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ABSTRACT 

Hapke reflectance theory is the most versatile method available for determin

ing the modal mineralogy of a surf ace from reflectance spectra. This dissertation 

includes three projects which apply the theory in different ways to determine the 

modal mineralogy of the surf ace under investigation. 

In the first project, Hapke theory is fit to the laboratory spectra of intimate 

mixtures of Corning glasses. The single scattering albedo of the mixture is calcu

lated from the optical constants of the glasses, instead of from single scattering 

albedos derived from fits to the end member spectra. The abundances determined 

a.re very close to the known mixture abundances. This technique eliminates the 

dependence of the end member single scattering albedos on the grain sizes of the 

samples from which they were measured. 

In the second project, Hapke theory is used to calculate mixture series of com

mon lunar minerals. These mixture series can be used to derive calibrations for 

interpreting lunar telescopic spectra. The most significant outcome of this project 

is the realization that Hapke theory offers a tool for studying any mixture series 

without extensive laboratory work. If spectra of the end members are available, 

any mixture series desired can be easily calculated. This technique can be used to 

gain insight into complex spectra of real surfaces. 

In the third project, Hapke theory is fit to the spectrum of the asteroid Vesta 

to determine the modal mineralogy. The abundances determined were very similar 

to those determined for Vesta by analogy to the mineralogy of the eucrite meteor

ites. This is particularly significant, because spectra of meteorite mineral separates 

were not available, therefore the fit was made using the closest minerals available, 

and much of the necessary information had to be assumed. 
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I. INTRODUCTION 

One of the primary goals of planetary science is to determine the composition 

of the bodies in the solar system. In general, it is possible to determine only the 

compositions of the surfaces of these objects. However this information is often suf

ficient to constrain various planetary models. Many techniques are available for 

determining the surface composition, differing in spatial resolution and the type of 

information provided. The most sophisticated techniques require samples, either 

returned to earth or analyzed in place (e.g. Viking and Venera). These techniques, 

as well as orbital geochemistry, provide elemental abundances, but they require 

spacecraft missions. This has limited their application applied to only a few bodies. 

Much of what is known today about the composition of planetary surfaces has been 

determined telescopically. The global mineralogy of many bodies has been deter

mined from the analysis of visible and near infrared reflectance spectra of their sur

faces (e.g. basalt on Vesta, McCord et al. 1970; water ice on the Galilean satellites, 

Pilcher et al. 1972; S02 on Io, Fanale, et al. 1979; and water ice on the satellites of 

Saturn and Uranus, Fink et al. 1976, and Cruikshank, 1980). 

The technique of reflectance spectroscopy is based on extensive laboratory stu

dies (e.g. Adams, 1975; Hunt and Salisbury, 1970, 1971; Hunt et al. 197la, 1971b, 

1973a, 1973b; Clark et al. 1989) which have demonstrated that many minerals have 

unique spectral signatures. Telescopic spectra. of unknown surfaces are analyzed by 

comparing spectral features, such as absorption band centers and shapes, with 

those of known minerals. Ada.ms (1975) and Hunt (1977) both provide good 

descriptions of the logic involved in spectral interpretation. Using this relatively 

simple technique, it is often possible to determine the minerals present, even in a 

multi-mineralic sample, as demonstrated by Ada.ms (1974). 
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Interpretation of telescopic spectra is complicated by the fact that the spectral 

reflectance of a surface is a non-linear function of several variables, which usually 

cannot be independently constrained. These variables include the physical texture 

of the surface, the photometric geometry (incidence, emission, and phase angles), 

the grain size, and the composition. 

The physical texture of the surf ace, as expressed by the packing density, has 

some effect on the reflectance of a surface, particularly when combined with varia

tions in photometric geometry. Hapke (1963) suggested that a low density, fairy 

castle surface structure could produce the opposition effect observed for the Moon 

at low phase angles. Adams and Felice (1967) showed that variations in the pack

ing of laboratory samples produced minor changes in the absolute reflectance, even 

at the same photometric geometry. But this variable does not affect absorption 

band positions, which are the most important features for determining mineralogy. 

Therefore, it is possible to interpret a spectrum qualitatively without any indepen

dent information on the packing density of the surface. 

The photometric geometry at which a spectrum is measured also has an effect 

on the reflectance spectrum, even when the physical texture of the surface is 

unchanged. This has been demonstrated repeatedly in the laboratory, for a variety 

of minerals (e.g. Adams and Felice, 1967; Gradie et al. 1980; Pieters, 1983). The 

magnitude of this effect varies as a function of wavelength, even for the same 

material, which results in the change in spectral shape noted by Gradie et al. 

(1980). This variation is characterized by the phase function of the surface. The 

phase function of the surf ace is produced by the anisotropic scattering of the indivi

dual particles comprising the surface. 

Adams and Felice (1967) also were the first to demonstrate that the grain size 

of the sample has a significant effect on the reflectance spectrum. They found 

reflectance to be inversely related to the grain size. This observation has been 
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confirmed by subsequent laboratory work by many investigators (see previous refer

ences). Light reflected from a surface has been scattered by the individual grains 

in the surface. Some of the incident light is reflected from the first surfaces 

encountered (Fresnel reflection), even from very dark surfaces. But the light 

transmitted into the grains can only be scattered back out of the surface if it 

encounters a scattering center or grain boundary. If the grains in a surface are 

large, then the path lengths in them are long, which results in greater absorption, 

and low reflectance. If the grains in a surf ace are very small, grain boundaries are 

encountered very frequently, resulting in most of the incident light being scattered 

back out of the surface, producing a high reflectance (Pieters et al. 1976). This 

effect has been quantified for olivine by Miyamoto et al. (1981). 

The depths of absorption bands also vary with grain size. The amount of light 

absorbed at a given wavelength is determined by the mean optical path length, the 

average distance light travels in a mineral, which is a function of the absorption 

coefficient at that wavelength, and the grain size of the sample (Clark and Roush, 

1984). The grain size of a sample is obviously constant at all wavelengths, but the 

absorption coefficient can vary over several orders of magnitude (e.g. Irvine and 

Pollack, 1968). The depth of an absorption feature is a function of the difference 

between the mean optical path length for the feature and for the continuum. 

Absorption bands are deepest when the grain size is similar to the optical depth 

(Adams and Felice, 1967; Singer, 1981). At smaller grain sizes, absorption bands 

are shallower because the grain boundaries scatter the light out of the sample 

before it can be absorbed, which decreases the absorption in the band relative to 

the continuum. At larger grain sizes, path lengths in the grains become so long 

that absorption becomes significant at wavelengths outside of the band, which 

decreases the continuum relative to the band center, making the band appear shal

lower (Pieters et al. 1976). 
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The most significant variable determining the spectral reflectance of a surface 

is the composition. Reflectance spectra of intimate mineral mixtures are non-linear 

functions of the abundance of the components (e.g. Nash and Conel, 1974; Singer, 

1981; Clark, 1981, 1983; Crown and Pieters, 1985). The spectrum of the mixture is 

dominated by the most absorbing component at a given wavelength, which in turn 

depends on the abundances, grain sizes, and absorption coefficients of the consti

tuent minerals (Gaffey, 1976). The absorption bands of many silicate minerals 

overlap (Adams, 1975; Hunt, 1977), producing complex absorption bands, which 

are non-liner combinations of the component bands when the minerals are mixed. 

But as Adams (1974) has demonstrated, it is often possible to determine the 

minerals present, even when the absorption features overlap. 

Through the years, tremendous effort has been expended to develop tech

niques for quantitatively analyzing the spectra of intimate mineral mixtures. Nash 

and Cone! (1974) measured spectra of mixtures of hypersthene, labradorite, and 

ilmenite to develop calibration curves for the quantitative analysis of lunar spectra. 

They created ternary plots of the reflectance at O.SSµm, the 0.9µm band depth, 

and the color of the spectrum (reflectance at 0.7µm/reflectance at 0.4µm) as a 

function of mineral abundance. Gaffey and McCord (1977) and McFadden and 

Gaffey (1978) published calibration curves for mixtures of pyroxene with olivine 

and with plagioclase. The olivine and pyroxene calibration plots the half width at 

half height of the long wavelength wing of the composite lµm band as a function of 

the olivine/pyroxene ratio. The plagioclase and pyroxene calibration plots the ratio 

of the plagioclase absorption band depth to the pyroxene lµm band depth as a 

function of the plagioclase/pyroxene ratio. Singer (1981) studied a variety of 

mineral mixtures. He created calibration curves for mixtures of olivine with hyper

sthene (orthopyroxene), and with diopside/augite (clinopyroxene). The plot of the 

wavelength of the lµm band minimum as a function of olivine content is relatively 
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constant for the clinopyroxene mixtures, but for olivine abundances greater then 

approximately 50%, it is fairly sensitive for the orthopyroxene mixtures. The plot 

of the slope between the absorption band minima as a function of olivine content is 

equally sensitive for both mixtures. Clark and Lucey (1984) used the spectra of 

many mixtures of water ice with various particulates to derive empirical calibration 

equations for particulate abundance. They found the ratio of the band depth to 

the continuum reflectance to be related to the particulate abundance. The differ

ences in sensitivity of the different water ice bands to particulates was used to 

quantify the the particulate abundance. Cloutis et al. (1986) analyzed spectra of 

olivine and orthopyroxene mixtures. They found that the ratio of the areas of the 

2µm band to the lµm band varies essentially linearly with pyroxene abundance, 

and is relatively insensitive to variations in the chemistry of either mineral, and to 

variations in grain size over the grain sizes examined. 

These calibrations are significant contributions to the technique of spectral 

analysis, however all but Clark and Lucey apply only the the specific minerals stu

died, although Clark and Lucey include an equation for correcting for variations in 

the grain size of the particulates. All of these researchers recognize the need to 

develop a general solution to the problem of determining mineral abundances, but 

until recently, efforts were concentrated on developing better empirical calibrations 

for mixtures of the most common minerals, such as Cloutis et al. The first new 

approach was suggested by Hapke (1981). He presented a theory, derived from 

radiative transfer theory (Chandrasekhar, 1960) for calculating the reflectance of a 

particulate surf ace, including an equation for intimate mineral mixtures. 

Johnson et al. (1983) were the first to apply Hapke theory to binary, intimate 

mineral mixtures of olivine, hypersthene, diopside, and magnetite. They simplified 

the original mixtures equation to calculate cross sectional areas, which could be 

converted to weight fractions, given the density and grain size of each component. 

5 



Their results were quite good for the silicate mixtures, but they consistently under

predicted the silicate abundance in mixtures with magnetite. Clark (1983) used 

Hapke theory to analyze spectra of mixtures of montmorillonite with charcoal and 

with carbon lamp black. He found the theory modeled the carbon lamp black mix

tures fairly well, but failed for the charcoal mixtures. Clark and Roush (1984) used 

Hapke theory to calculate the spectrum of a mixture of three grain sizes of water 

ice from the optical constants (index of refraction and absorption coefficient). The 

spectrum agreed well with a measured frost spectrum. Smith et al. (1985) com

bined principal components analysis with the method of Johnson et al. to analyze 

mixtures of olivine, enstatite, and calcite. They also examined the effects of varia

tion in grain size, and mixture type (areal or intimate) on the abundance calcu

lated. Johnson et al. (1985) applied the technique developed by Smith et al. to 

analyze telescopic spectra of the Moon. Nelson (1986) added an equation for the 

average particle phase function to the basic Hapke model, in an attempt to improve 

on the results of Clark (1983) for a mixture of charcoal and montmorillonite. The 

addition of anisotropic scattering did not eliminate the discrepancy between the 

laboratory spectra and the model. Mustard and Pieters (1987a) revised the method 

of Johnson et al. (1983) to use bidirectional reflectance spectra. They examined 

binary mixtures of olivine, anorthite, enstatite, and magnetite, with results similar 

to previous studies. They also noted that the theory failed for mixtures including 

dark minerals. Clark (1987) demonstrated the feasibility of applying the equations 

Clark and Roush used to calculate a mixture spectrum to deconvolve spectra for 

abundance and grain size given the optical constants of the end members. Mus

tard and Pieters ( 1987b) used the method they developed in their previous work to 

determine the abundance of a type of rock in a dike from airborne imaging spec

trometer data. Mustard and Pieters (1989) have extended their previous work on 

mineral mixtures to include an empirical phase function in their abundance 
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determinations. They found the addition of the phase function improved the abun

dance determinations, even for mixtures including magnetite. Clark and Kierein 

(1989) have calculated the spectra of mixtures of water and ammonia ice at various 

concentrations, grain sizes, and photometric geometries, using an empirical phase 

function. 

Jaumann, et al. (1988a,b) have developed a technique for determining geo

chemical composition from lunar spectra using principal components analysis. This 

technique will be useful for correlating with other lunar geochemical data, but it 

has limited applicability to other bodies. Hiroi and Takeda (1989) have developed 

equations for converting reflectance spectra to absorption coefficient spectra, which 

they then deconvolve to determine mineral abundance using the method of 

Kinoshita et al (1985). Kinoshita et al. have developed their method from 

Kubeika-Munk theory (Wendlandt and Hecht, 1966), which Clark and Roush 

{1984) have show to be unsuitable for .most remote sensing applications. The sub

sequent developments of Kinoshita and Hiroi and Takeda share the same limita

tions as the basic Kubeika-Munk theory. 

The list of references above shows that Hapke theory is a useful tool for the 

determination of modal mineralogy from reflectance spectra. This dissertation 

includes three projects which examine new approaches to and applications of the 

theory to this problem. In the first section, I have used the theory to calculate the 

spectra of binary mineral mixtures as a function of composition and grain size, then 

reversed the application to determine the modal abundance of the same minerals in 

actual measured spectra of mixtures. This project uses the equations which calcu

late spectra from the optical constants of the minerals. The second section of the 

dissertation is my portion of a joint project with Paul Lucey. It uses the method 

devised by Johnson et al {1983), to calculate spectra of lunar analogues from spec

tra of known lunar minerals. These suites of mixtures spectra have been used by 
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Paul Lucey to analyze telescopic spectra of the Moon. The third section of the 

dissertation expands on the method of Johnson et al. (1983), to calculate the actual 

mineral abundance, instead of just the cross sectional area. This approach is 

applied to analyze the telescopic reflectance spectrum of Vesta. 
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CHAPTER II. GLASS MIXTURES 

1. Introduction 

Clark a.nd Roush (1984) first showed that it was possible to calculate the 

reflectance spectrum of an intimate mineral mixture from the optical constants of 

the components using Hapke (1981) theory. They calculated the spectrum of a 

mixture of water ice grains of different sizes. Clark a.nd Roush (1984) suggested, 

and Clark (1987) demonstrated that the equations could be inverted to determine 

the abundance a.nd grain size of minerals in an intimate mixture from a reflectance 

spectrum, a.nd the optical constants of the end members. Clark et al. (1989a) 

demonstrated that the measured reflectance spectra of a glass at different grain 

sizes matched the reflectance spectra calculated from the optical constants of the 

glass quite well. Clark and Kierein (1989) have used the equations to calculate the 

reflectance spectra of mixtures of water and ammonia ices. This project builds on 

the previous work of Clark and his co-workers. The glass used by Clark et al. 

(1989a) has been mixed with another glass to test the ability of the theory to deter

mine the abundance of the glasses in an intimate mixture from a reflectance spec

trum, and the optical constants of the end members. 

2. Bidirectional Reflectance Theory 

Hapke (1981) presented a theory for calculating reflectance spectra of particu

late surfaces. Several authors proposed theories at approximately the same time 

(Lum.me and Bowell, 1981; Goguen, 1981), but Hapke was the only one to include 

equations for calculating the spectra of intimate mineral mixtures. Hapke makes 

several assumptions in order to adapt radiative transfer theory (Chandrasekhar, 
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1960) to particulate surfaces. The assumptions, and the equations used in this pro

ject will be reviewed for convenience, but the reader is referred to the original refer

ence for the derivation. 

The derivation assumes a surface composed of irregularly shaped, randomly 

oriented particles which are large compared with the wavelength of the light. The 

particles are in contact, but coherent effects are assumed to average out due to the 

random orientation and irregularity of the particles. Diffraction is also not included 

in the derivation because the light diffracted by one particle in the surface 

encounters another particle before is has dispersed sufficiently to be distinguished 

from the incident light. This implies that only light which strikes a particle is con

sidered in determining the extinction efficiency. By definition, all of the light strik

ing a particle is either scattered or absorbed, therefore the maximum extinction 

efficiency of a particle in a surface is one (Hapke, 1981). When the extinction effi

ciency is one, the scattering efficiency is equal to the single scattering albedo. 

In the derivation, the light reflected from the surface is separated into singly 

and multiply scattered components. The equation for the singly scattered com

ponent is solved exactly, but the multiply scattered component is approximated by 

the isotropic solution. The directional effects of scattering from a single particle 

average out after a few scatters, therefore this approximation is justified (Chan

drasekhar, 1960; Esposito, 1979, Table 2). 

Hapke (1981) derived an expression for the bidirectional radiance coefficient, 

defmed as the brightness of a surf ace relative to the brightness of a Lambert sur

f ace identically illuminated 
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where 

r(µ°'µ,g) = .!!!.. 
1 { [1 + B(g)] P(g) + H(µo)H(µ) - 1}, (2.1) 

4 µo+ µ 

µ0 = the cosine of the incidence angle 

µ = the cosine of the emission angle 

g = the phase angle 

w = the single scattering albedo 

B (g) = the backscatter function 

P (g) = the average single particle phase function 

H(µo)H(µ) = the functions describing isotropic multiple scattering. 

The single scattering albedo is the per cent of the total light encountering a grain 

which is scattered out of the grain. It can be shown to be equal to the scattering 

efficiency of a grain in a monomineralic surface. The backscatter function describes 

the increase in reflectance at small phase angles known as the opposition effect. 

The phase function describes the average scattering behavior of the particles as a 

function of phase angle. 

For a multi-mineralic surface, the single scattering albedo is replaced by the 

average single scattering albedo, which weights the single scattering albedos of the 

components by their relative geometric cross-sectional areas. Hapke's expression for 

the average single scattering albedo is 
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where 

w= 

M; 
~-Q 
L.J s. 
; P;D; ' 

j = the jth component in a multi-mineralic, intimate mixture 

M; = the built density of a particle of type j 

P; =the solid density of a particle of type j 

D; = the particle diameter of a particle of type j 

Q5 . =the scattering efficiency of a particle of type j. 
J 

(2.2) 

All previous studies of mineral mixtures using Hapke theory have substituted 

the mass fraction for the built density [see Nelson (1986) for a full derivation]. 

Hapke has derived an approximate expression for the scattering efficiency of a par

ticle, assuming spherical particles. 
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where 

(2.3) 

S 8 = the surface scattering coefficient of a particle for diffuse light incident 

externally 

Sr = the surface scattering coefficient of a particle for diffuse light incident 

internally 

a = the volume absorption coefficient inside a particle 

s = the volume scattering coefficient inside a particle 

r 1 =the bihemispheric reflectance of a semi-infinite medium 

and where 

r1 = 
1 + v'a/(a + s) 

1 - v'a/(a + s) 
(2.4) 

S8 and Sr are determined from Figure 6 in Hapke (1981), which plots them as a 

function of the index of refraction, assuming the imaginary part of the index of 

refraction is negligible when compared to the real part. 

3. Experimental Description 

Sample Description. In order to test the ability of the theory to determine 

mineral abundances from a reflectance spectrum, using the optical constants of the 

end members, it was necessary to fmd minerals for which the optical constants 

18 



were available. Roger Clark had already made an extensive search for optical con

stants for his work, and found that they were virtually unavailable at the 

wavelength resolution required to model reflectance spectra. He had resorted to 

using Corning glasses, for which he could measure the optical constants himself 

(Clark et al. 1989). He made these samples available for use in this study. 

Corning produces many different glasses, doped with different elements, which 

produce many absorptions from the ultraviolet to the near infrared. Glasses 5121 

and 5300 from the Corning catalog of May 1980 (Bulletin CFG 5/80MA) were 

chosen for their large variation in reflectance over the wavelength range measured. 

Reflectance spectra, indices of refraction, and absorption coefficients for both 

glasses are shown in Figures 2.1, 2.2, and 2.3. Both samples were ground with an 

alumina mortar and pestle. They were dry sieved to the 90-150µm grain size frac

tion, then methanol washed to remove any clinging fme grains. The choice of grain 

size is discussed in Section 4. Part of the ground glass samples were then used to 

create mixtures, by weight percent. The mixtures created were 90% 5300 / 10% 

5121, 75% 5300 / 25% 5121, and 50% 5300 / 50% 5121. The reason for the choice 

of the mixtures is also discussed in Section 4. 

Instrument Description. Spectra for this project were measured in Roger 

Clark's laboratory at the United States Geological Survey, Geophysics Branch, 

Remote Sensing Section, in Denver, Colorado. The instrument and its control sys

tem has been described in detail in Clark et al. (1989a,b). It is a Beckman 5270 

double-grating, double beam spectrometer, with a customized control system, cov

ering a wavelength range from 0.2µm to 3.0µm. The spectrometer steps through 

the user specified wavelength range, at the resolution specified, and integrates until 

the specified signal to noise ratio is attained, or until a maximum integration time 

is reached. The samples are contained in an integrating sphere, but the sample 

holders limit the reflected light to a cone, preventing the system from actually 
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measuring directional- hemispherical reflectance {Hunt, 1980; Clark et al. 1989b). 

The spectra are essentially bidirectional, with an incidence angle of 0 degrees and 

average emission angle of 30 degrees. 

Data Reduction. The spectra were mea.sured relative to halon. Then the dark 

current, as mea.sured by Clark and Kierein {1989), wa.s subtracted from ea.ch chan

nel. The spectra were corrected to absolute reflectance by multiplying by the abso

lute reflectance of halon {Weidner and Hsia, 1981; Clark et al, 1989a). All data 

reduction was done using a substantially modified (Clark, personal communication, 

1989) version of the program SPECPR (Clark, 1980). 

Software Description. The modeling in this project was done using a modified 

version of the program Radtran, written by Roger Clark. Radtran is interfaced to 

SPECPR and uses the SPECPR user interface. It includes many options for calcu

lating reflectance spectra from Hapke theory, and fitting the theory to measured 

spectra. The fits use an iterative search routine devised by Clark to maximize effi

ciency for the specific application. The calculated spectra are normalized to a stan

dard calculated from the same equation assuming a totally reflecting surface (a sin

gle scattering albedo of one), isotropic scattering, and normal incidence and emis

sion angles, to correct for the theory predicting a reflectance greater than one for a 

theoretical Lambertian surface (Clark and Kierein, 1989). 

The spectra were all measured at a phase angle of 30 degrees. This is beyond 

the range of a significant opposition effect, therefore the backscatter function was 

set to zero. Data for a single phase angle is insufficient to constrain the phase func

tion, therefore the phase function was set to one (isotropic scattering). The H

functions were interpolated from the values of Chandrasekhar (1960) for increased 

speed and accuracy (Clark and Kierein, 1989). The parameters S8 and S1 are 

determined from stepwise linear fits to the data in Figure 6 in Hapke (1981). The 

volume scattering coefficient inside a particle was set to zero because Clark and 
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• 
Kierein (1989) found it could be ignored for the glasses used in this study. The 

program was modified to preform separate abundance determinations for each 

channel of the spectrum, instead of a single fit for the spectrum as a whole. 

4. Modeling 

Sample preparation is often one of the most time consuming aspects of a pro

ject working with mineral mixtures. Decisions must be made on the grain size to 

which the samples should be ground, and on the mixtures which should be created. 

In this study, we wanted to choose the grain size which maximized the spectral 

contrast. Given the optical constants of the end members, it is possible, using the 

equations in Section 2, to calculate their spectra over a range of grain sizes. Exam

ples of some of the calculated spectra are shown in Figures 2.4 and 2.5. These cal

culated spectra made it possible to choose the grain size which maximized the spec

tral contrast between the end members without out having to spend the time to 

actually create and measure samples for a range of grain sizes. Figures 2.6 and 2. 7 

show comparisons of the measured spectra to the calculated spectra for the grain 

sizes chosen. The 5300 matches reasonable well, because the grain size used in the 

calculation was derived from this spectrum by a fit to the data. The 5121 matches 

less well, because the grain size was assumed to be the same for the two samples. 

The match would have been improved if the 5121 spectrum had been fit to deter

mine the grain size, but the accuracy attained was sufficient for ·the purpose. 

The theory was then used to calculate a range of mixtures at the chosen grain 

size, as shown in· Figure 2.8. This information made it possible to choose the 

minimum number of mixtures necessary to cover the full range in reflectance 

between the two end members, without having to actually create the mixtures. 

The non-linear nature of mineral mixtures made it impossible to predict their 
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behavior without extensive laboratory work before the advent of Hapke theory. 

Without this capability, many more mixtures would have had to have been created 

to be certain of covering the desired range in reflectance. On the basis of Figure 

2.8, we chose to make three mixtures of 90% 5121 with 10% 5300, 75% 5121 with 

25% 5300, and 50% 5121 with 50% 5300 (Figure 2.9). 

Preliminary modeling was carried out with the 75 /25 mixture. The modified 

version of Radtran was used to fit the measured spectrum to determine the weight 

fractions of the end members. The fit was preformed separately for each channel, 

in order to determine if the quality of the fit was dependent on some aspect of the 

spectra themselves. The program required the optical constants (index of refaction 

and absorption coefficient), density, and grain size for each of the end members, 

and it iteratively varied the weight fractions to achieve the best match to the meas

ured reflectance. The density was assumed to be 1.0 for both glasses, since no 

information was available from Corning, and the density had not been measured. 

The grain size was assumed to be 125 µm for both glasses. This value is fairly near 

the center of the sieve size fraction (90 - 150 µm). Figure 2.10 shows the calculated 

and actual abundances of 5121, overplotted on the reflectance spectra of the end 

members. 

The abundance of 5121 was underestimated for most channels, and the error 

was much greater than anticipated. Spectra of the end members were calculated 

for the assumed grain size to test the validity of that assumption (Figure 2.11). 

The assumption appeared fairly reasonable for the 5300, but it was obviously wrong 

for the 5121. In both cases, the calculated spectra were brighter than the measured 

spectra, therefore the assumed grain size was too small {reflectance increases with 

decreasing grain size; Adams and Felice, 1967). The unmodified version of Radtran 

includes an option to fit an entire spectrum to determine the grain size of the 

mineral, given the optical constants, the density, and the weight fraction. This 
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program was used to determine the best fit grain sizes for each end member form 

the end member spectra. The fit grain size for 5300 was 140.3 µm, which was near 

the top of the size fraction. For 5121, the fit grain size was 247 pm., which 

exceeded the upper boundary of the size fraction. The grain size used in Hapke's 

models is a single number used to model a distribution. It is the diameter of a 

spherical grain with the same geometric cross section as the average geometric cross 

section of all of the grains in the surface, for all possible orientations of these grains, 

therefore it is only imperfectly able to approximate a real distribution of grain sizes. 

Prior scanning electron microscope images of the 5300 that was used in Clark et al. 

(1989a) indicated that the 5300 glass often broke into long thin shards, instead of 

equi-dimensional grains. The 5121 had not yet been microscopically examined, but 

there was no reason to assume that it would behave differently than the 5300. So 

we decided to accept the fit grain size. The abundance fit run with the new grain 

size if shown in Figure 2.12. This time, the abundance of 5121 was overestimated, 

again by a larger amount than anticipated. 

Roger Clark suggested that there might be some problems with the absorption 

coefficient for 5121. Variable atmospheric water introduces errors beyond 2. 75 µm. 

And the glass was so strongly absorbing below 0.4 µm that there was a strong pos

sibility that the absorption coefficient in the ultraviolet was incorrect. These 

wavelength regions were edited from the measured end member spectra and the 

un-modified version of Radtran to fit for the absorption coefficients for both glasses. 

The fits were run using the original indices of refraction, which Roger Clark 

believed to be accurate, a density of 1.0 for both glasses, and an assumed grain size 

of 150 µm, for both glasses. We decided to ignore the large grain size determined 

for the 5121 because it was probably strongly influenced by the ultraviolet data. 

Absorption is a function of the mean optical pathlength, which is a function of the 

absorption coefficient of the material, and the grain size (Clark and Roush, 1984). 
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If the absorption coefficient for 5121 was too low in the ultraviolet, the program 

would have increased the grain size to compensate. H the discrepancy was very . 

large, it could have dominated the overall error for the fit at all channels. The 

absorption coefficients determined by fits to the measured spectra are compared 

with those used initially in Figure 2.13. 

The abundance was recalculated, using the new absorption coefficients, and 

the assumed grain size of 150 µm {Figure 2.14). The fit was much improved at all 

wavelengths, and the error was significantly reduced. A mixture spectrum was cal

culated for the fit abundances, and the assumed grain sizes and compared with the 

measure mixture spectrum. The match is very close, as shown in Figure 2.15. The 

improvement was so dramatic that it was decided to repeat the procedure, without 

deleting the ultraviolet and 'mid-infrared' data. The fit determined absorption coef

ficients are shown in Figure 16. Note that the absorption coefficient of 5121 in the 

ultraviolet increased substantially, supporting the previous argument. The new 

abundance fit is shown in Figure 2.17. 

These preliminary results indicated that it would be necessary to re-determine 

the absorption coefficient of 5121. This glass is highly transparent, therefore it was 

necessary to use multiple thicknesses of glass to create a pathlength long enough to 

achieve significant absorption. The absorption coefficient can be calculated from 

the transmission spectrum 
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where 

( )
m -a:i: 

T=l-r e, 

T = the transmitted light 

a = the absorption coefficient 

x = the pathlength 

m = the number of air/ glass interfaces (the number of glass surfaces) 

r =the Fresnel reflection coefficient, which for normal incidence is 

r= 
(n - l):z 

(n + l):z 

and where 

n = the index of refraction. 

(2.5) 

(2.6) 

Four slabs of glass were used to achieve appropriate pathlengths over the full 

wavelength range. One was .ground down to an average thickness of 710 µm, to 

give a short enough path length for the strongly absorbing wavelengths, and three 

were approximately 5400 µ.m in thickness. Separate spectra were measured 

through the thin slab, one of the thick slabs, and all three of the thick slabs 

together. The slabs were all placed perpendicular to the light beam, and they were 

placed separately to avoid having to consider multiple reflections in the calculation. 

The absorption coefficients were calculated for ea.ch transmission spectrum, assum

ing the index of refraction determined previously to be correct. Then the max

imum absorption coefficient was chosen for each channel. The resulting composite 

absorption coefficient is shown in Figure 2.18. 

The preliminary work also illustrated the importance of determining the grain 

size. A number of scanning electron micrographs were taken of ea.ch of the end 
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members, with many grains in each frame. The long and short dimensions were 

measured with a ruler for as many grains as possible in each image. The measured 

dimensions were entered into the program semgrains, written by Roger Clark, 

which calculates the diameter of a sphere which would have the same geometric 

cross section as the grains, assuming the grains are ellipses (Clark et al. 1989a). 

The average grain sizes were 160 µ.m for 5121 and 150µ.m for 5300. 

The abundance fits were then run for all three mixtures, using the new 

absorption coefficient for 5121, and the SEM determined grain sizes. The fits are 

shown in Figures 2.19, 2.20, and 2.21. 

5. Discussion 

The accuracy of the abundance fits shown in Figures 2.19, 2.20, and 2.21 

varies significantly with wavelength, and the variations are clearly correlated with 

features in the spectra. In general, the fit abundance of 5121 increases when the 

reflectance decreases in absorption bands. As mentioned previously, the reflectance 

is a complex function of the absorption coefficient and the grain size. The absorp

tion coefficient is the fundamental property of the mineral, so the possibility of 

correlations between the magnitude of the errors and the absorption coefficients 

was examined. Figures 2.22, 2.23, and 2.24 replot the fits for the three mixtures 

over the logarithms of the absorption coefficients. The fit abundance of 5121 is 

clearly correlated with the absorption coefficient for 5121, and the magnitude of the 

error increases with the absorption coefficient. The fits also go to 100% for one 

mineral or the other near 2. 75 µ.m. In this region, the absorption coefficients are 

very similar therefore the inversion becomes indeterminate. This suggested that 

the magnitude of the error was related to the differences in the absorption coeffi

cients. Figure 2.25 plots the logarithm of the difference between the absorption 
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coefficients. In Figure 2.26, this quantity is used as the ordinate, and the error in 

the fit (the difference between the fit abundance of 5121 and the actual abundance 

of 5121), is plotted as the abscissa. The generally high quality of the fit is obvious 

from this figure, but the structure is not obvious. The data is re-plotted in Figures 

2.27 and 2.28, with the difference of the logarithms substituted for the logarithm of 

the difference. The structure in the error is now obvious, as well as the quality of 

the fit. The errors are greatest when the absorption coefficients are most similar. 

Evidently, the model cannot distinguish between the two minerals unless the ratio 

of the absorption coefficients is approximately 4 or more. 

None of these three fits are quite as good as the fit shown in Figure 2.17, nor 

does Figure 2.17 show the structure apparent in these last three fits. The fit shown 

in Figure 2.17 is probably unrealistically good, because the absorption coefficient 

was determined by fitting to a spectrum, assuming a reasonable grain size. There

fore, when the mixture spectrum was fit to determine the end member abundances, 

assuming the same grain size, one of the real sources of uncertainty was eliminated. 

The actual grains were rarely equi-dimensional, and often varied by a factor of 2 or 

more between their long and short dimensions. Deriving the optimal grain size 

from the end member spectra would undoubtedly improve the fits in this instance, 

as it did before, because it will determine the best possible single grain size to fit 

the model. However, this approach still forces the data to a single grain size, when 

there is actually a distribution. And because the grain a.re rectangular, if the long 

and short dimensions were measured and histogramed, it would result in a bimodal 

distribution. Clark and Roush {1984) modeled a grain size distribution as a mix

ture of the same mineral at several discrete grain sizes. This approach might make 

it easier to fit the entire spectrum, because it can be difficult to simultaneously fit 

regions of maximum and minimum absorption with one grain size, as was illus

trated by the unrealistically large grain size determined for the 5121 when the 
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absorption coefficient was incorrect. The ultimate solution is to include an actual 

grain size distribution, but that increases the complexity of the calculations and it 

may not be practical for many applications. 

6. Conclusions 

This work has demonstrated that it is possible to determine mineral abun

dances from spectra of mineral mixtures, given the optical constants of the end 

members and information on their grain sizes. The fits are good to 10% or better 

for the 90/10 and 75/25 mixtures, and to 20% for the 50/50 mixtures, which was 

the one most affected by the similarities in the absorption coefficients. Abundances 

good to within 10% are adequate for many planetary applications. 

Clark and Kierein (1989) examined the sensitivity of the theory to the grain 

size for a monomineralic surface. This study confirms that the grain size is a cru

cial parameter for accurate abundance determinations, as illustrated by the differ

ences shown in Figures 2.10 and 2.12. It is possible to solve for the abundances 

and grain sizes simultaneously, but independent information on the grain size 

would be preferable in applying this technique to spectra of real surfaces. 

An additional problem currently limiting the applicability of this technique is 

the limited availability of optical constants at the wavelength resolution required 

for spectral modeling. The technique outlined in the paper is only useful for deter

mining the optical constants if the material is available in sheets larger than the 

beam. Roger Clark (personal communication, 1989) is developing a technique for 

determining the optical constants from reflectance spectra measured over a range of 

grain sizes, which will certainly increase the availability of optical constants. But 

this technique requires several cubic centimeters of material, which can be ground 

to a variety of grain sizes to create a number of optically thick samples. This will 
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preclude its application to any sample which is available only in limited quantities. 

The results of this study indicate that the accuracy of the abundances calcu

lated is strongly dependent on the difference in the absorption coefficients of the 

components. This suggests the possibility of designing an algorithm to weight the 

channels according to their sensitivity in determining a. single abundance fit for an 

entire spectrum. Roger Clark has already implemented an empirical weighting algo

rithm in his Radtran program (Clark, personal communication), but it weights 

according the the significance of the channel in the mixture spectrum in determin

ing the composition. This work offers the possibility of developing ~ more quantita

tive weighting algorithm. 
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Figure 2.1. Reflectance spectra of Corning glasses 5121 and 5300. The upper, solid 
curve is the 5121 and the lower, broken curve is the 5300. The error bars indicate 
the standard deviation of the mean. 
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Figure 2.2. The real part of the index of refraction for Corning glasses 5121 (solid 
curve) and 5300 (broken curve) from Clark, et al. 1989a. 

31 



.µ 
c 
QJ 
-rt 
0 3 -rt 

""'" 
""'" QJ Ir 
a ~ I 
u 2 I 

c I 

'' a \ 
,, '\. 

-rt 11,, ' .µ 1 \ ' a. \~ ' -L \. , ....... 

a 
UJ 
.c 0 <( 

QJ 
.c 
.µ 

-1 
""'" a 

CJ 0.5 1 . 0 1 . 5 2.0 2.5 3.0 a 
Wavelength (µm) _J 

Figure 2.3. The logarithm of the absorption coefficient for Coming glasses 5121 
(solid curve) and 5300 (broken curve) from Clark, et al. 1989a. 
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Figure 2.4. Calculated reflectance spectra of Coming glass 5121 for various grain 
sizes. The grain sizes for the curves from top to bottom are 27µm, 67µm, 105µm, 
205µm, 450µm and 1550µm. 
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Figure 2.5. Calculated reflectance spectra of Corning glass 5300 for various grain 
sizes. The grain sizes for the curves from top to bottom are 27µm, 67µm, 105µm, 
205µm, 450µm and 1550µm. 
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Figure 2.6. Comparison of calculated and measured reflectance spectra of coming 
glass 5121. The calculated spectrum (solid line without error bars) assumes a grain 
size of 105µm. The measured spectrum is of the 90-150µm grain size fraction. 
The error bars indicate the standard deviation of the mean. 
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Figure 2.1. Comparison of calculated and measured reflectance spectra of Corning 
glass 5300. The calculated spectrum (solid line without error bars) assumes a grain 
size of 105µm, which was determined by fitting the measured spectrum for the 
grain size (Clark, et al. 1989a). The measured spectrum. is of the 90-150µm grain 
size fraction. The error bars indicate the standard deviation of the mean. 
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Figure 2.8. Calculated spectra of mixtures of Coming glasses 5121 and 5300 at 10 
weight percent intervals for a grain size of 105µm. The top curve is 100% CG5121, 
and the bottom curve is 100% CG5300. 
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Figure 2.9. Measured reflectance spectra of mixtures of Corning glasses 5121 and 
5300. The mixtures are, from top to bottom, 100% 5121/0% 5300, 90% 5121/10% 
5300, 75% 5121/25% 5300, 50% 5121/50% 5300, and 0% 5121/ 100% 5300. 
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Figure 2.10. The top panel shows the calculated abundance of Corning glass 5121 
is for ea.ch channel, assuming a grain size of 125 µm for both glasses. The straight 
line indicates the correct abundance. The bottom panel shows the reflectance 
spectra of both glasses for comparison. 
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Figure 2.11. The measured reflectance spectra of Corning glasses 5121 (dash and 
dot curve) and 5300 (solid curve) are compared with spectra calculated for a grain 
size of 125µm for 5121 (top dashed curve) and 5300 (bottom dashed curve). 
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Figure 2.12. The top panel shows the calculated abundance of Corning glass 5121 
plotted for each channel, assuming a grain size of 247µm for 5121 and 140.3µm for 
5300. The straight line indicates the actual abundance. The bottom panel shows 
the reflectance spectra of both glasses for comparison. 
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Figure 2.13. Comparison of the absorption coefficients derived assuming 150µm 
grains with those used initially. The initial CG5121 absorption coefficient is plotted 
as a solid line. The new CG5121 absorption coefficient is plotted as the lower, 
long-dashed line. The initial CG5300 absorption coefficient is plotted as the upper, 
short-dashed line. And the new CG5300 absorption coefficient is plotted as the 
dash and dot line. 
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Figure 2.14. The top panel shows the calculated abundance of Corning glass 5121 
plotted for each channel, using the rederived absorption coefficients, compared with 
the actual abundance, indicated by the straight line. The bottom panel shows the 
reflectance spectra of both glasses for comparison. 
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Figure 2.15. The measured spectrum of the 75% 5121/25% 5300 mixture (solid 
line) is compared with a calculated spectrum (broken line), using the rederived 
absorption coefficient and assuming 150µm grains. 
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Figure 2.16. Comparison of the absorption coefficients derived from the measured 
spectra assuming 150 µm grains with the original absorption coefficients, including 
the channels deleted in Figure 2.13. The initial CG5121 absorption coefficient is 
plotted as a solid line. The new CG5121 absorption coefficient is plotted as the 
lower, long-dashed line. The initial CG5300 absorption coefficient is plotted as the 
upper, short-dashed line. And the new CG5300 absorption coefficient is plotted as 
the dash and dot line. 
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Figure 2.17. The top panel shows the calculated abundance of Corning glass 5121 
plotted for each channel, using the absorption coefficients from Figure 2.16, 
compared with the actual abundance, indicated by the straight line. The bottom 
panel shows the reflectance spectra of both glasses for comparison. 
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Figure 2.18. The logarithms of the absorption coefficients. The original absorption 
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Figure 2.19. The top panel shows the calculated abundance of Corning glass 5121 
plotted for each channel, assuming a grain size of 160µm for 5121 and 150 µm for 
5300, compared with the actual abundance, indicated by the straight line. The 
bottom panel shows the reflectance spectra of both glasses for comparison 
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Figure 2.20. The top panel shows the calculated abundance of Corning glass 5121 
plotted for each channel, assuming a grain size of 160µm for 5121 and 150 µm for 
5300, compared with the actual abundance, indicated by the straight line for the 
75% 5121/ 25% 5300 mixture. The bottom panel shows the reflectance spectra of 
both glasses for comparison. 
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Figure 2.21. The top panel shows the calculated abundance of Corning glass 5121 
plotted for each channel, assuming a grain size of 160µm for 5121 and 150 µm for 
5300, compared with the actual abundance, indicated by the straight line for the 
50% 5121/ 50% 5300 mixture. The bottom panel shows the reflectance spectra of 
both glasses for comparison. 
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Figure 2.22. The top panel shows the calculated abundance of Corning glass 5121 
plotted for each channel, assuming a grain size of 160µm for 5121 and 150 µm for 
5300, compared with the actual abundance, indicated by the straight line for the 
90% 5121/ 10% 5300 mixture. The bottom panel shows the absorption coefficients 
of both glasses for comparison. 
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Figure 2.23. The top panel shows the calculated abundance of Corning glass 5121 
plotted for each channel, assuming a grain size of 160µm for 5121 and 150 µm for 
5300, compared with the actual abundance, indicated by the straight line for the 
75% 5121/ 25% 5300 mixture. The bottom panel shows the absorption coefficients 
of both glasses for comparison. 
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Figure 2.24. The top panel shows the calculated abundance of Corning glass 5121 
plotted for each channel, assuming a grain size of 160µm for 5121 and 150 µm for 
5300, compared with the actual abundance, indicated by the straight line for the 
50% 5121/ 50% 5300 mixture. The bottom panel shows the absorption coefficients 
of both glasses for comparison. 
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Figure 2.25. The logarithm of the difference of the absorption coefficients as a 
function of wavelength. 
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Figure 2.26. The difference between the calculated and actual abundances of 5121 
is plotted as a function of the logarithm of the differences in the absorption 
coefficients. The top panel shows the 90/10 mixture. The center panel shows the 
75/25 mixture. And the bottom panel shows the 50/50 mixture. 
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Figure 2.27. The difference of the logarithms of the absorption coefficients as a 
function of wavelength. 
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Figure 2.28. The difference between the calculated and actual abundances of 5121 
is plotted as a function of the difference of the logarithms of the absorption 
coefficients. The top panel shows the 90/10 mixture. The center panel shows the 
75/25 mixture. And the bottom panel shows the 50/50 mixture. 
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CHAPTER ill. LUNAR SPECTRAL MODELING 

1. Introduction 

The samples returned by Apollo have shown the Moon to be a simpler geolo

gic system than the Earth. The highland rocks are classified on the basis of the 

abundance of four minerals: plagioclase, orthopyroxene, clinopyroxene, and olivine 

(Stoffler et al, 1980). All four of these minerals produce absorption bands which can 

be used to identify them in reflectance spectra (Adams, 1974, 1975; Hunt and Salis

bury, 1970; Hunt et al, 1973). Several empirical techniques have been developed to 

classify lunar telescopic spectra (Pieters, 1986; Lucey et al, 1986) and spectrally 

determine the lunar rock type (Nash and Conel, 1974; Cloutis et al, 1986). The 

classification techniques are vezy useful, but they do not give modal mineralogy. 

The spectral analysis techniques have been less successful, due to the limited 

number of mixtures studied. 

It is possible to determine modal mineralogy from Hapke (1981) theory, but 

the technique used in Chapter II requires the correct identification of the end 

members, and the measurement of the optical constants. It is difficult to deter

mine the correct mineral chemistry for the end members from the spectrum of an 

intimate mixture, and it is even more difficult to find optical constants for the 

minerals desired. Therefore, the technique used in Chapter II cannot yet be 

applied to the analysis of lunar spectra. 

Paul Lucey has been working for several years on developing techniques for 

classifying lunar spectra based on parameters derived from the spectra (e.g., Lucey, 

et al, 1986; Spudis, et al, 1988; Lucey and Hawke, 1988). Nash and Conel (1974) 

had used similar spectral parameters derived from laboratory spectra of mixtures of 

orthopyroxene (hypersthene), plagioclase (labradorite), and ilmenite to develop 
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calibrations for determining end member abundances. The spectral parameters 

were plotted on ternary diagrams as a .function of the abundance of the end 

members. The diagrams could theoretically be used to determine the composition 

of a mixture spectrum by plotting two of the spectral parameters derived from the 

unknown on the calibration diagrams and determining where the contours inter

sected. Paul Lucey realized that the technique could be updated using the spectral 

features of the minerals now used in lunar rock classification. And using Hapke 

(1981) theory, it would be possible to calculate the mixture spectra without having 

to do any new laboratory work. Paul Lucey and I arranged to collaborate on this 

project, he provided spectra of the end members from which I calculated the mix

ture spectra requested. 

2. Hapke Theory 

Hapke (1981) presented a theory for calculating reflectance spectra of particu

late surfaces. Several authors proposed theories at approximately the same time 

(Lumme and Bowell, 1981; Goguen, 1981), but Hapke was the only one to include 

equations for calculating the spectra of intimate mineral mixtures. Hapke makes 

several assumptions in order to adapt radiative transfer theory (Chandrasekhar, 

1960) to particulate surfaces. The assumptions, and the equations used in this pro

ject will be reviewed for convenience, but the reader is referred to the original refer

ence for the derivation. 

The derivation assumes a surface composed of irregularly shaped, randomly 

oriented particles which are large compared with the wavelength of the light. The 

particles are in contact, but coherent effects are assumed to average out due to the 

random orientation and irregularity of the particles. Diffraction is also not included 

in the derivation because the light diffracted by one particle in the surface 
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encounters another particle before is has dispersed sufficiently to be distinguished 

from the incident light. This implies that only light which strikes a particle is con

sidered in determining the extinction efficiency. By definition, all of the light strik-

ing a particle is either scattered or absorbed, therefore the maximum extinction 

efficiency of a particle in a surface is one (Hapke, 1981). _When the extinction effi

ciency is one, the scattering efficiency is equal to the single scattering albedo. 

In the derivation, the light reflected from the surface is separated into singly 

and multiply scattered components. The equation for the singly scattered com-

ponent is solved exactly, but the multiply scattered component is approximated by 

the isotropic solution. The directional effects of scattering from a single particle 

average out after a few scatters, therefore this approximation is justified (Chan

drasekhar, 1960; Esposito, 1979, Table 2) . 

Hapke (1981) derived an expression for the directional hemispherical reflec

tance, defined as '"the ratio of the radiant power emitted from the surface in all 

directions to the irradiance of light from a collimated source incident from a specific 

direction," 

(3.1) 

where 

w = the single scattering albedo 

µ 0 = the cosine of the incidence angle. 

The single scattering albedo is the per cent of the total light encountering a grain 

which is scattered out of the grain. It can be shown to be equal to the scattering 

efficiency of a grain in a monomineralic surf ace. Isotropic scattering is assumed in 

the derivation of this equati<_?n. This simpler equa~io_n was chosen because no phase 
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actually determine the phase functions. The derivation also incorporates an 

approximate expression for the H-function, (Hapke, 1981) which describe the multi

ple scattering (Chandrasekhar, 1960). 

For a multi-mineralic surface, the single scattering albedo is replaced by the 

average single scattering albedo, which weights the single scattering albedos of the 

components by their relative geometric cross-sectional areas. Hapke's expression for 

the average single scattering albedo is 

where 

iii = 

M; 
~-q 
L..J s . 
; P;D; 1 

M . 
1 

E-
,. P;D; 

j = the jth component in a multi-mineralic, intimate mixture 

M; = the bulk density of a particle of type j 

P; =the solid density of a particle of type j 

D,. = the particle diameter of a particle of type j 

Q5 . =the scattering efficiency of a particle of type j . 
J 

{3.2) 

All previous studies of mineral mixtures using Hapke theory have substituted 

the mass fraction for the bulk density [see Nelson (1986) for a full derivation]. 

3. Experimental Procedure 

End Member Description. All of the end member spectra were taken from the 

Adams collection of lunar sample spectra {e.g. Adams and McCord, 1971, 1972; 

Adams et al, 1973). The spectra are directional hemispherical reflectance from 0.32 
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Adams et al, 1973). The spectra are directional hemispherical reflectance from 0.32 

µm to 2.5µm, measured on a Beckman Dk-2A ratio recording spectroreflectometer 

(Adams and McCord, 1970). The spectra were measured at an incidence angle of 

zero degrees. 

Software Description. The software used in this project was part of the sys

tem which was initially developed for the work presented in Nelson (1986). It is a. 

collection of subprograms for ea.ch equation, written in Fortran 77. Applications 

programs can be quickly compiled by writing a main program which handles input 

and output, and calls the subprograms in the correct order. All data. is handled as 

independent ASCII files, which are stored collectively in an extensively modified 

SPECPR data file (Clark, 1980; personal communication, 1989). The individual 

programs are run in sequence to obtain the final result. 

The first program used in this application derives the single scattering albedo 

from the directional hemispherical reflectance, assuming isotropic scattering. It 

uses a Newtonian interpolation algorithm (Bevington, 1969) to iterate to find a 

solution for ea.ch channel in the spectrum. The only input data required is a spec

trum, and the incidence angle at which it was measured. The single scattering 

albedos derived for the end members were then used to calculate the average single 

scattering albedos for each channel for the mixtures desired. This program requires 

the grain size, density, and average particle diameter, and the single scattering 

albedos for each end member, as well as a file specifying the mixtures to be calcu

lated. A third program was then used to calculate directional hemispherical reflec

tance spectra of the mixtures from the average single scattering albedos, assuming 

isotropic scattering. 
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4. Modeling 

The first models calculated were ternary mixtures of 

orthopyroxene /olivine/ anorthite and orthopyroxene / clinopyroxene /olivine, which 

were chosen to model highland rocks. The end member spectra are shown in Fig

ure 3.1. The single scattering albedos derived from these spectra are shown in Fig

ure 3.2. No information was available on the actual grain size of the samples. A 

grain size of 100 µm was chosen, based on the assumption that the samples were 

separates from lunar soils, rather than crushed rocks. The exact mineral chemistry 

of the samples chosen for end members was also unknown, therefore assumptions 

also had to be made for the mineral densities, based on lunar mineral chemistry. 

The densities chosen are shown in Table I. Average single scattering albedos were 

calculated for each of the ternary mixtures at 10 weight percent intervals, using the 

assumptions just discussed. The average single scattering albedos for each of the 

binary mixtures, and for a few of the ternary mixtures for the 

orthopyroxene/olivine/anorthite series are shown in Figures 3.3, 3.4, 3.5, and 3.6. 

The directional hemispherical reflectance spectra calculated from these average sin

gle scattering albedos are shown in Figures 3.7, 3.8, 3.9, and 3.10. This series of fig

ures illustrates all of the steps involved in making a model. Only the end members 

and some of the the calculated mixture spectra are shown for subsequent models. 

The mixture spectra for the orthopyroxene/clinopyroxene/olivine series are shown 

in Figures 3.11, 3.12, and 3.13 (the orthopyroxene/olivine binary mixture is not 

repeated) . 

The effects of maturity on lunar soils were examined in a third model. Soils 

are mixtures of rock fragments, from both the highlands and the ma_re, and the 

glassy agglutinates created from them. End members of agglutinate, anorthosite, 

and norite were chosen to model the soil samples in the Adams collection. The end 

65 



member spectra are shown in Figure 3.14, and some of the mixture spectra are 

shown in Figures 3.15, 3.16, 3.17 and 3.18. (The anorthite end member from the 

first model was used for the anorthosite end member in this model.) 

5. Discussion 

Lucey, et al. (1989a,b) analyzed the spectra calculated by the three ternary 

models to extract spectra parameters which have been shown to be useful in inter

preting lunar spectra (Pieters, 1986; Lucey, et al, 1986). The parameters chosen 

were the reflectance at 0. 73 µm, the slope of the infrared continuum, the depth of 

the 1 µm absorption feature, the minimum wavelength of the absorption feature, 

and the width of the feature at half the depth. In Lucey et al. (1989b) these 

parameters were plotted as ternary diagrams, as a function of end member abun

dance. In Lucey et al. (1989a) the parameters derived from the model spectra were 

plotted on two dimensional histograms, and compared with parameters derived 

from the Adams sample spectra. These initial, simple models showed the same 

spectral trends observed in lunar telescopic and sample spectra. 

The four models included in this study were deemed proof of concept. The 

theory produces mixture spectra which correlate with measured spectra. The 

software can now calculate mixtures for variable numbers of components, at any 

intervals the user specifies. The next model will include six components, including 

all the components used in the previous models, and adding shocked plagioclase. 

The ilmenite and agglutinate abundances will be held constant in each iteration, 

and separate iterations will be run to cover their actual range. This is perhaps the 

most useful aspect of the models. It is possible to alter just one parameter at a 

time, and see the effect that it has on the spectra. 
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There is one potential problem with the current model. The grain size of the 

end member samples is unknown. Adams and Felice (1967) demonstrated that the 

reflectance of a mineral is inversely related to the grain size. The grain size is not 

included in the equation for the directional hemispherical reflectance (Equation 

3.1), therefore the single scattering albedos derived by fitting this equation to a 

spectrum are dependent on the grain size of the sample used. The grain size is 

used in the model to convert the bulk density of a component to the geometric 

cross sectional area. The single scattering albedos of the components are weighted 

by their geometric cross-sectional areas, as well as their abundance in determining 

the average single scattering albedo of the mixture. The grain size assumed in this 

study may be incorrect, and if the average grain sizes of the different end members 

are significantly different, it would change the mixture spectra. Unfortunately, it 

appears to be impossible to obtain information on the Adams samples, so this prob

lem can probably only be solved by obtaining new spectra of well characterized end 

members. The sensitivity of the results to this assumption can be estimated by 

running models in which the grain sizes are varied. Ultimately, it would be best to 

calculate the mixtures directly from optical constants, as was done in Chapter II. 

This approach eliminates the effect of the grain size on the determination of the 

single scattering albedos of the end members. 

6. Conclusions 

This study has shown the utility of Hapke's models for studying the systemat

ics of the spectra of intimate mineral mixtures. This may actually be the most 

important conclusion from this project. For the first time, spectroscopists have a 

tool which allows them to examine spectral trends as a function of composition 

without extensive laboratory work. This approach can be applied to test 
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traditional spectral interpretations, by calculating a series of the mixtures of the 

minerals believed to be present. Differences between the model and the unknown 

spectrum would indicate inaccuracies and/or inadequacies in the choice of input 

spectra. 

Unfortunately, the Moon, and perhaps silicate asteroids and Mercury, may be 

the only surf aces mineralogically simple enough for this approach to be applicable. 

Hapke's equations have been shown to model mixtures of silicate minerals well 

(Johnson, et al, 1983; Mustard and Pieters, 1987, 1989), but there have been prob

lems modeling some mixtures including low albedo components (Johnson, et al, 

1983; Clark, 1983; Mustard and Pieters, 1987) . The assumption of isotropic scatter

ing was identified as a possible source of error by all investigators. Nelson (1986) 

and Mustard and Pieters (1989) investigated this source with inconclusive results. 

Nelson (1986) found there were still significant discrepancies between measured and 

calculated spectra even when phase functions were included. Mustard and Pieters 

(1989) found improvements in their determinations of abundance form spectra of 

mixtures when phase functions for the components were included. This problem 

requires further investigation before the theory can be trusted to accurately model 

spectra with of surfaces with a significant low albedo component. 
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orthopyroxene, at 10 weight percent intervals. 
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Figure 3.6. Average single scattering albedo spectra calculated from the single 
scattering albedos in Figure 3.2 for ternary mixtures of orthopyroxene, olivine and 
anorthite, using equation 3.2. In the top panel, the orthopyroxene abundance is 
held constant at 20%. The solid curve is 20% olivine and 60% anorthite, the 
dotted curve is 40% olivine and 40% anorthite, and the dashed curve is 60% olivine 
and 20% anorthite. In the middle panel, the olivine abundance is held constant at 
20%. The solid curve is 20% orthopyroxene and 60% anorthite, the dotted curve is 
40% orthopyroxene and anorthite, and the dashed curve is 60% orthopyroxene and 
20% anorthite. In the bottom panel, the anorthite abundance is held constant at 
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Figure 3.7. Directional hemispherical reflectance spectra calculated from the 
average single scattering albedo spectra in Figure 3.3 for binary mixtures of 
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Figure 3.8. Directional hemispherical reflectance spectra calculated from the 
average single scattering albedo spectra in Figure 3.4 for binary mixtures of 
orthopyroxene and anorthite. The anorthite has the highest reflectance and the 
pyroxene has the lowest. The curves range from pure anorthite to pure 
orthopyroxene, at 10 weight percent intervals. 
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Figure 3.10. Directional hemispherical reflectance spectra calculated from the 
average single scattering albedo spectra in Figure 3.2 for ternary mixtures of 
orthopyroxene, olivine and anorthite. In the top panel, the orthopyroxene 
abundance is held constant at 20%. The solid curve is 20% olivine and 60% 
anorthite, the dotted curve is 40% olivine and 40% anorthite, and the dashed curve 
is 60% olivine and 20% anorthite. In the middle panel, the olivine abundance is 
held constant at 20%. The solid curve is 20% orthopyroxene and 60% anorthite, 
the dotted curve is 40% orthopyroxene and anorthite, and the dashed curve is 60% 
orthopyroxene and 20% anorthite. In the bottom panel, the anorthite abundance 
is held constant at 20%. The solid curve is 20% orthopyroxene and 60% olivine, 
the dotted curve is 40% orthopyroxene and olivine, and the dashed curve is 60% 
orthopyroxene and 20% olivine. 
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Figure 3.11. Directional hemispherical reflectance spectra calculated for a binary 
mixture of orthopyroxene and clinopyroxene. The top curve is 100% 
orthopyroxene. The orthopyroxene abundance decreases at 10% intervals down the 
plot to the bottom curve which is 100% clinopyroxene. 
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Figure 3.12. Directional hemispherical reflectance spectra calculated for a binary 
mixture of olivine and clinopyroxene. The top curve is 100% olivine. The olivine 
abundance decreases at 10% intervals down the plot to the bottom curve which is 
100% clinopyroxene. 
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Figure 3.13. Directional hemispherical reflectance spectra for ternary mixtures of 
orthopyroxene, clinopyroxene and olivine. In the top p~el, the orthopyroxene 
abundance is held constant at 20%. The solid curve is 20% clinopyroxene and 60% 
olivine, the dotted curve is 40% clinopyroxene and 40% olivine, and the dashed 
curve is 60% clinopyroxene and 20% olivine. In the middle panel, the olivine 
abundance is held constant at 20%. The solid curve is 20% orthopyroxene and 
60% clinopyroxene, the dotted curve is 40% orthopyroxene and clinopyroxene, and 
the dashed curve is 60% orthopyroxene and 20% clinopyroxene. In the bottom 
panel, the clinopyroxene abundance is held constant at 20%. The solid curve is 
20% orthopyroxene and 60% olivine, the dotted curve is 40% orthopyroxene and 
olivine, and the dashed curve is 60% orthopyroxene and 20% olivine. 
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Figure 3.14. Directional hemispherical reflectance spectra, from top to bottom, of 
the agglutinate, anorthosite, and norite end members. 
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Figure 3.15. Directional hemispherical reflectance spectra calculated for a binary 
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wavelengths, the top curve is 100% agglutinate. The agglutinate abundance 
decreases at 10% intervals down the plot to the bottom curve which is 100% norite. 
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Figure 3.16. Directional hemispherical reflectance spectra calculated for a binary 
mixture of norite and anorthosite. The top curve is 100% anorthite. The anorthite 
abundance decreases at 10% intervals down the plot to the bottom curve which is 
100% norite. 
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Figure 3.17. Directional hemispherical reflectance spectra calculated for a binary 
mixture of agglutinate and anorthosite. The top curve is 100% anorthite. The 
anorthite abundance decreases at 10% intervals down the plot to the bottom curve 
which is 100% agglutinate. 
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Figure 3.18. Directional hemispherical reflectance spectra for ternary mixtures of 
norite, agglutinate, and anorthosite. In the top panel, the norite abundance is held 
constant at 20%. The solid curve is 20% agglutinate and 60% anorthosite, the 
dotted curve is 40% agglutinate and 40% anorthosite, and the dashed curve is 60% 
agglutinate and 20% anorthosite. In the middle panel, the agglutinate abundance 
is held constant at 20%. The solid curve is 20% norite and 60% anorthosite, the 
dotted curve is 40% norite and anorthosite, and the dashed curve is 60% norite and 
20% anorthosite. In the bottom panel, the anorthosite abundance is held constant 
at 20%. The solid curve is 20% norite and 60% agglutinate, the dotted curve is 
40% norite and agglutinate, and the dashed curve is 60% norite and 20% 
agglutinate. 
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CHAPTER IV. COMPOSITIONAL MODELING OF VESTA 

1. Introduction 

Several investigators have applied Hapke (1981) reflectance theory to deter

mine relative mineral abundances from laboratory spectra (e.g., Johnson et al. 1983; 

Smith et al. 1985; Johnson et al. 1985; Mustard and Pieters 1987a, 1989) and ter

restrial airborne imaging spectrometer spectra (Mustard and Pieters, 1987b). 

These investigations have shown that the theory is capable of determining relative 

abundances to within 10% for mixtures which do not contain low albedo com

ponents. (Johnson et al. (1983), Clark, 1983, Nelsop, 1986, and Mustard and 

Pieters, (1987a) had problems modeling some mixtures containing low albedo com

ponents). This type of analysis requires high resolution reflectance spectra and 

knowledge of the minerals present in the surface, which can be derived from a qual

itative analysis of the spectrum itself (e.g., Adams, 1975; Hunt, 1977). The results 

of the previous, controlled applications of the theory were good enought for mix

tures of high albedo components to warrant its application to appropriate 

telescopic spectra. 

Numerous compositional analyses have been made of the reflectance spectra of 

the asteroid (4) Vesta. McCord et al. (1970) observed a 0.9 µ.m absorption band, 

which they attributed to a magnesium rich orthopyroxene or pigeonite, and showed 

the spectrum to be similar to a eucrite meteorite, Nuevo Laredo. Chapman (1972) 

noted that the absorption band depth in the Vesta spectrum severely limited the 

abundance of opaque minerals. Chapman and Salisbury (1973) decided the spec

trum of Vesta was more similar to a howardite meteorite, Kapoeta, than the eucrite 

meteorites. Gaffey (1974) and McCord and Gaffey (1974) demonstrated that the 

spectrum of Vesta was most closely matched by the spectra of the eucrite 
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meteorites, which lead McCord and Gaffey to decide the surface of Vesta was 

basaltic, containing pyroxene and plagioclase. Larson and Fink (1975) extended 

the spectral coverage to 3 µm, which made it possible for them to use the Adams 

(1974) pyroxene calibration to assign a composition of ferropigeonite to the pyrox

ene on Vesta. They also interpreted the spectrum to indicate that the olivine 

abundance is severly limited, and the plagioclase is limited to a minor component. 

McFadden et al. (1977) improved the spectral resolution on the 0.9 µm absorption 

band, and noted that the symmetry of the band severly limited the olivine abun

dance. Larson (1977) changed the reflectance standard used by Larson and Fink 

(1975) and found the absorption bands shifted, resulting in a revision of the pyrox

ene composition to pigeonite. Gaffey and McCord (1977) gave a complete review of 

all the spectral work done on Vesta up to that time, and reiterated their interpre

tation of Vesta as eucritic. McFadden and McCord (1978) compiled a composite 

spectrum from 0.3 - 2.5 µm, including some new observations. They reported a 

prominent plagioclase band and, using the Gaffey and McFadden (1977) 

plagioclase/pyroxene calibration, they determined a plagioclase to pyroxene ratio of 

0.66 +/- 0.2. Gaffey and McCord (1979) continued their summary of spectral work 

on Vesta. Feierberg et al. (1980) obtained a single spectrum covering 0.8 - 2.5 µm. 

They also reported the plagioclase absorption feature, but determined the 

plagioclase/pyroxene abundance ration to be 1.5-2.0, using the Gaffey and McCord 

(1978) calibration. Gaffey (1982) reported hemispheric variations in pyroxene 

chemistry of approximately 22 mole% Fe and approximately 5 mole% Ca, a varia

tion in the plagioclase/pyroxene abundance ratio from approximately 0.2 to 0.8, 

and a local olivine abundance of up to 5%. Gaffey (1983) reported spectral evi

dence for two pyroxenes, plagioclase, and local minor olivine, which varied with 

rotation, which he interpreted as evidence for a eucritic crust, with two discrete 

diogenite-like spots, one of which had an olivine-rich center. 
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The surface mineralogy of Vesta seems to be ideal for analyzing with Hapke 

theory. All of the minerals infrared to be present have unique spectral features 

{Adams, 1974, 1975; Hunt and Salisbury, 1970; Hunt et al. 1973), and low albedo 

components are virtually or totally absent. The extensive previous interpretations 

provide a means of evaluating the results from the model. 

2. Hapke Theory 

Hapke (1981) presented a theory for calculating reflectance spectra of particu

late surfaces. Several authors proposed theories at approximately the same time 

(Lum.me and Bowell, 1981; Goguen, 1981), but Hapke was the only one to include 

equations for calculating the spectra of intimate mineral mixtures. Hapke makes 

several assumptions in order to adapt radiative transfer theory (Chandrasekhar, 

1960) to particulate surfaces. The assumptions, and the equations used in this pro

ject will be reviewed for convenience, but the reader is referred to the original refer

ence for the derivation. 

The derivation assumes a surface composed of irregularly shaped, randomly 

oriented particles which are large compared with the wavelength of the light. The 

particles are in contact, but coherent effects are assumed to average out due to the 

random orientation and irregularity of the particles. Diffraction is also not included 

in the derivation because the light diffracted by one particle in the surface 

encounters another particle before is has dispersed sufficiently to be distinguished 

from the incident light. This implies that only light which strikes a particle is con

sidered in determining the extinction efficiency. By definition, all of the light strik

ing a particle is either scattered or absorbed, therefore the maximum extinction 

efficiency of a particle in a surface is one (Hapke, 1981). When the extinction effi

ciency is one, the scattering efficiency is equal to the single scattering albedo. 
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In the derivation, the light reflected from the surface is separated into singly 

and multiply scattered components. The equation for the singly scattered com

ponent is solved exactly, but the multiply scattered component is approximated by 

the isotropic solution. The directional effects of scattering from a single particle 

average out after a few scatters, therefore this approximation is justified (Chan

drasekhar, 1960; Esposito, 1979, Table 2). 

Hapke (1981) derived an expression for the directional hemispherical reflec

tance, defined as .. the ratio of the radiant power emitted from the surface in all 

directions to the irradiance of light from a collimated source incident from a specific 

direction," 

1- v'l-w 
(4.1) 

where 

w = the single scattering albedo 

µ0 = the cosine of the incidence angle. 

The single scattering albedo is the per cent of the total light encountering a grain 

which is scattered out of the grain. It can be shown to be equal to the scattering 

efficiency of a grain in a monomineralic surface. Isotropic scattering is assumed in 

the derivation of this equation. This simpler equation was chosen because no phase 

information was available for the end member spectra, making it impossible to 

actually determine the phase functions. The derivation also incorporates an 

approximate expression for the H-function, (Hapke, 1981) which describe the multi

ple scattering (Chandrasekhar, 1960). 

For a multi-mineralic surface, the single scattering albedo is replaced by the 

average single scattering albedo, which weights the single scattering albedos of the 
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components by their relative geometric cross-sectional areas. Hapke's expression for 

the average single scattering albedo is 

where 

ijj = 

j = the jth component in a multi-mineralic, intimate mixture 

M; = the bulk density of a particle of type j 

pi = the solid density of a particle of type j 

n,. = the particle diameter of a particle of type j 

Q5 . = the scattering efficiency of a particle of type j. 
J 

(4.2) 

All previous studies of mineral mixtures using Hapke theory have substituted 

the mass fraction for the bulk density (see Nelson (1986) for a full derivation). 

Hapke defines the normal albedo as 'the brightness of a surface viewed at zero 

phase and illuminated at an arbitrary angle relative to a Lambert surface viewed 

and illuminated normally. His expression for this quantity is 
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where 

AN = ; { [ 1 + B0 ] P(O) + if(µo) - 1 }• (4.3) 

AN = the normal albedo 

B0 = the magnitude of the opposition effect 

P(O) = the phase function evaluated at zero phase angle 

H() = the Chandrasekhar H-function which approximates the multiple 

scattering as isotropic. 

As mentioned previously, no phase information was available for any of the 

samples, therefore isotropic scattering was assumed. The magnitude of the opposi

tion effect was assumed to be zero, and the phase function, evaluated at zero phase 

angle, was assumed to be one. 

3. Experimental Procedure 

End Member Description. One of the advantages of chasing Vesta as a test 

for the model is the probability of having actual samples to aid in the selection of 

end members, and against which to test the results. Consolmagno and Drake 

(1977) proposed Vesta as the source of the eucrite meteorites. Drake (1979) argued 

that the eucrite parent body must still be intact because there are no samples of 

the mantle included in the meteorite collection, and the volume of the mantle 

should greatly exceed that of the crust. This original conclusion was weakened by 

an attempt to derive the Shergotittes from the same body as the eucrites (Feier

berg and Drake, 1980), but this argument was eliminated when it was realized that 
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the Shergotittes were probably from Mars (e.g., Wood and Ashwal, 1981; McSween, 

1985). 

The eucrite association of meteorites, as defined by Dodd (1981), consists of 

eucrites, howardites, diogenites, and mesosiderites. The eucrites are basaltic achon

drites, with 40-63% pyroxene (Fs44_7o) and 30-56% plagioclase (An80_95). The 

diogenites are also are nearly pyroxenites, with 92% pyroxene (Fs25), 4% olivine 

(Fa25), and 2.4% plagioclase (An87). The howardites are physical mixtures of 

eucritic and diogenitic rock fragments. Gaffey (1983) interpreted the reflectance 

spectrum of Vesta as indicating a eucritic surface, with discrete diogenitic regions, 

therefore reflectance spectra of eucrite mineral separates were sought to use as end 

members. Mineral separates were found to be unavailable (Gaffey, personal com

munication) unavailable, therefore end members were chosen from the existing col

lection of meteorite spectra (Gaffey, 1974, 1976). The Johnstown diogenite was 

chosen for the pyroxene, even though it is too low a.n iron content for the eucrites, 

it is one of the purest pyroxene samples available. The only pure meteoritic olivine 

available was Chassigny. It has a Fa33 content, which is a. little too high, but still 

fairly close. No totally pure anorthite plagioclase was available, but lunar sample 

122261 is nearly pure (Gaffey, personal communication). Purity is more important 

for the anorthite than perfect chemistry, because the plagioclase band is weak and 

can easily be dominated by pyroxene contaminants (Nash and Conel, 1974). The 

spectra of these end members are shown in Figure 4.1. They are directional hemis

pherical reflectance spectra, from 0.32 µ.m to 2.5 µ.m, measured on a Beckman dK-

2A ratio recording spectroreflectometer (Adams and McCord, 1970), with an 

incidence angle of 0 degrees. No information was preserved on the actual grain size 

of the samples. 

Software Description. The software used in this project was part of the sys

tem I began developing for the work presented in Nelson (1986). It is a collection 
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of subprograms for each equation, written in fortran 77. Applications programs can 

be quickly compiled by writing a main program which handles input and output, 

and calls the subprograms in the correct order. All data is handled as independent 

ASCII files, which are stored collectively in a SPECPR data file (Clark, 1980). The 

individual programs are run in sequence to obtain the final results. 

The first program used in this application derives the single scattering albedo 

from the normal reflectance. It uses a Newtonian interpolation algorithm (Beving

ton, 1969) to iteratively find a solution for each channel. It requires a spectrum, 

the phase coefficients, and the backscatter parameters as input. Isotropic scatter

ing was assumed because no phase information was available for the meteorite spec

tra. This program was used to derive approximate single scattering albedos from 

the directional hemispheric reflectance spectra as a test of the concept. These sin

gle scattering albedos were then used as input to a program which derived the 

mineral abundance. It uses a simplex algorithm (Deming and Morgan, 1973) to fit 

Hapke's equations to the normal albedo spectrum of the asteroid. It requires the 

single scattering albedos, phase functions, backscattering parameters, density, and 

grain size of the end members as input. It was run assuming isotropic scattering. 

The abundances calculated by this program were then used to calculate average 

single scattering albedos, which were in turn used to calculate normal albedo reflec

tance spectra from the original inputs to compare with the input spectrum. After 

the feasibility of the approach was demonstrated, I wrote new subprograms for cal

culating the single scattering albedo from the directional hemispherical reflectance 

were written and the models were re-run. 
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4. Modeling 

Two telescopic spectra of Vesta were combined to match the wavelength cov

erage of the meteoritic spectra. The visible spectrum was taken from the 8-color 

survey (Tholen, 1984) and the near infrared spectrum was taken from the 52-color 

survey (Bell, unpublished). Before any modeling could be done, it was necessary to 

reduce the Vesta spectrum from scaled reflectance to absolute reflectance. 

Jonathan Gradie provided us with the Vesta data from he and Tedesco's unpub

lished asteroid survey, and the equations appropriate for using it to convert scaled 

reflectance to normal albedo. The radiometric geometric albedos for Vesta pro

duced by their models are .361 with an error of 0.025 at lOµm and .329 with an 

error of 0.042 at 20µm. The values at the two wavelengths were averaged, 

weighted by their errors, to arrive at a geometric albedo of 0.345. This was con

verted to normal albedo using 

A.N = p (/c+l/2}, (4.4) 

where 

p = the geometric albedo 

le = the Minnaert coefficient. 

A le of 0.65 was chosen to reduce the geometric albedo of Vesta to a nor

mal albedo of 0.397. This was assumed to be the normal albedo at 0.56 µm, 

and was used as a multiplicative factor to convert the reflectance spectrum 

scaled to 1.0 at 0.56 µm to normal albedo (Figure 4.2). 

Software was not available to derive the single scattering albedos from 

directional hemispherical reflectance, so the end member spectra were 

assumed to be normal albedo, and in order to use an existing program. The 

single scattering albedos derived from the end member spectra are shown in 
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Figure 4.3. These single scattering albedos were used as input to the pro

gram which fits for abundance. This program also requires the densities and 

grain sizes of the end members. This information was not available for the 

end members chosen, so they had to be assumed. Mineral densities of 2. 7 4 

for the anorthite, 3.65 for the olivine, and 3.4 for the pyroxene were estimated 

from the mineral chemistry (Barry and Mason, 1959). No information was 

available on the grain size, so a grain size of 100 µm was assumed for all 

minerals. {The grain size is used in the calculation of the weighting factors 

for the average single scattering albedos, therefore, if the same grain size is 

used for all the end members, they are equally weighted by this parameter.) 

The first iteration of the model gave abundances of 4 7% olivine, 27% 

plagioclase, and 14% pyroxene. This fit differed significantly from the 

expected eucritic composition. There was an additional problem that only 

88% of the material was accounted for, therefore the software was modified to 

require that the abundances total 99-100%. The second iteration produced 

abundances of 10% olivine, 58% plagioclase, and 31 % pyroxene. These abun

dances seemed more reasonable, so they were used to calculated a reflectance 

spectrum for comparison with the measured Vesta spectrum {Figure 4.4). 

This work was sufficiently promising to warrant developing additional 

software to derived the single scattering albedos from directional hemispheri

cal reflectance spectra. The new program was used to derive correct single 

scattering albedos for the end members {Figure 4.5). Then the abundance 

was agained determined, using the new single scattering albedos, for the 100 

µm grains. The new fit gave abundances of 7.5% olivine, 63% plagioclase, 

and 28% pyroxene. A normal albedo spectrum calculated for this fit is shown 

in Figure 4.6. 
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The fit was then re-run for a 5 component mixture, adding white and 

black (single scattering albedos of 1 and 0), to see if it would improve the fit. 

The new abundances were 0% olivine, 65% plagioclase, 35% pyroxene, and 

0% white and black, but the spectral fit looks worse (Figure 4.7). The same 

results were obtained when the densities for the white and black were set at 

0.0001 and 1.0. 

5. Discussion 

This project was experimental, therefore an iterative approach was 

necessary. Useful conclusions can be drawn from each step. The initial, 

unconstrained fit was very poor. This poor fit indicates that the choice of 

end members, or the parameters associated with them, particularly the grain 

size were wrong. With a larger spectral data base available, other end 

members would have been chosen at this stage in the analysis. The high 

olivine content was probably caused by simplex using the olivine to raise the 

albedo in the 2µm region. The pyroxene albedo was relatively low, probably 

because it was a large grain size sample, which made it impossible for the pro

gram to simultaneously match the albedo and band structure over the entire 

spectral range. The constrained fit was a compromise to force more meaning

ful abundances, even from inadequate input spectra. Constraining the fit 

effectively weighted the channels in the spectrum unevenly. Simplex could 

no longer minimize the error equally for all of the channels, it was forced to 

minimize them for the region in which the density of channels was highest. 

Even with this problem, the fit results were reasonable, in part because the 

channel density was high in the critical region of the spectrum for distin

guishing the three principal minerals. 
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The abundance fits were significantly improved, assuming the hemi

sphere measured in the Vesta spectrum used was eucritic, once the single 

scattering albedos were correctly derived. In the fmal iteration, when black 

and white were added, there was no olivine in the fit. This supports this con

clusion that the olivine abundance was high in the unconstrained fit because 

simplex was using it to drive up the albedo. In the fmal fit, simplex did 

determine that a small amount of white was necessary to achieve the best fit, 

but the abundance was so low that it appeared as zero when the result was 

printed out as a single precision number. Double precision would have been 

unjustified, given all of the other uncertainties, therefore the abundance 

appears as zero in the final result. The fmal fit is good for the mafic band, 

but poorer than the three component fit for the plagioclase band at 1.25 µm. 

The addition of black and white was a very crude method for proceeding 

even with inadequate input data. This is important, because it is often desir

able to proceed with what ever data is available. Ideally, this project should 

be re-done, using the techniques of Chapter 2. This would separate the grain 

sizes of the end member samples and the asteroid surface, which would elim

inate the probably problem with a large grain size, and therefore dark pyrox

ene. It requires a library of optical constants, which is not yet available. 

There is one other major source of uncertainty in this project. The 

scaled reflectance spectrum of Vesta is very high quality, although no inf or

mation is available as to which portion of Vesta was visible, but there are 

several sources of potential error in the reduction to normal albedo. First, 

the errors listed for Vesta in the table provided by Gradie are relatively large, 

compared to those for many of the other asteroids, therefore the data used in 

the model may be of poor quality. Second, Spencer, et al. (1989) has raised 

questions about the standard thermal models which have been used to date 
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to derive geometric radiometric albedos, therefore the numbers provided by 

Gradie may have been derived from an over-simplified model. And third, the 

Minnaert coefficient chosen to convert the geometric radiometric albedo to 

normal albedo was an average value, which may not have been accurate for 

basaltic achondrites. 

6. Conclusions 

In light of all the problems just discussed, it is somewhat remarkable 

that the final results were so reasonable. Even the results determined from 

the wrong equation were useful for determining the validity of the end 

member selection. This shows the power of Hapke modeling, when applied to 

appropriate problems. At present, applications are limited to surfaces which 

do not contain appreciable low albedo components. This limits its applica

tion to the asteroids severly, because most contain spectrally significant metal 

or organic components (Gaffey, et al. 1990). Nelson (1986) and Mustard and 

Pieters (1989) have added anisotropic phase functions in attempts to improve 

the model results for mixtures with low albedo components. Nelson (1986) 

found there were still significant discrepancies between the measured and cal

culated spectra. Mustard and Pieters (1989) found inclusion of anisotropic 

phase functions did improve their abundance determinations. This problem 

requires further investigation before the theory can be reliably applied to 

most asteroids. 

With better input spectra, it should be possible to improve the abun

dance interpretations for Vesta, and make them for the other silicate 

asteroids. Given high enough quality telescopic spectra, such as the spectra 

from which Gaffey (1983) made his interpretations of Vesta, it should be 
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possible to quantify abundance variations with rotation. The abundance 

determinations could also be improved by including information on the phase 

functions of the asteroids and end members (Mustard and Pieters, 1989). 

The most significant improvements will come from changes in the end 

members. A library of spectra of silicate minerals, including mineral chemis-

try, grain size, and phase functions is ultimately desired. 

An additional conclusion can be drawn about the method used in this 

study. The quality of the fit was clearly dependent on the density of chan

nels in the spectrum. This suggests that, at least in some applications, it 

may be appropriate to add a weighting function to the fit, which would allow 

the user to specify which spectral regions are most important in determining 

the abundance. 

The most important conclusion demonstrated by this study is usefulness 

of the approach. Reasonable abundance determinations were made, even 

when the end member spectra were assumed to be normal albedo instead of 

directional hemispherical. This shows that although correct inputs are 

required to accurately determine abundances, potentially useful results can be 

obtained even from the inadequate inputs available. 
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Figure 4.1. Directional hemispherical reflectance spectra, from top to bottom, of 
the lunar anorthosite 122261 ( anorthite), Chassigny meteorite (olivine), and 
Johnstown diogenite meteorite (pyroxene). 
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Figure 4.3. Preliminary single scattering albedo spectra, from top to bottom, of 
anorthite, olivine, and pyroxene. 
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Figure 4.4 Comparison of the preliminary, constrained model spectrum (solid line) 
with the spectrum of Vesta (boxes). 
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Figure 4.5. Correct single scattering albedo spectra of, from top to bottom, 
anorthite, olivine, and pyroxene. 
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Figure 4.6. Comparison of the final three component model (solid line) with the 
spectrum of Vest a (boxes). 
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