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Lecture Overview

1. XRD and the Reciprocal Lattice
2. XRD and the Crystal Symmetry
3. Inverse Fourier Transform in XRD
4. XRD of Crystals, Polycrystals and Nanocrystals
5. XRD and Phase transition



Diamond

The crystallographer’s world view

Atomic structure of diamond

Definition: A crystal consists of atoms arranged in a pattern that repeats periodically in 
three dimensions.

There are two aspects to this pattern:  Periodicity; Symmetry

Ideal Crystal: 
• An ideal crystal is a periodic array of  structural units, such as atoms or molecules.  
• It can be constructed by the infinite repetition of these identical structural units in space.
• Structure can be described in terms of a lattice, with a group of atoms attached to each lattice point.  

The group of atoms is the basis.



X-Ray Diffraction of Crystals and Symmetry

Spacing of spots is used to get unit 
cell dimensions.

Crystal symmetry leads to diffraction pattern symmetry.

The lattice of diffracted x-rays
has an inverse or reciprocal
relationship to the crystal lattice.
For this reason the lattice of the
diffraction pattern is called the
reciprocal lattice, while the
crystal is said to form the real or
direct lattice.



The Reciprocal Lattice
Because of the reciprocal nature of d spacings and q from Bragg’s Law, the pattern
of the diffraction we observe can be related to the crystal lattice by a mathematical
construct called the reciprocal lattice. In other words, the pattern of X-ray
reflections makes a lattice that we can use to gain information about the crystal
lattice.



The Reciprocal Lattice

• The reciprocal lattice is constructed as follows:
• Choose a point to be the origin in the crystal 

lattice.
• Let the vector normal to a set of lattice planes in 

the real lattice radiate from that origin point 
such that the distance of the vector is the 
reciprocal of the d spacing for each family of 
planes.  i.e. the vector for the plane (hkl) has a 
distance of 1/d(hkl) (or, more generally K/d(hkl)).

• Repeat for all real lattice planes.

2 2 2

sin sin sin* ; * ; *bc ac aba b c
a a a

α β γ
= = =



The lattice parameters a, b, c of a unit cell can then be calculated

The relationship between d and the lattice parameters can be determined geometrically
and depends on the crystal system. When the unit cell axes are mutually perpendicular,
the interplanar spacing can be easily derived.

Crystal system dhkl, lattice parameters and Miller indices
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The expressions for the remaining crystal systems are more complex
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Powder Diffraction  Pattern of Diamond

ref no.   h k l d(hkl)    I/Imax  
1     1 1 1 2.05519 100.
2 0 2 2 1.25854 38.8
3 1 1 3 1.07329 24.3



Crystal Symmetry

An object or function is symmetrical if a spatial transformation 
of it looks identical to the original.

X

X

This is the 
original

This is rotated 
by 180°

A full classification of a crystal is achieved when all of these inherent
symmetries of the crystal are identified (Wikipedia, 2009)



Symmetry

Motif: the fundamental part of a symmetric design that, when repeated, 
creates the whole pattern

Operation: some act that reproduces the motif to create the pattern

Element: an operation located at a particular point in space

The defining property of a crystal is its inherent symmetry, by which we mean that
under certain 'operations' the crystal remains unchanged. For example, rotating the
crystal 180 degrees about a certain axis may result in an atomic configuration which
is identical to the original configuration. The crystal is then said to have a twofold
rotational symmetry about this axis.



Symmetry Elements
1.  Rotation

a.  Two-fold rotation

= 360o/2 rotation 
to reproduce a motif 
in a symmetrical 
pattern

6

6
A Symmetrical Pattern

2-D Symmetry



Symmetry Elements
1.  Rotation

a.  Two-fold rotation

= 360o/2 rotation 
to reproduce a motif 
in a symmetrical 
pattern

= the symbol for a two-fold 
rotation

Motif

Element

Operation

6

6
2-D Symmetry

= the symbol for a two-fold rotation



6
6

first 
operation 
step

second 
operation 
step

Symmetry Elements
1.  Rotation

a.  Two-fold rotation

= 360o/2 rotation 
to reproduce a motif 
in a symmetrical 
pattern

2-D Symmetry

= the symbol for a two-fold rotation



step 1

step 2

step 3

Symmetry Elements
1.  Rotation

b.  Three-fold rotation

= 360o/3 rotation 
to reproduce a motif in 
a symmetrical pattern

2-D Symmetry



Symmetry Elements
1.  Rotation

6

6

6 66

6

6

6

1-fold 2-fold 3-fold 4-fold 6-fold

5-fold and  > 6-fold rotations will not work in combination with translations in crystals 
(as we shall see later).     Thus we will exclude them now.

2-D Symmetry



Symmetry Elements
2.  Inversion (i)

inversion through a center to 
reproduce a motif in a 
symmetrical pattern
= symbol for an inversion 
center
inversion is identical to 2-fold 
rotation in 2-D, but is unique in 
3-D (try it with your hands)

6

6

2-D Symmetry



Symmetry Elements
3.  Reflection (m)

Reflection across a “mirror 
plane” reproduces a motif

= symbol for a mirror
plane

2-D Symmetry



We now have 6 unique 2-D symmetry operations: 

1   2   3   4   6   m     

2-D Symmetry

Combinations of symmetry elements are also possible

To create a complete analysis of symmetry about a point in 
space, we must try all possible combinations of these symmetry 
elements

In the interest of clarity and ease of illustration, we continue to 
consider only 2-D examples



Try combining a 2-fold rotation axis with a mirror

2-D Symmetry



Try combining a 2-fold rotation axis with a mirror

Step 1: reflect

(could do either step first)

2-D Symmetry



Try combining a 2-fold rotation axis with a mirror

Step 1: reflect

Step 2: rotate (everything)

2-D Symmetry



Try combining a 2-fold rotation axis with a mirror

Step 1: reflect

Step 2: rotate (everything)

Is that all??

2-D Symmetry



Try combining a 2-fold rotation axis with a mirror

Step 1: reflect

Step 2: rotate (everything)

No!  A second mirror is required

2-D Symmetry



Try combining a 2-fold rotation axis with a mirror

The result is Point Group 2mm

“2mm”  indicates 2 mirrors

The mirrors are different
(not equivalent by symmetry)

2-D Symmetry



The original 6 elements plus the 4 combinations creates 10 possible 2-D Point 
Groups:

1   2   3   4   6   m  2mm 3m 4mm 6mm

Any 2-D pattern of objects surrounding a point must conform to one of these 
groups

Point Groups

A collection of symmetry elements possessed by a molecule is called a point group

A group whose elements include both the point symmetry and elements of 
the translation of a crystal is called a space group.



Classification of crystals by symmetry

A full classification of a crystal is
achieved when all of these inherent
symmetries of the crystal are
identified (Wikipedia, 2009)

The seven lattice systems
• Triclinic a ≠ b ≠ c; α ≠ β ≠ γ ≠ 90º ≠120º
• Monoclinic a ≠ b ≠ c; α = γ = 90º; β ≠ 90º ≠120º
• Orthorhombic a ≠ b ≠ c; α = β = γ = 90º
• Tetragonal a = b ≠ c; α = β = γ = 90º
• Trigonal a = b ≠ c; α = β = 90º; γ = 120º
• Hexagonal a = b ≠ c; α = β = 90º; γ = 120º
• Cubic a = b = c; α = β = γ = 90º

The 14 Bravais Lattices



Classification of crystals by symmetry

The 32 Point Groups
The crystallographic point group or crystal class is the mathematical group
comprising the symmetry operations that leave at least one point unmoved and that
leave the appearance of the crystal structure unchanged. These symmetry operations
include reflection, which reflects the structure across a reflection plane rotation,
which rotates the structure a specified portion of a circle about a rotation axis
inversion which changes the sign of the coordinate of each point with respect to a
center of symmetry or inversion point improper rotation, which consists of a rotation
about an axis followed by an inversion. Rotation axes (proper and improper),
reflection planes, and centers of symmetry are collectively called symmetry elements.
There are 32 possible crystal classes. Each one can be classified into one of the seven
crystal systems.

The 230 Space Groups
The space group of the crystal structure is composed of the translational symmetry
operations in addition to the operations of the point group. These include pure
translations which move a point along a vector screw axes, which rotate a point
around an axis while translating parallel to the axis glide planes, which reflect a
point through a plane while translating it parallel to the plane. There are 230 distinct
space groups.



The diffraction pattern has
almost the same symmetry as the
crystal. One important
difference is that the diffraction
pattern also contains a center of
inversion (Friedel symmetry).
The combination of rotational
symmetry and a center of
inversion can give rise to mirror
plane symmetry in the diffraction
pattern – which of course is not
possible in the crystal.

The diffraction pattern looses
information about translational
symmetry.

Symmetry of the Diffraction Pattern

2-fold

2-fold

Friedel symmetry. This precession
photograph is a slice through the
center of the reciprocal lattice



X-ray diffraction 
data collection

Crystals

Electron Density Map

Structural Model

Diffraction Image

Data analysis and
phase determination

Model building and refinement

X-ray Diffraction of  Complex Crystals
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Where E is the electric field amplitude, k is the wave vector and ω is the
frequency. A wave scattered by a charged particle has the amplitude

θsin' 2

2
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Where q is the angle between incident and scattered radiation. Because nuclei
are much heavier than electrons, they can be ignored.

X-rays are electromagmetic radiation with l < 10 nm. Charged particles scatter 

incident radiation

Scattering of x-rays by atoms in crystals



Scattering from a collections of atoms is described using form factors

dVif ]exp[)()( q.rrq ∫= ρ

Where ρ is the charge density, q is the momentum transfer in the scattering, i.e. q = k-
k'. Thus form factor is just the Fourier transform of the charge density X-ray scattering
provides information on f, which is then inverted via inverse Fourier transform to find
the electron density maps

dVif ]exp[)(
)2(
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Scattering of x-rays by atoms in crystals

About 1915 W.H. Bragg suggested to use Fourier series to describe the arrangement of the
atoms in a crystal. The proposed technique was somewhat later extended by W. Duane and
W.H. Zachariasen was the first who used a two-dimensional Fourier map in 1929 for
structure determination. Since then Fourier synthesis became a standard method in almost
in every structure determination from diffraction data. For crystals, eq.(1) has a form
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X-ray scattering from a single atom

Atom in space 1D cut in FT 2D cut in FT

http://www.kri.physik.uni-muenchen.de/crystal/teaching/basic1.gif
http://www.kri.physik.uni-muenchen.de/crystal/teaching/basic2.gif
http://www.kri.physik.uni-muenchen.de/crystal/teaching/basic3.gif


Braggs law: nλ = 2d × sin(θ)

Atoms in space 1D cut in FT 2D cut in FT

X-ray scattering from two atoms

http://www.kri.physik.uni-muenchen.de/crystal/teaching/basic5.gif
http://www.kri.physik.uni-muenchen.de/crystal/teaching/basic6.gif
http://www.kri.physik.uni-muenchen.de/crystal/teaching/basic4.gif


Atoms in space 1D cut in FT 2D cut in FT

X-ray scattering from 5 atoms in a row

http://www.kri.physik.uni-muenchen.de/crystal/teaching/basic8.gif
http://www.kri.physik.uni-muenchen.de/crystal/teaching/basic10.gif
http://www.kri.physik.uni-muenchen.de/crystal/teaching/basic7.gif


Atoms in space reciprocal space

X-ray scattering from a lattice of atoms 

http://www.kri.physik.uni-muenchen.de/crystal/teaching/space5.gif
http://www.kri.physik.uni-muenchen.de/crystal/teaching/space4.gif


Atoms in space reciprocal space

X-ray scattering from a monoclinic lattice (75 degrees)

http://www.kri.physik.uni-muenchen.de/crystal/teaching/space9.gif
http://www.kri.physik.uni-muenchen.de/crystal/teaching/space8.gif


Atoms in space reciprocal space

X-ray scattering from a square box



Atoms in space reciprocal space

X-ray scattering from a circular box



The Fourier expansion of the electron density is arrangement of the atoms in a crystal

( )1( , , ) cos 2 ( )hkl
h k l

x y z F hx ky lz hkl
V

ρ π φ⎡ ⎤= + + −⎣ ⎦∑∑∑

Fourier Expansion of Electron Density

Where φ(hkl) is the phase value of the Fourier components. The phase values of the Fourier 
components determine where the regions of high potential appear in the unit cell, whereas 
the amplitudes just affects the intensity of the axima.

Changing the sign of the amplitude
from minus to plus causes a phase
shift of 180o in the Fourier map. Every
cosine wave with a positive amplitude
starts at the origin of the unit cell with
a maximum (high potential); cosine
waves with negative amplitudes on the
other hand produce low (zero)
potential at the origin.



Data Processing

What we actually measure is the intensity of the diffracted signal, Ihkl, from 
which we can extract the amplitude

The fact that we cannot record the phases is known as ‘The Phase Problem’

Determining/Estimating Phases is among the most challenging computational tasks in 
crystallography, and is still not fully solved. 

hkl hklI F∝=
The recorded diffraction pattern is a power spectrum, not a Fourier Transform/Spectrum



X-ray Diffraction

How can we use X-ray besides atomic structure determination ?



Crystalline materials: atoms pack in periodic, 3D arrays 
typical of: (a) metals; (b) many ceramics; (c) some 
polymers

Noncrystalline materials: Atoms have no 
periodic packing occurs for: (a) complex 
structures; (b) rapid cooling.

-

crystalline SiO2

noncrystalline SiO2

"Amorphous" = Noncrystalline

Adapted from Fig. 3.18(b),
Callister 6e.

Adapted from Fig. 3.18(a),
Callister 6e.

Characterization of Crystallinity of Materials by X-ray Diffraction

Polycrystalline materials:
Each "grain" is a single crystal.
If grains are randomly oriented.
Grain sizes typ. range from
100 nm to 2 cm.

Nb-Hf-W plate with an electron beam weld.



Single crystal ⇒ Polycrystalline ⇒ Nano-crystalline ⇒ Amorphous

Grain size: infinity           above ~200 nm           below ~100-200 nm          below 1 nm

grain boundaries

Crystal size and x-ray diffraction

Courtesy Vitali Prakapenka, University of Chicago.



Pressure induced growth of single crystals from polycrystalline samples at ambient
temperature under non-hydrostatic conditions can be explained in terms of sample
grains and their boundaries behaviour

Prakapenka et al. J. Synchrotron Rad., 12, 560-565, 2005

Selected row images of X-ray scattering from the tridymite phase of SiO2
compressed to different pressures at room temperature

Pressure induced growth of single crystal of tridymite (SiO2) by X-ray diffraction 
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Temperature induced crystallization

Prakapenka, J Phys. and Chem. Sol., 65, 1537-1545, 2004

Crystallization amorphous silica at high pressure



The determination of grain size from spotty X-ray diffraction rings

A study is made of the effects
of a distribution of grain size, a
large absorption coefficient
and overlapping diffraction
lines on the values of grain
size obtained from the number
of spots on X-ray back
reflection photographs from
polycrystalline material.

B. HIRSC, British J. Appl. Phys, 1954, 5, p.257



Diffraction peak shape analysis

• Grain size
Scherrer (1918) : Grain size = K × λ / (FW×cosθ)

K is the shape factor (usually ~ 0.9), λ is the wavelength and θ is the peak position

• Microstrain
Stokes and Wilson (1944): Strain = FW / (4×tan θ)

Williamson and Hall (1953)
method for deconvoluting size and strain broadening

FW × cosθ = K × λ / (Grain size) + 4×Strain × sinθ

Any factor which results in a modification of the d-spacing distribution will change the shape,
particularly the width and intensity, of the peak (excluding instrumental broadening): the finite
size and shape of crystals, deformation, thermal oscillations of the atoms at their regular lattice
sites, vacancy and impurity, element concentration gradient etc

Courtesy Vitali Prakapenka, University of Chicago.



Nano-size effect at high pressure

V=1 μm3: 108 particles ∅ 5 nm, contact points ~109

'Ab initio' simulated 
diffraction patterns of 
SiC (111) peak profile 
with grain size 
distribution maxima 
varying from 10 to 90Å

Roman Pielasze , http://www.unipress.waw.pl

Distribution of stresses is quite homogenous



Grain size control in-situ at high pressures

Fe3C at 58 GPa

T ~2700K RT, ~1s RT, ~0.001s

Prakapenka et al. J. Synchrotron Rad., 12, 560-565, 2005



Fast quenching of molten materials
Fe3C at 58 GPa,

Courtesy to V. Prakapenka



Fe3C at 58 GPa, temperature quenched

8.2 8.3 8.4 8.5 8.6 8.7 8.8

>200nm

after heating
  at ~1800 K

  quench
from melt
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.

2Θ, degrees

reflection (121)

fast quench
  from melt

~20nm



Heating of an amorphous material

Room TAfter 1200 KAfter 1600 K

a-SiO2 at 58 GPa

Prakapenka et al. J. Synchrotron Rad., 12, 560-565, 2005



Reading:
• D. E. Sand. “ Introduction to Crystallography”, Dover Publ. (1975).

• W. D. Callister. "Materials Science and Engineering". Willey (1993)

• C. Kittel. “Introduction to Solid State Physics”. Willey

• W. L. Bragg, “Atomic Structure of Minerals”, Cornell University Press, Ithaka, (1937).

• V. Prakapenka, G. She., M. Rivers et al. Grain-size control in situ at high pressures and 
high temperatures in a diamond-anvil cell. J. Synchrotron Rad. 2005 12 (p 560-565)

Home Work
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