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Abstract The Madden–Julian oscillation (MJO) is

observed to interact with moist Kelvin waves. To under-

stand the role of this interaction, a simple scale-interaction

model is built, which describes the MJO modulation of

moist Kelvin waves and the feedback from moist Kelvin

waves through upscale eddy heat and momentum transfer.

The backward-tilted moist Kelvin waves produce eddy

momentum transfer (EMT) characterized by the lower-

tropospheric westerly winds and eddy heat transfer (EHT)

that warms the mid-troposphere. The EHT tends to induce

the lower-tropospheric easterly winds and low pressure,

which is located in front of the ‘‘westerly wind burst’’

induced by the EMT. Adding the eddy forcing to a neutral

MJO skeleton model, we show that the EHT provides an

instability source for the MJO by warming up the mid-

troposphere, and the EMT offers an additional instability

source by enhancing the lower-tropospheric westerly

winds. The eddy forcing selects eastward propagation for

the unstable mode, because it generates positive/negative

eddy available potential energy for the eastward/westward

modes by changing their thermal and dynamical structures.

The present results show that moist Kelvin waves can

provide a positive feedback to the MJO only when they are

located within (or near) the convective complex (center) of

the MJO. The EHT and EMT feedback works positively in

the front and rear part of the MJO, respectively. These

theoretical results suggest the potential importance of moist

Kelvin waves in sustaining the MJO and encourage further

observations to document the relationship between moist

Kelvin waves and the MJO.

Keywords Madden–Julian oscillation � Moist Kelvin

waves � Scale interaction � Eddy heat transfer � Eddy

momentum transfer

1 Introduction

The dominant mode of the tropical intraseasonal oscilla-

tion, the Madden–Julian oscillation (MJO) (Madden and

Julian 1971, 1972, 1994), is a slowly eastward propagating,

planetary-scale envelope of convectively coupled equato-

rial waves (Nakazawa 1988; Straub and Kiladis 2003;

Haertel and Kiladis 2004; Moncrieff 2004; Kikuchi and

Wang 2010). For example, the quasi 2-day waves are

usually observed to be enhanced in the front part of the

MJO (Kikuchi and Wang 2010), while moist Kelvin waves

can travel through the MJO envelope: They can occur in

the rear part, the Rossby wave-gyre region of the MJO (Lin

and Johnson 1996; Moncrieff and Klinker 1997; Houze

et al. 2000), or in the front part of the MJO (Roundy 2008;

Kikuchi and Wang 2010).

A series of recent works have been carried out to

understand the scale interaction between the MJO and

convectively coupled equatorial waves. For the westward

propagating, convectively coupled equatorial waves,

especially the 2-day waves, it is now clear that their eddy

momentum transfer (EMT) can help to generate the anti-

cyclonic pair of the quadrupole vortex in the front part of

the MJO (Biello and Majda 2005; Wang and Liu 2011) and

provides an instability source for the MJO (Wang and Liu
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2011; Liu and Wang 2011; Liu et al. 2011); on the other

hand, the eddy heat transfer (EHT) of 2-day waves pro-

vides a negative feedback to the MJO (Liu and Wang

2011). For the eastward propagating convectively coupled

waves such as moist Kelvin waves, the EMT of synoptic-

scale motions can maintain the horizontal quadrupole-

vortex structure and vertical westerly-wind-burst structure

of the MJO (Majda and Biello 2004; Biello and Majda

2005; Wang and Liu 2011). Moreover, it produces an in-

traseasonal variability of planetary-scale winds (Majda and

Stechmann 2009a) and provides an instability source for

sustaining the MJO (Wang and Liu 2011). Although these

works demonstrated the role of the EMT, they were done

by using models that did not fully cope with the observa-

tional records in various crucial ways.

Furthermore, the role of the EHT associated with moist

Kelvin waves has not been addressed in MJO dynamics. To

understand the interaction between moist Kelvin waves and

the MJO, it is necessary to find out how moist Kelvin

waves affect the MJO through their EHT, especially when

the EHT couples with the EMT. Further, since moist

Kelvin waves usually travel through the MJO envelope,

will moist Kelvin waves affect the MJO differently when

they are located in different parts of the MJO?

In order to study the interaction between moist Kelvin

waves and the MJO, we try to build a scale-interaction

dynamical model, which includes two essential physical

processes: (a) the convective complex of the MJO modu-

lates the strength and location of moist Kelvin waves, and

(b) moist Kelvin waves feed back to the MJO through the

upscale EMT and EHT. Such a dynamical framework is

presented in Sect. 2. In Sect. 3 we derive the EMT and

EHT based on dynamical and thermal structures of moist

Kelvin waves under specified heat forcing. The planetary-

scale responses to the forcing of moist Kelvin waves are

calculated with a specified envelope of moist Kelvin waves

(Sect. 4). Based on the results in Sects. 3 and 4, we further

parameterize the eddy flux envelope of moist Kelvin waves

and obtain a scale-interaction model (Sect. 5). The results

derived from this scale-interaction model are discussed in

Sect. 6. This paper ends up with a discussion in the last

section.

2 The dynamical model

The dynamical model used in this work is mainly based on

the intraseasonal planetary equatorial synoptic dynamics

(IPESD) model that was derived by Majda and Klein

(2003), in which the dynamics of planetary-scale and

synoptic-scale motions are separated. The IPESD takes

Boussinesq equations with a standard tropospheric value

for the buoyancy frequency, N = 10-2 s-1. When the role

of the boundary layer and stratosphere is ignored, the rigid

lid boundary conditions were used with no vertical flows at

the bottom (at 0.5 km) and top (at 16.5 km) of the free

troposphere. The natural reference speed, cref, is selected as

the gravity wave speed of the first baroclinic mode,

c = 50 m s-1. Then the standard equatorial synoptic

length and time scales, ls, Ts, are defined by ls¼ðc=bÞ1=2¼
1;500km and Ts¼ðcbÞ�1=2¼8:5h, respectively, where b
represents the leading order curvature effect of the Earth at

the equator. Since the reference speed, c = 50 m s-1, is

large for the wind speed, it is suitable to introduce the

Froude number, defined by the ratio of the typical horizontal

wind magnitude and the reference speed, Fr¼vref=c¼e. The

small Froude number, 0.1 B e B 0.4, gives reasonable flow

velocities for the tropical tropospheric motion.

Assume that the synoptic motion occurs with charac-

teristic scales of length, ls, and time, Ts, and the planetary-

scale motion has a length scale, ls/e, and a time scale,

TI ¼ ls=vref � 3 days, respectively, Majda and Klein

(2003) obtained the simplified multi-scale equations, i.e.,

the IPESD equations. The IPESD model has a reasonable

scale for equatorial synoptic-scale dynamics with zonal-

wind velocities of order 10 m s-1 and associated convec-

tive heating with a magnitude of 10 K day-1. The scale

parameters are listed in Table 1, which are same as those

used by Biello and Majda (2005).

In observations (Wheeler and Kiladis 1999), the MJO

usually spans wavenumber 1 and 2 with a period of

30–60 days, while moist Kelvin waves span wavenumber 4

through 8 with a period under 10 days. So it is reasonable

to think of an MJO modulation of equatorial Kelvin waves.

Table 1 List of scale parameters in the IPESD model

Physical quantity Name Value or unit scale

Equatorial b-parameter (b = fy) 2.3 9 10-11 (m s)-1

Froude number e 0.125

Reference wave speed c 50 m s-1

Synoptic time scale Ts ðcbÞ�1=2 ¼ 8:3 h

Equatorial deformation radius ls ðc=bÞ1=2 ¼ 1; 500 km

Troposphere height HT 16 km

Synoptic-scale dimensions [x, y] ls ¼ 1; 500 km

Vertical dimension [z] H ¼ HT=p ¼ 5 km

Planetary zonal scale [X] ls=e ¼ 12; 000 km

Planetary advection time [t] TI � Ts=e � 3 days

Horizontal velocity scale [u0; v0;U] eC ¼ 6:25 ms�1

Vertical velocity scale [w0] eCH=ls ¼ 2:5 cms�1

Temperature scale [h0, h] 3 K

Pressure scale [p0, P] eC2 ¼ 312 m2s�2

Synoptic-scale heating rate [Sh0] 10 K day-1

Planetary-scale heating rate [SH] 1.25 K day-1
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The planetary scales associated with the MJO are X = ex,

and t = es, where x and s are synoptic-scale zonal and

temporal disturbances, respectively. Here we select e =

0.125 (Majda and Biello 2004; Biello and Majda 2005).

In the IPESD model, U, V, W denote the x, y, z (zonal,

meridional, and vertical) components of velocities,

respectively, and the remaining dynamic variables are the

pressure, P, and the potential temperature, h. The dynamic

variables can be separated into the large-scale envelope

means associated with the MJO (the bar quantities) and the

synoptic-scale fluctuations associated with moist Kelvin

waves (the primes). Thus, the temperature, pressure, and

velocities are expressed (Biello and Majda 2006)

h ¼ hðex; y; z; esÞ þ h0ðex; x; y; z; es; sÞ þ OðeÞ;
P ¼ Pðex; y; z; esÞ þ p0ðex; x; y; z; es; sÞ þ OðeÞ;
U ¼ Uðex; y; z; esÞ þ u0ðex; x; y; z; es; sÞ þ OðeÞ;
V ¼ eVðex; y; z; esÞ þ v0ðex; x; y; z; es; sÞ þ OðeÞ;
W ¼ eWðex; y; z; esÞ þ w0ðex; x; y; z; es; sÞ þ OðeÞ:

ð1Þ

The expansion in Eq. 1 is nondimensionalized by the

synoptic length scale ls and time scale Ts, and the planetary

length scale ls/e and time scale TI. Meanwhile, the

troposphere height defines the vertical length scale so

that vertical motions are much weaker than horizontal

motions. In Eq. 1, the average over the equatorial synoptic

scale of a general function g(ex, x, y, z, es, s) is defined by

gðX; y; z; tÞ ¼ lim
L!1

lim
T!1

1

4LT

ZT

�T

ZL

�L

gðex; x; y; z; es; sÞdxds;

ð2Þ

where L and T are the zonal and time sales of the large-

scale envelope, respectively. The synoptic-scale equations

for the moist Kelvin waves (v0 = 0) satisfy:

u0s þ p0x ¼ 0;

yu0 þ p0y ¼ 0;

u0x þ w0z ¼ 0;

p0z ¼ h0;

h0s þ w0 ¼ Sh0; Sh0 ¼ 0;

ð3Þ

where Sh0 is the heating rate of moist Kelvin waves. The

large-scale envelope satisfies the quasi-linear, equatorial

long-wave approximation and the equations

Ut � yV þ PX ¼ FU � dU;

yU þ Py ¼ 0;

Pz ¼ h;

UX þ Vy þWz ¼ 0;

ht þW ¼ SH þ Fh � dhh;

ð4Þ

where SH is the planetary-scale mean heating rate. d and dh

are the momentum and thermal damping coefficients,

respectively. Here the same damping scale of 15 days

(nondimensional d = dh & 0.18) is used. Two eddy

forcing, the EMT, FU, and EHT, Fh, are calculated from

the turbulent momentum and temperature fluxes,

FU ¼ �ðu0v0Þy � ðu0w0Þz;

Fh ¼ �ðh0v0Þy � ðh
0w0Þz:

ð5Þ

3 Moist Kelvin waves

3.1 The structures of moist Kelvin waves

The observed moist Kelvin waves have zonal wind per-

turbations in phase with their pressure field (Takayabu

and Murakami 1991). They have horizontal convective

scale of 1,500–3,000 km, and eastward phase speed of

15–20 m s-1 (Nakazawa 1988; Wheeler and Kiladis 1999).

Usually, the moist Kelvin waves are strongly coupled with

the stratiform clouds and deep convection and exhibit a

westward tilt (Kiladis et al. 2009). Here we do not include

the congestus clouds of moist Kelvin waves, which do not

affect their vertical structure and associated eddy fluxes

essentially (Biello and Majda 2005).

Following the idea of Majda and Biello (2004) that the

westward tilt comes from the phase lag between the strat-

iform clouds and deep convection, we specify the cloud

structures of moist Kelvin waves such that the stratiform

clouds tail (in the direction of eastward propagation) the

deep convection by a phase /0. In the troposphere, the

stratiform heating warms up the upper troposphere but

cools down the lower troposphere, and the deep convective

heating warms up the middle troposphere, so the total

cloud heating can be parameterized as sum of the first

baroclinic mode (j = 1) associated with the deep convec-

tion and the second baroclinic mode (j = 2) associated

with the stratiform clouds (Mapes 2000; Khouider and

Majda 2006, 2007; Waite and Khouider 2009). The heating

term in Eq. 3 can be represented by

Sh0 ¼ FðX; tÞ
X
j¼1;2

Qj cosðkx� kCrsþ /jÞ sinðjzÞ; ð6Þ

where k and Cr are the wavenumber and phase speed of

moist Kelvin waves, respectively. We assume that the

stratiform and deep convective heating have the same

horizontal structure. k = 3.15 is selected for a dimensional

zonal convective scale of 3,000 km, and Cr = 0.36 is

selected for a dimensional eastward phase speed of

18 m s-1. /1 = 0, and /2 = /0, which means that the

stratiform heating tails the deep convective heating by a

phase of /0. In this work we use /0 ¼ p=3. The strength of
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stratiform heating is assumed to be two thirds of that of deep

convective heating, Q2 = -2Q1/3. F(X, t) is the envelope of

moist Kelvin waves.Forced by this heating rate Eq. 6, the

synoptic-scale variables in Eq. 3 can be separated into the

first (j = 1) and second (j = 2) baroclinic modes

fu0; v0; p0g ¼ FðX; tÞ
X
j¼1;2

fu0j; v0j; p0jg cosðjzÞ;

fh0;w0g ¼ FðX; tÞ
X
j¼1;2

fh0j;w0jg sinðjzÞ:
ð7Þ

Substitution of Eq. 7 into Eq. 3 gives the jth mode of

moist Kelvin waves

u0js þ p0jx ¼ 0;

yu0j þ p0jy ¼ 0;

u0jx þ jw0j ¼ 0;

h0j ¼ �jp0j;

h0js þ w0j ¼ Sh0
j :

ð8Þ

To solve these moist Kelvin waves under the specified

heat forcing Eq. 6, we apply the idea of reduced stability to

Eq. 8 and assume that the diabatic heating comes from the

moisture convergence

Sh0
j ¼ Hjw

0
j; ð9Þ

where Hj is an arbitrary positive constant. The negative

heating is a simplification for dealing with the anomalous

heating. Since the stratiform clouds and deep convection of

moist Kelvin waves are assumed to have same zonal

structure of cosðkx� kCrsþ /jÞ, we introduce this structure

into Eqs. 8–9 and obtain a set of standard equations for the

Kelvin wave (Matsuno 1966), which has an equivalent depth

of 29.5 m. So the solution for the jth mode can be written as

fu0j;w0j; h
0
j; p
0
jg ¼

Qj

Hj
D0 �

j

k
sinðkx� kCrsþ /jÞ;

�

cosðkx� kCrsþ /jÞ;
j2Cr

k
sinðkx� kCrsþ /jÞ;

� jCr

k
sinðkx� kCrsþ /jÞ

�
: ð10Þ

For the specified phase speed Cr, the positive constant

Hj is determined as

Hj ¼ 1� j2C2
r ; ð11Þ

where H1 = 0.9 and H2 = 0.5.

The meridional structure of waves is given in terms of

parabolic cylinder functions (D), which take the form of

Ds ¼ exp½�ðy=2
ffiffiffiffiffi
Cr

p
Þ2�Psðy=

ffiffiffiffiffi
Cr

p
Þ; ð12Þ

where Ps is a polynomial of order s.

The total solution of moist Kelvin waves is composed of

these two vertical modes:

u0

p0

( )
¼FðX;tÞ

X
j¼1;2

Qj

Hj

� j

k
sinðkx�Crsþ/jÞ

�jCr

k
sinðkx�Crsþ/jÞ

8>><
>>:

9>>=
>>;

cosðjzÞD0;

w0

h0

( )
¼FðX;tÞ

X
j¼1;2

Qj

Hj

cosðkx�Crsþ/jÞ

j2Cr

k
sinðkx�Crsþ/jÞ

8><
>:

9>=
>;sinðjzÞD0:

ð13Þ

For example, the envelope of moist Kelvin waves can be

defined as

FðX; tÞ ¼ cosðpðX � 180�Þ=2LFÞ when X � 180�j j�LF;

FðX; tÞ ¼ 0 when X � 180�j j[ LF: ð14Þ

This envelope spans 90� with center at 180� when LF = 45�.

In this work, this envelope does not depend on the time except

in the scale-interaction model (Sects. 5 and 6).

Figure 1 exhibits the snapshot of vertical and horizontal

structures of moist Kelvin waves at time 0. Above the

equator, the moist Kelvin waves appear as a train of syn-

optic waves with upward vertical and westward tilt

(Fig. 1a), a similar structure with that presented by Majda

and Biello (2004) for the super cloud clusters in the warm

pool. This solution also yields a similar horizontal structure

(Fig. 1b) with the observed Kelvin waves (Fig. 7 of Kiladis

et al. 2009), in which the positive temperature anomalies

lead the wave convergence, and all disturbances are

equatorially trapped (Fig. 1b).

3.2 The EMT and EHT

Substitution of Eq. 13 into 5 yields the explicit momentum

and thermal forcing, and the EMT and EHT are given by

FU ¼ j FðX; tÞ2D2
0½cosðzÞ � cosð3zÞ�;

Fh ¼ j CrFðX; tÞ2D2
0½sinðzÞ � 3 sinð3zÞ�;

ð15Þ

where

j ¼ � 3

4

Q1Q2

kH1H2

sinð/0Þ: ð16Þ

In the convective envelope of the MJO, although the fast

(&18 m s-1) moist Kelvin waves travel as a high-

frequency wave train (Fig. 1a), which has zero mean of

thermal and momentum variables on planetary scales and

depends on the time, they do produce upscale eddy flux

transfer that only depends on the characteristics of moist

Kelvin waves, such as the vertical tilt, /0, the heating

magnitude, Qj, the zonal scale, k, and the phase speed, Cr.

This means that the eddy flux transfer is only determined by

the type rather than the details of moist Kelvin waves.
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Because of their pronounced westward tilt, the moist

Kelvin waves produce the lower-tropospheric westerly and

upper-tropospheric easterly EMT (Fig. 2a), both of which

have their maxima trapped at the equator. Figure 2b shows

that the moist Kelvin waves also present strong EHT,

which tends to warm up the middle troposphere, while

cools down the upper and lower troposphere. From Eq. 15,

the EHT has the same meridional structure as the EMT,

and is equatorially trapped.

For a standard moist Kelvin wave train that has a first

baroclinic heating rate of 10 K day-1 at its maximum, a

second baroclinic heating rate of 6.7 K day-1 at its maxi-

mum, a zonal convective scale of 3,000 km, and a phase lag

of 500 km between the stratiform clouds and deep convec-

tion, the EMT, FU, produces a westerly wind acceleration

whose maximum is 3.2 m s-1 day-1 at height 4.5 km above

the equator (Fig. 2a). Meanwhile, the EHT, Fh, produces a

heating acceleration whose maximum is 1.4 K day-1 at the

middle troposphere above the equator (Fig. 2b). It is worth

mentioning that the EHT has amplitude that is comparable to

the EMT, and their nondimensional amplitude ratio can

reach 0.9 under current heat forcing.

In order to study the role of moist Kelvin waves in the

MJO, we try to build a simple scale-interaction model that

only explains the first baroclinic mode of the MJO, and the

EMT and EHT of moist Kelvin waves can be easily

parameterized by the first baroclinic features of the MJO,

so we truncate the EMT and EHT to the first baroclinic

mode and study their characteristics. The eddy fluxes are

written easily on the first baroclinic mode

FU
1 ¼ jFðX; tÞ2D2

0;

Fh
1 ¼ CrjFðX; tÞ2D2

0:
ð17Þ

Keep in mind that F1
U and F1

h have the vertical structures

of cos(z) and sin(z), respectively. From Eq. 17, the EHT and

EMT have the same horizontal structures. The EMT tends to

accelerate the lower-tropospheric westerly winds (Fig. 3a)

and the EHT tends to warm up the middle troposphere

(Fig. 3b). For the same wave train that has a maximum first

baroclinic heating rate of 10 K day-1 and a maximum

second baroclinic heating rate of 6.7 K day-1, the EMT

tends to accelerate the lower troposphere with a magnitude

of 2.1 m s-1 day-1. The EHT also provides a heating

z
 
(
k
m
)

(a) Sθ, u, w: Magnitude (12.4 K day−1, 6.9 m s−1, 4.9 cm s−1)

135E 180 135W
0.5

8.5

16.5

(b) Sθ, u, θ: Magnitude (9.8 K day−1, 5.6 ms−1, 1.9 K, at 8.5 km)

135E 180 135W
20S

0

20N

Fig. 1 Vertical (backward-

tilted) and horizontal

(equatorially trapped) structures

of moist Kelvin waves

simulated in the model.

a Vertical distribution of the

synoptic-scale heating (red)/

cooling (blue), and velocity

(vectors) above the equator as

functions of x and z for the

westward-tilted (/0) moist

Kelvin waves. b Horizontal

heating (red shading), cooling

(blue shading), positive

temperature (white contours),

negative temperature (black
contours), and velocity (vectors)

at height 8.5 km. Contour

interval is one-third of the

magnitude and zero contours are

not drawn. The magnitudes for

each field are indicated on the

top of each panel

z
 
(
k
m
)

(a) FU: Magnitude (3.2 ms−1 day−1)

20S 10S 0 10N 20N
0.5

8.5

16.5

(b) Fθ: Magnitude [1.4 K day−1, Fθ/U= 0.9 (nonD)]

20S 10S 0 10N 20N
0.5

8.5

16.5

Fig. 2 Eddy momentum transfer (EMT), FU, and eddy heat transfer

(EHT), Fh, of moist Kelvin waves as functions of y and z. a FU; white
denotes westerly wind and black easterly wind. b Fh; white represents

positive and black negative. The nondimensional magnitude ratio

between the EHT and EMT is 0.9. Contour interval is one third of the

magnitude and zero contours are not drawn
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source for the middle troposphere with a magnitude of

0.4 K day-1. Meanwhile, Eq. 17 shows that the magnitude

ratio between the EHT and EMT is determined by the phase

speed of moist Kelvin waves, which means that faster moist

Kelvin waves produce stronger EHT than the slow movers

when compared to the EMT. The strong EHT can provide a

considerable instability source for the MJO.

4 Modification of the planetary-scale circulation

by the EMT and EHT associated with moist

Kelvin waves

By calculating Eq. 4 under different specified forcing

centered at 180�, we first explore how the moist Kelvin

waves rectify the structure of planetary-scale circulations

(Figs. 4, 5). Equation 15 is used for estimating the EMT

and EHT. The planetary-scale mean heating rate is defined

by

SH ¼ 1:5

0:4
Fh

1 ; ð18Þ

which means that only the first baroclinic mean heating

with magnitude of 1.5 K day-1 is included. Equation 4 is

calculated by the spectral expansion technique (Majda

2003). The zonal boundary condition is periodic and at the

meridional lateral boundaries the fluxes of mass, momen-

tum and heat vanish.

The EMT mainly accelerates the lower-tropospheric

westerly winds with their maximum at height 4.5 km

(Fig. 4a), consistent with the result forced by superclusters

(Majda and Biello 2004; Biello and Majda 2005). A

cyclonic pair sandwiches the westerly winds at the lower

troposphere (Fig. 5a). These vertical and horizontal struc-

tures forced by the EMT is consistent with observations

that the westerly wind burst usually occurs at height around

4 or 5 km in the Rossby-gyre region of the active MJO (Lin

and Johnson 1996; Moncrieff and Klinker 1997; Houze

et al. 2000). However, the winds blowing from the low to

high pressure (Figs. 4a, 5a) are not consistent with the

wind-pressure relationship in observations (Madden and

Julian 1994; Zhang 2005).

Both the EHT and planetary-scale heating tend to warm

up the middle troposphere and generate a Gill-like (Gill

1980) pattern (Fig. 5b). In the front of the forcing, the

lower-tropospheric easterly winds of the Gill-like response

counteract the strong lower-tropospheric westerly winds

forced by the EMT (Fig. 4a), and trap the westerly wind

burst slightly to the west of the forcing center (Fig. 4d);

Meanwhile, the strong equatorial low pressure of the

z
 
(
k
m
)

(a) FU: Magnitude (2.1 ms−1 day−1)

20S 10S 0 10N 20N
0.5

8.5

16.5

(b) Fθ: Magnitude [0.4 K day−1, Fθ/U= 0.4 (nonD)]

20S 10S 0 10N 20N
0.5

8.5

16.5

Fig. 3 Same as in Fig. 2 except for the first baroclinic mode. The

nondimensional magnitude ratio between the EHT and EMT is 0.4

90E 180 90W
0.5

8.5

16.5

(a) FU: (U
m
,W

m
,P

m
)=(3.5,1,44)

z
 
(
k
m
)

90E 180 90W
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Fig. 4 Vertical structure

changes of the equatorial

planetary-scale circulations

forced by a eddy momentum

transfer (EMT), FU, b eddy heat

transfer (EHT), Fh, c both the

EMT and EHT, FU ? Fh, and

d all the EMT, EHT, and

planetary-scale mean heating,

FU ? Fh ? SH. The red/blue
shading denotes positive/

negative pressure and vector the

wind. The contour interval is

one third of the magnitude and

zero contours are not drawn.
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and m2 s-2, respectively, where

the suffix m denotes the
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Gill-like response overwhelms the high pressure of the

EMT mode (Fig. 5a) in the lower troposphere, and pro-

duces equatorial low pressure in the front of the forcing

(Fig. 5d). If we assume the MJO convective complex, i.e.,

the convection center, as an envelope of moist Kelvin

waves, these results are consistent with the observation that

the lower-tropospheric westerly winds are centered near

the center of the MJO heating in the west Pacific and the

equatorial lower-tropospheric low pressure exists in the

front part of the MJO (Rui and Wang 1990; Madden and

Julian 1994; Zhang 2005).

When the planetary-scale mean heating is excluded

(Figs. 4c, 5c), the aforementioned two features are weak,

but still exist.

5 The MJO-Moist Kelvin wave interaction model

Based on the above results, we further study the role of

moist Kelvin waves on the MJO in a scale-interaction

model, in which the eddy flux envelope of moist Kelvin

waves is no longer pre-specified, but modulated by the

MJO.

5.1 The MJO model

The planetary scale (MJO) motion is governed by Eq. 4, in

which SH represents the planetary-scale, low-frequency

heating rate. Using scale analysis, Wang (1988) has shown

that the low-frequency precipitation amount associated

with the MJO is only about 20–30% of total precipitation

variability, but this amount of planetary-scale heating is

sufficient to generate the observed MJO circulation

anomalies. To describe moist MJO dynamics, a moisture

equation

qt � ~QW ¼ Sq; ð19Þ

is added to the planetary-scale Eq. 4, where Sq is the

moisture source coming from precipitation, and equals to

-SH for the nondimensional equation. ~Q is the background

vertical moisture gradient and is selected as 0.9 (nondi-

mensional), the standard value for the low-frequency

motions (Yano and Emanuel 1991; Frierson et al. 2004).

Following Majda and Stechmann (2009b), the model is

formulated in terms of anomalies from a uniform basic

state of radiative-convective equilibrium, R ¼ HA, where

R ¼ 1 K day�1 is the fixed, constant radiative cooling rate,

H is a constant heating rate. A is a constant (nondimen-

sional) amplitude of wave activity in the equilibrium state.

Following Majda and Stechmann (2009b), we assume that

the planetary-scale heating anomaly SH ¼ Ha and a is

parameterized as:

at ¼ Cqðaþ AÞ; ð20Þ

where C = 1 (� 0:2 K�1 day�1 in dimension) is a constant

of proportionality, representing that a positive lower-tro-

pospheric moisture anomaly enhances the planetary-scale

heating. The parameterization Eq. 20 is based on a series of

observations, in which the lower troposphere tends to be

moistened during the suppressed convection phase of the

MJO, and the lower-tropospheric moisture leads the MJO’s

heating anomaly (Myers and Waliser 2003; Kikuchi and
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Fig. 5 Horizontal structure rectification of planetary-scale circula-

tions at height 4.5 km forced by a eddy momentum transfer (EMT),

FU, b eddy heat transfer (EHT), Fh, c both the EMT and EHT,

FU ? Fh, and d all the EMT, EHT, and planetary-scale mean heating,

FU ? Fh ? SH. The red/blue shading denotes positive/negative

pressure and vector the wind. The contour interval is one third of

the magnitude and zero contours are not drawn. The units of zonal

wind, Um, meridional wind, Vm, and pressure, Pm, are m s-1, m s-1,

and m2 s-2, respectively, where the suffix m denotes the magnitude
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Takayabu 2004; Kiladis et al. 2005; Tian et al. 2006). Keep

in mind that in the original skeleton model of Majda and

Stechmann (2009b), the wave activity a includes both the

planetary-scale heating and eddy forcing. Here a only

represents the planetary-scale heating.

So Eqs. 4, 19 and 20 compose a closed MJO model with

the eddy forcing. Because the diabatic heating of the MJO

can usually reach higher troposphere, where the Newtonian

cooling is important, here we neglect the momentum

damping, while keep the Newtonian cooling, as Wang

(1988) and Wang and Rui (1990) did. When ignoring the

nonlinear term Cqa in Eq. 20, we truncate to the first

baroclinic mode and obtain the simple scale-interaction

model as

Ut � yV � hX ¼ FU
1 ;

yU � hy ¼ 0;

ht � UX � Vy ¼ Haþ Fh
1 � dh;

qt þ ~QðUX þ VyÞ ¼ �Ha;

at ¼ CAq:

ð21Þ

Without the eddy forcing, the EMT, F1
U and EHT, F1

h,

and the Newtonian cooling, dh, the reduced scale-

interaction model Eq. 21 is the same as the original

neutral skeleton model (Eq. 3 of Majda and Stechmann

2009b).

5.2 Parameterization of the EMT and EHT

To complete this scale-interaction model Eq. 21, it is

necessary to parameterize the EMT and EHT. Since the

moist Kelvin waves act as one component of the MJO

convective complex, it is natural to assume that the eddy

flux envelope, the EMT and EHT, is proportional to the

MJO convective complex (planetary-scale heating): both

the zonal and meridional structures of the eddy flux

envelope have the same form as the planetary-scale heat-

ing, and their amplitude is also proportional to the heating

strength. As a scale-interaction model, the eddy fluxes

would be nonlinear, while in order to obtain a simple linear

scale-interaction model, we only use this linear relation-

ship. So Eq. 17 is parameterized as

Fh
1 ¼ ChHa;

FU
1 ¼ C�1

r Fh
1 :

ð22Þ

Ch is an arbitrary coefficient associated with the EHT,

while we can parameterize it based on the relationship

obtained in the above results: On the first baroclinic mode,

the standard moist Kelvin waves with heating rate of

10 K day-1 at its maximum can produce an EHT with

magnitude of 0.4 K day-1, i.e., Fh
1 ¼ ChHa � 0:4 K day�1;

the heating rate with magnitude of 1.5 K day-1,

Ha � 1:5 K day�1, is reasonable for the observed MJO

(Lin and Johnson 1996; Yanai et al. 2000). Divide these two

relationships we can obtain an assumption of Ch � 0:4=

1:5 ¼ 0:27.

5.3 Eigenvalue problem

Equations 21 and 22 compose a set of linear partial dif-

ferential equations, which can be solved as an Eigenvalue

problem. For the plane waves, we assume that they have

the structure of eiðKX�rtÞ, where K is the wavenumber and r
is the frequency. The phase speed and growth rate are

defined by Re(r)/K and Im(r), respectively. When only the

lowest N modes of each variable are kept for the meridi-

onal expansion of parabolic cylinder functions, we project

Eqs. 21–22 on the r - K space, and obtain a linear matrix

of (5N 9 5N) for the five variables in Eq. 21. Here N = 1

represents the lowest equatorially trapped mode. The fre-

quency r and eigenvectors are calculated through the

matrix inversion corresponding to each wavenumber K.

Only the Kelvin and Rossby waves are remained in Eq. 21

because of the long wave approximation. Following the

idea that the planetary-scale heating only has the lowest

meridional truncation of parabolic cylinder functions

(Majda and Stechmann 2009b), the Rossby and Kelvin

waves on their lowest meridional modes can be studied by

using N = 3, and sensitive experiments show that higher N

does not affect the results.

6 Instability and eastward propagation mechanisms

for the modeled MJO

Without the eddy forcing and Newtonian cooling, this

model is reduced to the neutral skeleton model of Majda

and Stechmann (2009b), and the results recover their

solutions, which consist of two families of low-frequency

(above 30 days) eigenmodes, one propagates slowly east-

ward and the other westward (Fig. 6b, c). These two groups

of modes all have zero growth rates (Fig. 6a), hence, there

is no preferred eastward propagation. In the presence of

eddy forcing from moist Kelvin waves, however, both EHT

and EMT can destabilize MJO motions and only eastward

propagating modes become unstable (Fig. 6a), which

become the preferred dominant modes. The coupled EHT

and EMT present a stronger instability for the eastward

MJO than they act alone (Fig. 6a), and they also select the

long eastward propagating modes to grow up against the

tropospheric damping. This explains why the low-fre-

quency MJO has prevailing eastward propagation.

Why does the eddy forcing only destabilize eastward

propagating modes? Since the EHT of moist Kelvin waves
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tends to warm up the middle troposphere and increases the

positive temperature anomaly, it does provide an instability

source for the MJO mode. Under the current parameters,

wavenumber 3 has the strongest instability (Fig. 6a). The

EMT also provides an instability source for the eastward

MJO, especially for the long waves (Fig. 6a), because it

favors acceleration of the lower-tropospheric westerly

winds of the MJO. The generation of the perturbation

available potential energy (APE) requires a positive

covariance between the perturbation temperature and dia-

batic heating (Wang and Rui 1990). For neutral mode, the

perturbation heating and temperature have a p/2 phase

difference (Fig. 7a), so no APE can be generated. The

westerly EMT and EHT-induced heating, either separately

or together, change the horizontal temperature and heating

structures of the westward (Fig. 7b) and eastward (Fig. 7c)
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modes. For eastward mode, the perturbation heating leads

the positive temperature anomaly by a phase between p/4

and p/2 (Fig. 7c), thus positive APE has been generated. In

contrast, for westward mode, the perturbation heating leads

the positive temperature anomaly by a phase that is a little

smaller than p/2, while their negative covariance domi-

nates near the equator, generating negative APE (Fig. 7b).

Therefore, only the eastward propagating mode is a

growing and preferred mode.

In addition to the growth rate, the eddy forcing also

modifies the phase speed of eastward MJO modes. The

inclusion of the EHT will slow down the eastward MJO

modes (Fig. 6b, c), because the heating source of the EHT

in the middle troposphere will increase the convective APE

and reduces the equivalent depth (Gill 1980; Kiladis et al.

2009). The EMT tends to speed up the eastward MJO

modes (Fig. 6b, c), especially the long waves. The reason

is the advective shift of lower-tropospheric westerly wind

acceleration of the EMT.

7 Summary and discussion

7.1 Importance of the eddy transfer of moist Kelvin

waves to MJO dynamics

The new results obtained from the present model indicate

that the moist Kelvin waves exhibit considerable eddy heat

transfer (EHT), which warms up the middle troposphere

and induces weak lower-tropospheric easterly winds and

low pressure in the front of the MJO. This seems to be

more consistent with the observed features of the MJO (Rui

and Wang 1990; Madden and Julian 1994; Zhang 2005).

Both the moist Kelvin wave-induced EHT and eddy

momentum transfer (EMT) can destabilize the planetary-

scale MJO motion. The EHT provides an instability source

for the MJO by warming the middle troposphere, and tends

to slow down the MJO. The EMT provides an additional

instability source for the MJO by accelerating the lower-

tropospheric westerly winds of the MJO and tends to speed

up the MJO by its advective shift.

Of particular interest is that the eddy forcing can select

the eastward propagation for the unstable MJO modes,

because the eddy forcing generates positive/negative

available potential energy (APE) for the eastward/west-

ward modes by changing their thermal and dynamical

structures.

7.2 Implications

Based on these results, we can further study the role of the

phase relation between moist Kelvin waves and the MJO,

because the moist Kelvin waves are usually observed to

travel through the MJO (Roundy 2008; Kikuchi and

Wang 2010). For the plane-wave structure, we assumed, in

Sect. 5, that the eddy flux envelope has the same structure

as the convective complex (planetary-scale heating) of the

MJO.

In order to examine how the effect of moist Kelvin

waves depends on their relative locations with respect to

the MJO, here we assume that the eddy flux envelope leads

the convective complex center by a phase of c, so Eq. 22

becomes

Fh
1 ¼ ReðChHae�icÞ;

FU
1 ¼ ReðC�1

r ChHae�icÞ:
ð23Þ

By the same method, we recalculate Eqs. 21 and 23. For

convenience of comparison, the unstable MJO mode with

wavenumber two is displayed. Figure 8 shows that only

when appearing near the convective complex center of the

MJO, can the moist Kelvin waves provide a positive

feedback in sustaining the MJO. The moist Kelvin waves

propagating away from the MJO convective center,

especially to the west of the MJO, may damp the MJO.

Compared to the standard moist Kelvin waves (with a

speed of 18 m s-1) that have a magnitude ratio of eddy flux

of Fh
1=FU

1 ¼ 0:36 (Fig. 9b), the fast moist Kelvin waves

(with a speed of 25 m s-1) have relative strong EHT

compared to the EMT, Fh
1=FU

1 ¼ 0:5, and the most unstable

MJO occurs when the eddy flux envelope appears to the

east of the convective center of the MJO (Figs. 8, 9a), the

reason is that the instability mainly comes from the EHT,

which tends to warm up the middle troposphere and

increases the convective APE in the front of the MJO (Lin

and Johnson 1996; Wang and Xie 1998). On the other

−π /2 −π /4   0   π /4  π /2
−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08

Fast MKW

Standard MKW

Slow MKW

G
r
o
w
t
h
 
r
a
t
e
 
(
d
a
y
−
1
)

γ

Fig. 8 Growth rate as a function of leading phase c between the eddy

flux envelope and convective complex of the MJO with wavenumber

2, which is forced by the moist Kelvin waves (MKW) with phase

speeds of 25, 18 and 10 m s-1, respectively

F. Liu, B. Wang: Impacts of upscale heat and momentum transfer by moist Kelvin waves

123



hand, when the moist Kelvin waves are slow (with a speed

of 10 m s-1), the EHT is relative small, Fh
1=FU

1 ¼ 0:2.

Figures 8 and 9c show that the most unstable MJO occurs

when the moist Kelvin waves are enhanced to the west of

the convective center of the MJO, where the instability

mainly comes from the impact of the EMT that accelerates

the lower-tropospheric westerly winds of the MJO. This

result agrees with the previous works (Wang and Liu 2011;

Liu et al. 2011) that the superclusters in the rear part of the

MJO can provide an instability source for the MJO.

The dynamical results emphasize the important roles of

moist Kelvin waves in different part of the MJO, and

encourage more observations on the cloud structures and

intensities of moist Kelvin waves associated with different

phases of the MJO.

7.3 Limitation of this work

In order to obtain this simple linear scale-interaction

model, a linear assumption on the eddy flux envelope was

made (Sect. 5.2), and sensitivity experiments show that a

strong planetary-scale heating in this assumption will

enhance the role of the eddy forcing linearly. This

assumption is too simple and cannot account for nonlinear

scale interaction. A nonlinear eddy flux effect should be

implemented into the MJO model in the future works.

Although this scale-interaction model presented a wave

selection of wavenumber one that is most unstable for the

MJO, this wave selection is parameter dependent. With

very strong EHT and EMT, this model will yield stronger

growth rates on shorter wavelengths (Figure not shown).

Hence we de-emphasize the role of upscale fluxes from

moist Kelvin waves on the long wave selection for the MJO.

In the future work, we will show that the inclusion of

planetary boundary layer will offer a good explanation for

this long wave selection mechanism in terms of growth rate.

The skeleton model produces a model MJO that has no

vertical tilt. This is at odds with observed vertical structure

of the MJO. New physical processes need to be imple-

mented into the model to account for this essential feature.
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