated
MJO modes when these processes are present. Among
these different mechanisms, we only consider the simple
frictional PBL process and focus on the roles of the mois-
ture and wave feedbacks.

In this three-way interaction model, the slow convective
adjustment process is preferred for simulating the MJO.
Here, the slow adjustment process for the deep convection
can be seen as a parameterization of the slow transition
from shallow convection to deep convection. In this work,
only the first baroclinic mode associated with the deep
convection is included. The shallow convection, which
plays a central role in the MJO propagation through
moistening and preconditioning the atmosphere (Adames
2017), is not considered. Thus, the lower-tropospheric
moisture anomaly associated with the shallow convection
is assumed to be released slowly by deep convection
through a slow convective adjustment process, while this
parameterization needs further analysis using both theo-
retical models and general circulation models.
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APPENDIX

Derivation of the Dispersion Relationship

Assuming that the solutions of the five variables
have the structure of fu, f, q, pr, wbg 5 fU, F, Q,
Pr, Wbgei(kx2st), Eq. (2) in the frequency–wavenumber
space becomes

2isrwU 5 2ikF 2 «U,

2isrwF 1 ikU 2 Wb 5 2Pr 2 «F,

2isrqQ 1 ikQU 2 QbWb 5 2Pr,

Pr 5
1
t

Q,

Wb 5 2k2dd1F1 ikdd2F2dd1U .
(A1)

FIG. 13. As in Fig. 9, but showing the difference between the FCDM and FCM modes.
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When taking the zonal velocity U as a refer-
ence, other variables can be represented by using

the first, second, fourth, and last equations in
Eq. (A1).

F 5 (i« 1 srw)k21U,

Wb 5 [(2k2dd1 1 ikdd2)(i« 1 srw)k21 2 dd1]U,

Pr 5 [(irws 1 idd2k 2 dd1k
2 2 «)(i« 1 rws)k21 2 ik 2 dd1]U, and

Q 5 [(irws 1 idd2k 2 dd1k
2 2 «)(i« 1 rws)k21 2 ik 2 dd1]tU . (A2)

The phase relationship between these variables can be
calculated using Eq. (A2). After substituting Eq. (A2)

into the moisture equation of Eq. (A1), we can obtain
the dispersion relationship as follows:

rqrw
2ts3 1 [rq(idd1tk2 1 dd2tk 1 2i«t) 1 irw]rws2

1 [rwdd1(Qb 2 1)k2 2 rqt(«dd1 1 1)k2 1 irqd(«d2 1 d1)tk 2 irwdd2(Qb 2 1)k 2 rq«2t 2 2rw«]s

1 «dd1(Qb 2 1)ik2 1 (Q 2 1)ik2 1 («d2 1 d1)(Qb 2 1)dk 2 i«2 5 0. (A3)

FIG. 14. Comparison with observations. (a) Wavenumber–frequency power spectrum of the symmetric component of OLR over 158N–
158S from January 1979 to December 2013, plotted as the ratio between raw OLR power and the power in a smoothed red noise back-
ground spectrum (Wheeler and Kiladis 1999). The black dotted line shows the theoretical frequency in Fig. 2a. (b) Longitude–time
evolution of intraseasonal (30–90-day bandpass filter) OLR anomalies (shading; W m22) over the tropics (108N–108S) by lag regression of
OLR anomalies against itself averaged over the equatorial eastern Indian Ocean (108N–108S, 608–1008E). The black dashed line denotes
the theoretical phase speed of 6.2 m s21. (c) Regressed OLR (shading; W m22), 850-hPa horizontal winds (vectors; m s21), and upward
vertical velocity at 850 hPa (contours; hPa s21) against OLR anomalies averaged over the equatorial eastern Indian Ocean. Vertical
velocity contour interval is 20.2 hPa s21. (d) As in (c), but for 200-hPa horizontal winds.
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