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March 30, 2010 
 

Digital Signal Analysis (cont.) 
Seismic Refraction 

Today’s material comes from p. 22-29, 
p. 40-56, and 192-199 in the book 

CONVOLUTION 

 The convolution operation is very 
important in seismology and geophysics in 
general because it mathematically describes 
how the earth filters the signals we put into it.   

 For example  when we hit the earth with 
a hammer we generate an IMPULSE, or Delta 
function.  As that impulse passes through the 
earth,  what happens to that signal can be 
described by the operation of 
CONVOLUTION: 

Consider the seismic case: 

 The input to the ground is 
approximately an impulse: 
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 If all the ground did was pass this impulse 
on at a particular velocity with refractions and 
reflections arriving at various times,  our 
seismograms might look like the following: 

This is called a response function. 
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 In fact, the previous figure shows 
exactly what we want: all the reflections and 
refractions, their amplitudes, signs, and times 
of arrival.  

 But,  the earth isn't so nice,  and it 
changes the impulse by absorbing some 
frequencies and delaying the signal in a 
process called FILTERING.  
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  As usual, reality is more complicated,  
in that each refraction path and each 
reflector,  and each seismometer and source 
for that matter,  change our nice clean 
impulse into a train of waves,  and our 
hammer blow might actually look like: 

This is called 
the “source 
function” 

 Every time this train of waves hits 
another interface it gets changes by whatever 
"filter" that interface applies.   

 If each interface above applied only an 
"impulse" filter as shown,  then our 
seismogram might look like: 

 This looks more like a seismogram,   and 
the process that has been done is 
CONVOLUTION of the SOURCE function 
(hammer) with the RESPONSE function of the 
ground.  

 The signal shown above is formed by 
replacing each of the impulses in the response 
function by the source function multiplied by the 
appropriate constant, then adding the results 
together. 

Convolution involves: 
1) Multiplying each value of the input signal 
by the values of the filter IMPULSE 
RESPONSE 
2) adding the results together  
3) stepping the signal one time step and 
repeating the operation. 

From your book (p. 193-194): 
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 It is often easier to accomplish convolution 
in the frequency domain using the Fourier 
Transform. 

 If you’d like to know how the Fourier 
transform is defined and calculated 
mathematically and by Fast Fourier Transform,  
check Google and MatLab functions for these 
terms.  For our purposes,  we only need to 
know what happens when we go from the time 
domain to the frequency domain and back 
(USING the Fourier transform), not how it's 
done. 

 When we go from the time domain to the 
frequency domain the signal properties do not 
change. All of the information present in one 
domain is still there in the other. All that 
changes is how the signal is presented.   

 In the time domain, time is the 
independent variable, and in the frequency 
domain, frequency is the independent variable. 
In both cases, amplitude is the dependent 
variable. In spatial data, wavenumber is often 
used as the independent variable. 

What happens to various signals on transformation? 

 The functions on the previous page are 
some famous transform pairs. Each is worth 
understanding.  Be aware that there are 
many ways to display data in the frequency 
domain, real and imaginary components, 
phase and amplitude, power spectrum, etc.   

Next we will move on to seismic waves  

 In seismology we deal with two 
perpendicular features of waves: 

  wave fronts and rays 

When you throw a 
rock into a pond, the 
circles are wave 
fronts that move in 
the radial direction 
from the source along 
“rays”. 
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 Wave fronts are much 
like equipotential surfaces in 
potential field geophysics, 
except wave fronts have equal 
phase, as opposed to equal 
potential. 

  Rays are perpendicular to wave fronts 
and point in the direction of the wave 
propagation.  Wave fronts move along rays at 
the phase velocity, or propagation velocity. 

 In "shallow water" (meaning that the 
wavelength of any wave is long compared to 
the depth), the phase velocity of ocean waves 
is approximately  

                v = √(gh)  

where g is the acceleration of gravity and h is 
the water depth.  

What is the “phase velocity” of a wave??  

For a tsunami the ocean is shallow, by this definition. 

 A shallow water wave moves the 
WHOLE ocean from surface to bottom, 
particles moving in the ray direction even 
more than up and down. 

 v = √(gh)      ~ √ 10m/sec2 x 5000m 

                      ~ √ 50000 m2/sec2 

                      ~ 220 m/sec 
                      ~ 800 km/hr  ~ 500 miles/hr 

 When the propagation velocity changes, 
rays bend towards the slower velocity region. If 
rays are bending, the velocity is changing.  

This tsunami travel time map shows the time that it takes for 
a tsunami at Kamchatka to travel around the N Pacific. The 
equal-time contours are wave fronts. 

We can show this with Huygen’s Principle: 

 This principle states that each point 
along a wave front generates a sphere of 
energy whose radius is proportional to the 
propagation velocity.   

 If the time increment is the period of 
the wave, then the radius is the 
wavelength. 

 

2 demonstrations of Huygen’s Principle 
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 If we draw a series of circles along a 
wave front, and adjust the radius of the circles 
to be proportional to the velocity, then we can 
see how the wave front progresses though a 
medium with variable velocity. 

ray 
direction 

Huygen’s principle 
supplies a good intuitive 
method for determining 
the paths waves will take. 

Huygen's Principle can be used to estimate 
refraction as a wave approaches a beach: 

Huygen's Principle can be used to estimate 
refraction as a wave approaches a beach: 

shoreline 

Turquoise lines are the ray directions 

 Similarly, light going through a lens is 
slowed down by the glass, and its path is 
bent.  Such bending is called REFRACTION.  

  Similarly REFLECTION is the bouncing 
of a wave back from an interface. 

 As the velocity changes, so does the 
wavelength, but the FREQUENCY and 
PERIOD NEVER change. 

  

 A series of waves hits the surface where 
the propagation velocity increases from v0 to v1. 
We want to know how these waves refract as 
they enter the lower material. 
 The distance between wave fronts along 
the interface is X. 

Let’s use Huygen’s 
principle to show 
how much a wave 
will refract as it 
crosses an 
interface from one 
velocity to another.  
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We can draw 
Huygen's circles 
in the upper layer 
showing how far 
the wave will 
travel in time t. 
  

 If the ray hits the interface at angle 0 w.r.t. 
the vertical, then sin 0 = tv0/x 

 Since the point where a wave front hits the 
interface must be the same point above and below 
the interface and tangent to the previous circle, we 
can draw the wave front and ray in the lower layer. 

In the lower layer, 
the wave travels 
faster, so the 
distance between 
wave fronts is 
longer (tv1), and 
the circles are 
larger.   

So, we have: 

Notice that the 
length x is the 
same above and 
below the 
interface. 

Notice also that 
the length x is the 
same above and 
below the 
interface. 

1 

Removing x and t, we get: 

This is Snell’s Law, one of the most important 
equations in geometrical optics.  

In words, it says that the angle a ray makes with the 
vertical divided by the velocity at that point on the path 
AT ANY POINT ALONG IT’S PATH is CONSTANT.  

The constant is called the RAY PARAMETER, p. 

ASSUMPTIONS:   

1)Velocity only changes with depth 

2) The frequency of the wave is infinite 

What does this mean?  

•  If you know the ray parameter of any ray, 
and you know the ANGLE of the ray with 
respect to the vertical at any point, then you 
can determine the VELOCITY of the wave at 
that depth. OR, 

•  If you know the velocity and the ray 
parameter, you can determine the angle of 
the ray with the vertical at that depth. 

What happens when a ray enters an area of 
lower velocity? 

What happens to seismic rays inside a 
planet where the velocity is constant? 

How deep can a ray go into the earth? 
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 Recall:                          (Snell's law)   
 
 When  = 90° ,  the ray travels horizontally through the earth.  
The "critical" angle is a special case where the velocities are 
constant in the layers.  The critical angle is the angle in the 
upper layer where the ray becomes horizontal in the layer 
below: 
        
 v0 

v1 

v0 

v1 
 

Generally, a P-wave incident on a layer boundary 
generates both reflected and refracted P- and S-waves 

The critical reflection defines two domains: subcritical and 
supercritical, with the critical distance being the point along 
the surface that separates the two domains. 


